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Abstract

In this thesis we provide algorithms for geometric and topological problems. This line of
research, computational geometry, emerged in the 1970s with the advent of computers.

We consider the problem of untangling graphs on surfaces: given a drawing of a graph on a
surface, possibly with crossings, remove all crossings by deforming the drawing continuously,
or correctly assert that this is not possible. We give the first polynomial time algorithms for
this problem. To do so we introduce a new kind of triangulations of surfaces that discretize
negative-curvature surfaces in a better way than the state of the art. On these triangulations,
we provide a combinatorial analog of the celebrated barycentric embeddings of Tutte.

In a more geometric setting, we give a new efficient algorithm for computing a Delaunay
triangulation of an abstract piecewise-flat surface (a generalization of meshes). We also study
the classical Delaunay flip algorithm, and prove, when the surface is a flat torus, the first
worst-case bound that is tight up to a constant factor. On hyperbolic surfaces, we provide an
implementation of the Delaunay flip algorithm, collected in a package of the standard library
of computational geometry CGAL, along with convenient generation and visualization tools.

Keywords: computational geometry, computational topology, surface, graph, homotopy,
Delaunay triangulation.



Résumé

Dans cette thèse, nous fournissons des algorithmes pour des problèmes géométriques et
topologiques. Cette ligne de recherche, la géométrie algorithmique, a émergé dans les années
1970 avec l’avènement des ordinateurs.

Nous considérons le problème du démêlage de graphes sur les surfaces : étant donné
un dessin d’un graphe sur une surface, éventuellement avec des croisements, nous devons
supprimer tous les croisements en déformant le dessin continuement, ou affirmer correctement
que ce n’est pas possible. Nous donnons les premiers algorithmes en temps polynomial pour
ce problème. Pour ce faire, nous introduisons un nouveau type de triangulations de surfaces
qui discrétisent les surfaces à courbure négative d’une façon meilleure que l’état de l’art.
Sur ces triangulations, nous fournissons un analogue combinatoire des célèbres plongements
barycentriques de Tutte.

Dans un cadre plus géométrique, nous donnons un nouvel algorithme efficace pour calculer
une triangulation de Delaunay d’une surface abstraite plate par morceaux (une généralisation
des maillages). Nous étudions également l’algorithme classique de bascule de Delaunay et
prouvons, lorsque la surface est un tore plat, la première borne dans le pire cas qui soit opti-
male à facteur constant près. Sur les surfaces hyperboliques, nous fournissons une implémen-
tation de l’algorithme de bascule de Delaunay, collectée dans un package de la bibliothèque
standard de géométrie algorithmique CGAL, et accompagnée d’outils de génération et de
visualisation pratiques.

Mots clefs: géométrie algorithmique, topologie algorithmique, surface, graphe, homotopie,
triangulation de Delaunay.
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Chapter 1

Introduction

This thesis grew out of a fascination for surfaces. Surfaces appear in many contexts. They
occur naturally in the physical word, and are represented in computer softwares and video
games. Mathematicians have studied surfaces for centuries, from various points of view
re�ected by famous results: the Gauss�Bonnet formula, the uniformization theorem, the
topological classi�cation of surfaces, the Dehn�Thurston classi�cation of their homeomor-
phisms, or more recently the spectacular geometric study of Mirzakhani. Tools have been
developed on surfaces before being transposed to other contexts, by Dehn and Gromov in
group theory, or by Thurston in the study of 3-manifolds and knots. In theoretical computer
science, mixing surfaces with graphs led to structural results like the graph minor theory of
Robertson and Seymour, and to a very active line of research concerned with the design of
algorithms for graphs embedded on surfaces.

Strikingly, surfaces take various forms, from their topological abstractions to their geo-
metric realizations. In this thesis we navigate between di�erent types of surfaces to provide
e�cient algorithms for discrete problems. For example we consider a problem stated on
topological surfaces which admits a non-algorithmic solution on hyperbolic surfaces, and we
transform this solution into an algorithm on a more combinatorial notion of surfaces.

The design and analysis of e�cient algorithms for geometric problems crystallized in the
1970s as a line of research, computational geometry, in response to the needs of computer
graphics, computer-aided design, robotics, and geographic information systems. Populated
by traditional geometric notions, the �eld has equipped itself with unique algorithms and
paradigms, and has developed interactions with other areas of computer science.

Even though most of our contributions are theoretical results, we also implemented a
package in the standard library of computational geometryCGAL . Our implementation
can be used by mathematicians for exploring conjectures on hyperbolic surfaces. Moreover,
CGAL is widely used, not only by academics, but also in the industry, and this package is a
good way to disseminate algorithms on surfaces more broadly.

We provide some background in Chapter 3, and a conclusion in Chapter 13. The other
chapters are divided into two parts, concerned with two di�erent problems on surfaces: un-
tangling graphs, and computing Delaunay triangulations. We now provide a brief account of
the problems and contributions of each part. More detailed introductions are given at the
beginning of each part.
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1.1 Untangling graphs on surfaces

The �rst part of the thesis is concerned with the problem of untangling graphs on surfaces.
In this problem we are given a drawing of a graph on a surface, possibly with crossings. We
have to remove all these crossings by deforming the drawing continuously, or correctly assert
that this is not possible. To illustrate, consider Figure 1.1. Here the surface is the usual
Euclidean plane, minus a �nite set of obstacle points. Two graphs are drawn. By deforming
the drawing on the left continuously, avoiding the obstacle points, we can remove all its
crossings. Observe, informally, how the edges and vertices of the drawing can go �through�
each other while deforming the drawing. Is it possible to untangle the drawing on the right
this way? For a drawing on a surface more general than the plane, consider Figure 1.2.

Figure 1.1: In the Euclidean plane, obstacle points are represented by crosses, and graphs
are drawn in blue. The drawing on the left can be untangled while avoiding the obstacle
points. What about the drawing on the right?

Figure 1.2: A drawing of a graph on a surface that cannot be untangled.

This problem is a variation of the problem of drawing a graph on a surface with few,
if not zero, crossings, which has been extensively studied. The novelty is the constraint of
having to deform an input drawing continuously.

This constraint, in addition to being very natural, stems from the topological study of
curves on surfaces, which has been an important �eld of study in the mathematical communi-
ties for more than hundred years. As early as 1911, Dehn obtained combinatorial characteri-
zations of whether a closed curve on a surface is contractible (can be continuously moved to a
point), or whether two closed curves are homotopic (can be continuously deformed into each
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other). Even earlier, in 1904, Poincaré described a characterization of whether a closed curve
can be untangled. Such questions have since been considered by numerous mathematicians,
and have been extensively revisited under a more algorithmic lens since the 1990s. Many
of them extend from curves to drawings of graphs, but surprisingly the literature studying
them on graphs is rather scarce, in stark contrast with the central importance of graphs in
computer science.

We provide the �rst polynomial time algorithms for the untangling problem, in a natural
discrete model. To do so we crucially introduce a new kind of triangulations of surfaces
that build upon many previous works for discretizing properties of negatively curved sur-
faces. They are likely of independent interest. On those triangulations, we also provide a
combinatorial analog of the celebrated barycentric embedding theorem of Tutte from 1963,
and its polynomial time algorithmic counterpart. This allows us to produce many di�erent
untangled versions of a drawing, and even allows vertices of the graph to be attached to the
boundary of the surface in the drawing. Incidentally, we provide algorithms to minimize the
crossings of a collection of closed curves that generalize, improve, and simplify the state of
the art.

This section corresponds to the three papers [1], [2], and [5]. The �rst two papers are
co-authored with Éric Colin de Verdière and Vincent Despré.

1.2 Computing Delaunay triangulations of surfaces

Figure 1.3: (Left) The mesh is cut along a red edge, and the resulting triangles are laid out
in the plane. (Right) It is not possible to form a mesh by cutting out the three triangles
from the plane and identifying the three pairs of matched sides, since the angles� , � , and 

satisfy � + � < 
 .

The second part of the thesis is concerned mainly with piecewise-�at surfaces, and more
speci�cally with their triangulations. Such surfaces are commonly obtained frommeshes,
namely �at triangles in R3 glued along their edges. And every mesh carries a triangulation
of its surface. However triangulations are far more general, they are generically not issued of
a mesh this way. To see that consider Figure 1.3. On the left, a mesh with two triangles is
cut along its interior red edge, and the two resulting triangles are laid out in the plane. On
the right, cutting out the triangles from the plane and identifying the matched sides de�nes
a triangulation of a piecewise-�at surface, but this triangulation is not issued of any mesh,
as is easily observed.
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There is a recent development of algorithms that advantageously operate on triangulations
without the assumption that they are issued of a mesh. On the other hand, triangulations
are so general that not all of them are suited to computation, compared to meshes. Promi-
nently, algorithms for such a fundamental problem as measuring the distance between two
points on the surface are a�ected by thehappinessof the triangulation, a natural parameter
which is unbounded on triangulations while bounded on meshes. This raises the problem of
computing, from an input triangulation, another triangulation representing the same surface,
but whose happiness is bounded. This problem has been observed, in this form or another,
by several computational geometers over the last few decades.

Speci�cally, we consider computing a Delaunay triangulation, for those triangulations
not only have bounded happiness, but they also enjoy some level of unicity, and they are
naturally related to distances and shortest paths on the surface.

We have several contributions. First, we provide an e�cient algorithm for computing a
Delaunay triangulation of a closed piecewise-�at surface from any other triangulation of the
surface. Then, we depart from looking for an e�cient algorithm, and we consider instead
a classical algorithm that computes a Delaunay triangulation simply by �ipping the edges
of an input triangulation. The asymptotics of the number of �ips are vastly open. In the
particular case where the surface is a �at torus, we provide the �rst worst-case bound that
is tight up to a constant factor. Finally, our third contribution is an implementation of
the Delaunay �ip algorithm on triangulations of closedhyperbolic surfaces, a fundamental
building block for computing with such surfaces. Our implementation is collected in a package
of the standard library of computational geometryCGAL , along with convenient generation
and visualization tools.

This section corresponds to the two papers [6] and [4], and to the package [3] to appear
in the next release ofCGAL . At the time of writing this thesis, the �rst paper is a preprint.
The package is co-authored with Vincent Despré, Marc Pouget, and Monique Teillaud.
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Chapter 2

Introduction en Français

Ce chapitre est une traduction en français de l'introduction de la thèse, à savoir du Chapitre 1.

Cette thèse est née d'une fascination pour les surfaces. Les surfaces apparaissent dans de
nombreux contextes. Elles se produisent naturellement dans le monde physique et sont
représentées dans les logiciels informatiques et les jeux vidéo. Les mathématiciens ont étudié
les surfaces pendant des siècles, sous des angles divers re�étés par des résultats célèbres :
la formule de Gauss-Bonnet, le théorème d'uniformisation, la classi�cation topologique des
surfaces, la classi�cation de Dehn-Thurston de leurs homéomorphismes, ou plus récemment
la spectaculaire étude géométrique de Mirzakhani. Des outils ont été développés sur des
surfaces avant d'être transposés à d'autres contextes, par Dehn et Gromov dans la théorie
des groupes, ou par Thurston dans l'étude des 3-variétés et des noeuds. En informatique
théorique, le mélange de surfaces et de graphes a conduit à des résultats structurels comme
la théorie des graphes mineurs de Robertson et Seymour, et à une ligne de recherche très
active concernée par la conception d'algorithmes pour les graphes plongés sur les surfaces.

Il est frappant de constater que les surfaces prennent des formes diverses, de leurs ab-
stractions topologiques à leurs réalisations géométriques. Dans cette thèse, nous naviguons
entre di�érents types de surfaces a�n de fournir des algorithmes e�caces pour des problèmes
discrets. Par exemple, nous considérons un problème énoncé sur des surfaces topologiques qui
admet une solution non algorithmique sur des surfaces hyperboliques, et nous transformons
cette solution en un algorithme sur une notion plus combinatoire de surfaces.

La conception et l'analyse d'algorithmes e�caces pour des problèmes géométriques se
sont cristallisées dans les années 70 en une ligne de recherche, la géométrie algorithmique, en
réponse aux besoins de l'infographie, de la conception assistée par ordinateur, de la robotique
et des systèmes d'information géographique. Peuplé de notions géométriques traditionnelles,
le domaine s'est doté d'algorithmes et de paradigmes uniques, et a développé des interactions
avec d'autres domaines de l'informatique.

Même si la plupart de nos contributions sont des résultats théoriques, nous avons égale-
ment implémenté un package dans la bibliothèque standard de géométrie algorithmiqueCGAL .
Notre implémentation peut être utilisée par les mathématiciens pour explorer des conjectures
sur les surfaces hyperboliques. De plus,CGAL est largement utilisée, non seulement par les
universitaires, mais aussi dans l'industrie, et ce package est un bon moyen de di�user des
algorithmes sur des surfaces plus largement.

Nous fournissons un peu de contexte dans le Chapitre 3, et une conclusion dans le
Chapitre 13. Les autres chapitres sont divisés en deux parties, qui s'intéressent à deux
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problèmes di�érents sur les surfaces : démêler des graphes et calculer des triangulations de
Delaunay. Nous présentons maintenant un bref compte rendu des problèmes et contributions
de chaque partie. Des introductions plus détaillées sont données au début de chaque partie.

2.1 Démêler des graphes sur les surfaces

La première partie de la thèse s'intéresse au problème du démêlage de graphes sur les sur-
faces. Dans ce problème, on nous donne un dessin d'un graphe sur une surface, éventuellement
avec des croisements. Nous devons supprimer tous ces croisements en déformant le dessin
continuement, ou a�rmer correctement que ce n'est pas possible. Pour illustrer, regardez
Figure 2.1. Ici, la surface est le plan Euclidien habituel, moins un ensemble �ni de points
servant d'obstacles. Deux graphes sont dessinés. En déformant le dessin de gauche continue-
ment, tout en évitant les points d'obstacle, on peut supprimer tous les croisements. Observez,
de manière informelle, comment les arêtes et les sommets du dessin peuvent �se passer au
travers� durant la déformation du dessin. Est-il possible de démêler le dessin de droite de
cette façon? Pour un dessin sur une surface plus générale que le plan, regardez Figure 2.2.

Figure 2.1: Dans le plan Euclidien, des points servant d'obstacles sont représentés par des
croix et des graphes sont dessinés en bleu. Le dessin sur la gauche peut être démêlé tout en
évitant les points d'obstacle. Qu'en est-il du dessin de droite?

Figure 2.2: Un dessin d'un graphe sur une surface qui ne peut pas être démêlé.

Ce problème est une variante du problème de dessiner un graphe sur une surface avec
peu, voire aucun, croisements, qui a été largement étudié. La nouveauté est la contrainte de
devoir déformer continuement un dessin donné en entrée.
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Cette contrainte, en plus d'être très naturelle, découle de l'étude topologique des courbes
sur les surfaces, qui est un domaine d'étude important dans les communautés mathématiques
depuis plus de cent ans. Dès 1911, Dehn a obtenu des caractérisations combinatoires per-
mettant de savoir si une courbe fermée sur une surface est contractible (peut être déplacée
continuement vers un point), ou si deux courbes fermées sont homotopes (peuvent être con-
tinuellement transformées l'une en l'autre). Encore plus tôt, en 1904, Poincaré a décrit une
caractérisation des courbes fermée démêlables. De telles question ont depuis été considérées
par de nombreux mathématiciens, et on été largement réexaminées sous une lentille plus
algorithmique depuis les années 1990. Beaucoup d'entre elles s'étendent des courbes aux
dessins de graphes, mais étonnamment, la littérature qui les étudie sur les graphes est plutôt
éparse, en contraste frappant avec l'importance centrale des graphes en informatique.

Nous fournissons les premiers algorithmes en temps polynomial pour le problème de
démêlage, dans un modèle discret naturel. Pour ce faire, nous introduisons de manière
cruciale un nouveau type de triangulations de surfaces, s'appuyant sur de nombreux travaux
antérieurs pour discrétiser les propriétés des surfaces à courbure négative. Ces triangulations
sont probablement d'intérêt indépendant. Sur ces triangulations, nous fournissons également
un analogue combinatoire du célèbre théorème de plongement barycentrique de Tutte de
1963, et de sa contre-partie algorithmique. Cela nous permet de produire de nombreuses
versions démêlées di�érentes d'un dessin, et permet même d'attacher les sommets du graphe
au bord de la surface dans le dessin. Au passage, nous fournissons des algorithmes pour
minimiser les croisements d'un ensemble de courbes fermées qui généralisent, améliorent et
simpli�ent l'état de l'art.

Cette section correspond aux trois articles [1], [2], et [5]. Les deux premiers articles ont
pour co-auteurs Éric Colin de Verdière et Vincent Despré.

2.2 Calculer des triangulations de Delaunay de surfaces

Figure 2.3: (À gauche) Le maillage est coupé le long d'une arrête rouge et les triangles
résultants sont disposés dans le plan. (À droite) Il n'est pas possible de former un maillage
en découpant les trois triangles du plan et en identi�ant les côtés appariés, car les angles� ,
� , et 
 satisfont � + � < 
 .

La deuxième partie de la thèse s'intéresse principalement aux surfaces plates par morceaux,
et plus particulièrement à leurstriangulations. De telles surfaces sont couramment obtenues
à partir de maillages, à savoir des triangles plats dansR3 collés le long de leurs bords. Et
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chaque maillage porte une triangulation de sa surface. Cependant, les triangulations sont
beaucoup plus générales, elles ne sont généralement pas issues d'un maillage. Pour voir cela,
regardez Figure 2.3. Sur la gauche, un maillage comportant deux triangles est coupé le long
de son arrête rouge intérieure, et les deux triangles résultants sont disposés dans le plan. Sur
la droite, découper les triangles dans le plan et identi�er les côtés appariés dé�nit bien une
triangulation d'une surface plate par morceaux, mais cette triangulation n'est issue d'aucun
maillage, comme on peut facilement l'observer.

Il y a un développement récent d'algorithmes opérant avantageusement sur des trian-
gulations qui ne sont pas issues d'un maillage. D'un autre côté, les triangulations sont si
générales qu'elles ne sont pas toutes adaptées au calcul, par rapport aux maillages. En parti-
culier, les algorithmes pour un problème aussi fondamental que la mesure de la distance entre
deux points sur la surface sont a�ectés par lahappinessde la triangulation, un paramètre
naturel qui n'est pas borné sur les triangulations alors qu'il est borné sur les maillages. Cela
pose le problème de calculer, à partir d'une triangulation d'entrée, une autre triangulation
représentant la même surface, mais dont la happiness est bornée. Ce problème a été observé,
sous une forme ou une autre, par plusieurs géomètres algorithmiciens au cours des dernières
décennies.

Plus spéci�quement, nous voulons calculer une triangulation de Delaunay, car ces triangu-
lations ont non seulement une happiness bornée, mais elles jouissent également d'un certain
niveau d'unicité, et elles sont naturellement liées aux distances et aux plus courts chemins
sur la surface.

Nous avons plusieurs contributions. Tout d'abord, nous fournissons un algorithme e�cace
pour calculer une triangulation de Delaunay d'une surface fermée plate par morceaux à partir
de toute autre triangulation de la surface. Ensuite, nous laissons de côté la recherche d'un al-
gorithme e�cace, et considérons plutôt un algorithme classique qui calcule une triangulation
de Delaunay simplement en basculant les arêtes d'une triangulation d'entrée. Le comporten-
ement asymptotique du nombre de bascules est une question vastement ouverte. Dans le
cas particulier où la surface est un tore plat, nous fournissons la première borne dans le pire
cas qui soit optimale à facteur constant près. En�n, notre troisième contribution est une
implémentation de l'algorithme de bascule sur les triangulations de surfaces ferméeshyper-
boliques, un outil fondamental pour caluler avec de telles surfaces. Notre implémentation est
regroupée dans un package de la bibliothèque standard de géométrie algorithmiqueCGAL ,
accompagné d'outils de génération et de visualisation pratiques.

Cette section correspond aux deux articles [6] et [4], et au package [3] qui doit apparaître
dans la prochaine version deCGAL . Au moment où cette thèse est écrite, le premier article
est une prépublication. Le package a pour co-auteurs Vincent Despré, Marc Pouget, et
Monique Teillaud.
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Chapter 3

Geometric and Topological Background

In this chapter we present some of the main notions of this thesis. We focus on the geometric
and topological background, assuming without review some basic algorithmic knowledge. We
keep the presentation short and simple, referencing to textbooks for the details.

3.1 Topology of graphs on surfaces

The main characters of this thesis are surfaces, graphs, and drawings of graphs on surfaces. In
this section we present these geometric objects from a coarse point of view, that of topology.
Topology is the branch of mathematics concerned with the properties of geometric objects
that are preserved under continuous deformations such as stretching, twisting, or bending;
that is without tearing or gluing. A common example is the deformation of a rubber band.
An introduction to topology is provided by Armstrong [16]. See also Stillwell [177] and
Hatcher [115].

A topology is a structure that allows to de�ne the notion of continuous deformation by
relating spatially the points of a set. Formally, on a setX , a topology can be de�ned as
a collection of subsets ofX , called open sets, such that (1) the empty set is an open set,
(2) every union of open sets is an open set, and (3) every �nite intersection of open sets is
an open set. A setX equipped with a topology is atopological space . We illustrate this
de�nition with a classical topology. Given d � 1, x 2 Rd, and r > 0, the set of points of
Rd whose Euclidean distance tox is strictly smaller than r is an open metric ball of Rd.
The arbitrary unions of open metric balls are the open sets of a topology ofRd. This is the
smallest topology in which every open metric ball is an open set. It is the only topology of
Rd considered in this thesis. We mention that there are di�erent but equivalent formulations
of the notion of topology, for example whose axioms are the properties of theclosed sets,
the complements of the open sets.

A function f : X ! Y between topological spacesX and Y is continuous if for every
open setO of Y, f � 1(O) is an open set ofX . A continuous function is also called amap .
An injective map is anembedding . A bijective map whose inverse is also a map is ahome-
omorphism . Two topological spaces related by a homeomorphism arehomeomorphic , in
which case they are often regarded as equal.

We use without review standard operations on topological spaces such as taking a sub-
space or a quotient. For example we equip every subspace ofRd with the subspace topology.
We also use notions such as compactness and connectedness. All the connected spaces con-
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sidered in this thesis are also path-connected, meaning that every two points are related by
a path. And every topological space considered is Hausdor�, meaning that for every two
distinct points x 6= x0 there exist two disjoint open setsO and O0 such that x 2 O and
x0 2 O0.

3.1.1 Surfaces

The �rst characters of this thesis are surfaces. Typical surfaces are theplane R2 and the
(closed)half plane R � [0; + 1 ). In general a topological spaceS is a surface if S locally
resembles the plane or the half plane. Formally, if each point ofS has a neighborhood
homeomorphic to the plane or to the half plane. By de�nition a surfaceS can have two types
of points. The interior of S contains the points having a neighborhood homeomorphic to
the plane, while theboundary of S, denoted@S, contains the points having a neighborhood
heomeomorphic to the half plane. The interior and the boundary ofS are disjoint. For
example the interior of the half plane isR � (0; + 1 ), its boundary is R � f 0g.

Figure 3.1: (Top, from left to right) The sphere, the handle, the Möbius strip, and the torus.
(Bottom) Construction of the surfaceS2;1 by cutting holes from the sphere and attaching
handles.

So what are all the possible surfaces? Of course, there are other surfaces than the plane
and the half plane. For example thesphere and the handle depicted in Figure 3.1. Already,
the sphere and the handle su�ce to construct an entire family of surfacesSg;b for every
g; b � 0, by cutting holes from the sphere and attaching handles. See Figure 3.1. To
construct Sg;b considerg copies of the handle and one copy of the sphere, remove the interiors
of g + b disjoint closed disks from the sphere, and identifyg of their boundary circles with
the boundaries of the handles. Some of the resulting surfaces have names, like thetorus
S1;0 (Figure 3.1), the disk S0;1, and the annulus S0;2. In general the numbersg and b are
respectively thegenus of Sg;b and its number of boundary components. AndSg;b is said
closed if it has no boundary, that is if b = 0. There are other surfaces, for example the
Möbius strip depicted in Figure 3.1. However in this thesis we consider onlyorientable
surfaces, which can be de�ned as those not containing a Möbius strip. Among them the
surfacesSg;b are quite generic:

Theorem 3.1 (Classi�cation of orientable surfaces). Every connected, compact, and ori-
entable surface is homeomorphic toSg;b for someg � 0 and b � 0. No two of these surfaces
are homeomorphic.
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In this thesis most surfaces are connected and compact, in addition of being orientable, so
this is assumed unless explicitly stated otherwise. Yet we occasionally consider disconnected
surfaces, and even non-compact surfaces obtained from a compact surfaceS by removing a
discrete subsetX � S. The points in X are calledpunctures in this context, and SnX is a
punctured surface . For example the plane is a punctured surface, obtained by removing a
single puncture from the sphere. The interior of a surface with boundary is also a punctured
surface.

3.1.2 Obtaining surfaces by gluing polygons

We saw that complicated surfaces can be constructed from simpler ones by cutting and gluing.
While using the sphere and the handle as the basic surfaces helps to grasp the classi�cation
theorem, surfaces can more simply be obtained by gluing polygons. See Figure 3.2.

Figure 3.2: (Left) Construction of the annulus by gluing sides of two topological triangles.
(Right) Construction of the torus from its canonical polygonal schema. In both �gures the
pairs of sides with the same label are glued.

From the point of view of topology apolygon is a surfaceS homeomorphic to a disk,
together with n � 1 points on the boundary ofS. Technically a topological polygon can have
only one or two vertices but the reader can assumen � 3 if this helps the reading. Consider
a disjoint collection of oriented polygons together with a partial matching of the sides of
the polygons. Identifying the matched sideswhile respecting the orientationsof the polygons
provides a surfaceS. Observe thatS is oriented but not necessarily connected. AlsoS may
not be compact if in�nitely many polygons are glued, but it is compact otherwise. AndS
may have boundary. Every (orientable) surface can be obtained by gluing polygons this way.

Some of these gluings of polygons are particularly important. For example a (oriented)
polygonal schema consists in a single polygon whose sides are all matched. The corre-
sponding surface is closed. Thecanonical polygonal schema of the closed surface of genus
g � 1 is the one in which the sides of the polygon can be labeleda1b1a1b1 : : : agbgagbg in order
in such a way that two sides are matched when they have the same label. For example, the
canonical polygonal schema of the torus is depicted in Figure 3.2.

3.1.3 Graphs

The second characters of this thesis are graphs. There are several notions of graphs. A
graph is commonly a set, whose elements are called vertices, together with a set of unordered
pairs of distinct vertices, called edges. In this thesis however, we consider a related but more
topological notion of graph. See Figure 3.3.

Roughly, we obtain our graphs by considering a set of points for the vertices and a set of
strings for the edges, and by attaching the ends of the strings to vertices. There are in�nitely
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Figure 3.3: Construction of a graph from points and closed intervals.

many points in a string, so an edge is more than just a pair or vertices. It is possible, but
unnecessary, to think of each graph as a subset ofR3, so that a vertex is a point ofR3 and
an edge a path inR3. Formally, a graph is any topological spaceG obtained from a discrete
set V and a collection of closed intervals by identifying each endpoint of each interval with a
point in V. Note that a single point ofV can be identi�ed with several endpoints of intervals.
The points of V become thevertices of G. The intervals become theedges of G.

It is important to understand that this de�nition of graph is rather permissive. For
example an edge can be incident to only one vertex, in which case it is called aloop . To
illustrate consider the graph with a single vertex to which is attached a single loop edge.
This graph is homeomorphic to a circle. In fact it may be convenient to think of the circle
itself as a graph without any vertex, but this is incidental for the circle can be turned into a
graph by inserting a vertex anyway. In a graph several edges can have the same end-vertices,
in which case they are calledparallel edges (or multiple edges). A graph issimple if it has
no loops nor parallel edges.

Also graphs can have in�nitely many vertices or edges. However the graphs considered
in this thesis havecountably many vertices and edges, and every vertex has�nite degree.
Those with �nitely many vertices and edges are called�nite .

We will use standard notions of graph theory such aswalks . We refer to the textbook of
Diestel [74]. We will repeatedly use the notion ofspur , a walk of length two that takes an
edgee and then the reversal ofe.

3.1.4 Curves

Before drawing graphs on a surfaceS we draw curves onS. In this section the surfaceS can be
replaced by any topological space, but thinking ofS as a surface may help the intuition. There
are several topological types of curves. Among the simplest ones are thepaths , the maps
p : [0; 1] ! S. The points p(0) and p(1) are the endpoints of p. Paths can be concatenated
and reversed. Importantly, we do not care too much about the parameterization of the curves.
For example we usually consider two pathsp and q equal if there is an orientation-preserving
homeomorphism� : [0; 1] ! [0; 1] such that p = q � � . With this de�nition a path is distinct
from its reversal, the direction of the path matters. When the direction of the path is of no
matter to us we allow� to be orientation-reversing. A pathp for which p(0) = p(1) is called
a loop , p(0) is the basepoint of p.

Some curves do not have endpoints. For example thebi-in�nite paths are the maps
R ! S. More important to us are the closed curves . Informally, closed curves are like
loops but without basepoint, they are drawings of a circle onS. Formally, they are the maps
R=Z ! S, where R=Z is the quotient of R by the equivalence relation� such that x � x0

if and only if x � x0 2 Z. Note that R=Z is homeomorphic to a circle. Closed curves are
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related to loops since, informally, forgetting the basepoint of a loop̀provides a closed curve
c. Formally c is the composition of the natural mapR=Z ! [0; 1) by `. We say that c is
obtained by closing `.

Of particular importance are the curves that are also embeddings, equivalently are in-
jective. These curves are commonly calledsimple , with the exception of pathsp which are
simple when their restriction to the interval (0; 1) is an embedding, so that it is possible for
a loop to be simple. Then the image of(0; 1) by p is the relative interior of p. Sometimes
we identify a simple curve with its image, when the direction of the curve is of no matter to
us.

3.1.5 Drawings of graphs on surfaces

The third characters of this thesis are drawings of graphs on surfaces. From the point of view
of topology, a drawing of a graphG on a surfaceS is just a map f : G ! S. Observe that f
maps each vertex ofG to a point of S, and each edge to a path between the image points of
its end-vertices.

Figure 3.4: (Left) A graph cellularly embedded on the surfaceS0;3. (Right) A loop system
of the surfaceS0;3.

If a drawing f : G ! S is an embedding then the imageH = f (G) is a graphembedded
on S, a graph that is also a subspace ofS. The fact that H is embedded onS provides
additional information. For example, any orientation ofS induces arotation system on
H : the data, for each vertexv of H , of a cyclic ordering of the ends of edges incident to
v in H . Also, the connected components ofS n H are the faces of H . Observe that faces
can be quite complicated topologically. If every face ofH is homeomorphic to the interior
of a disk then H is cellularly embedded onS, see Figure 3.4 (Left). Note thatH then
contains the boundary ofS. And H is a triangulation if every face ofH is a �triangle�:
it has three incidences with edges ofH . Importantly, each graph cellularly embedded onS
can be represented uniquely by �nite data, provided that we regard two such graphs as equal
whenever one can be obtained by applying an orientation-preserving homeomorphism ofS to
the other. We mention the combinatorial map, the doubly-connected edge list, the half-edge
data structure, or the gem representation [82, 127].

The graphs embedded on �xed surface have strong properties. For example, the numbers
n, e, and f of respectively vertices, edges, and faces of a graph embedded on the surface of
genusg with b boundary components are related via the classical Euler formulan � e+ f =
2 � 2g � b.
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The graphs embedded on a surface can be modi�ed with folklore operations. For example
any edge that is not a loop can be contracted. Also, given two graphsH and H 0 embedded on
the same surfaceS, in general position, theoverlay of H and H 0 is the graphH 00embedded
on S that is the union of H and H 0. The vertices ofH 00are exactly the vertices ofH , the
vertices ofH 0, and the intersection points betweenH and H 0.

We provide two important examples of graphs embedded on surfaces, in order to �x the
intuition. On a closed surfaceS, a system of loops is a graph cellularly embedded onS
that has exactly one vertex and exactly one face. On a surfaceS with boundary, while it is
possible to embed a graph cellularly, it is usually impossible for this graph to have only one
face and only vertex at the same time. Instead, aloop system is a setY of pairwise-disjoint
simple loops with a common basepointb on S, such that each face ofY has genus zero and
contains exactly one component of the boundary ofS, see Figure 3.4 (Right). This is very
di�erent from a system of loops. Here the surfaceS deform-retracts to Y. One can think of
S as a �thickening� ofY.

Figure 3.5: A graphG, a graph H embedded on a surface, and a drawingf : G ! H .

Assume that we have a graphH embedded on a surfaceS. Then we can draw other
graphsG on S in a discrete way. See Figure 3.5. Here adrawing is a mapf : G ! H that
sends each vertex ofG to a vertex of H , and each edge ofG to a walk (possibly a single
vertex) in H . Observe the overlaps thatf may have along the edges ofH , and the entire
subgraphs ofG that may be mapped to a single vertex ofH . The size of f is the number of
edges and vertices ofG plus the sum of the lengths of the walksf (e) over the edgese of G.
The depth of f is the maximum length of the image walksf (e) over the edgese of G.

3.2 Homotopy

In this section we introduce a topological notion central to this thesis: homotopy.

3.2.1 Homotopy and fundamental group

Homotopy formalizes the intuitive notion of continuous deformation. Formally, given topo-
logical spacesX and Y, a homotopy is a sequence of mapsf t : X ! Y that varies contin-

22



uously with t 2 [0; 1]. It is a continuous deformation off 0 into f 1. Equivalently, it is a map
H : [0; 1] � X ! Y, with H (t; x ) = f t (x) for all t 2 [0; 1] and x 2 X . We emphasize that
homotopy is a general concept:X and Y can be any topological spaces.

Figure 3.6: Continuous deformation of a drawing of a graph.

Of particular importance to us are the homotopiesf t : G ! S of drawings of a graphG
on a surfaceS. See Figure 3.6. Observe that the images of the vertices and edges ofG are
free to move and overlap during the homotopy. A homotopy that �xes a subgraphG0 � G is
relative to G0. Two more classical cases are the homotopies of closed curvesct : R=Z ! S
and paths pt : [0; 1] ! S. The case of paths is particular for we usually require of the
homotopy that it �xes the endpoints: pt (0) and pt (1) are constant overt. Equivalently, we
consider homotopies relative tof 0; 1g, without further mention. In contrast the homotopies
of closed curves are sometimes called free for they are not required to �x any point.

A particular case of the homotopy of paths is that of loops. InS consider a pointx0

and the loops based atx0. The loops are classi�ed by homotopy. For example a loop is
contractible if it is homotopic to the constant loop. More generally the equivalence relation
�is homotopic to� partitions the loops into homotopy classes : two loops belong to the same
homotopy class if and only if they are homotopic. We already saw the homotopy class of the
constant loop. In general denote by� 1(S; x0) the set of homotopy classes of loops. If` and
`0 are homotopic loops, and if
 is a loop, then the concatenation of̀ and 
 is homotopic
to the concatenation of`0 and 
 . So concatenation de�nes an operation on� 1(S; x0). With
this operation � 1(S; x0) is a group whose unit element is the homotopy class of the constant
loop. If S is connected this group does not depend onx0 up to group isomorphism. In this
case it is abbreviated� 1(S), and called thefundamental group of S. From there we use
standard notions of group theory. For example an elementa 2 � 1(S) is primitive if there
is no integern � 2 and b 2 � 1(S) such that a = bn (this implies a 6= 1). Then a loop is
primitive if its homotopy class is primitive.

On S paths and closed curves are also classi�ed by homotopy. For example a closed curve
is contractible if it is freely homotopic to a constant closed curve. And it is primitive if it is
not freely homotopic to a power of another closed curve. There is a relation between loops
and closed curves. Indeed recall that closing a loop` based atx0 provides a closed curvec.
Then ` is contractible if and only if c is contractible, and ` is primitive if and only if c is
primitive. More generally closing the loops de�nes a correspondence between the conjugacy
classes of� 1(S) and the free homotopy classes of closed curves. Indeed every closed curve
is freely homotopic to a closed curve intersectingx0, which is then the closing of a loop.
Moreover, given a loop̀ 0 based atx0, and the closed curvec0 obtained by closing`0, the two
closed curvesc and c0 are freely homotopic if and only if there is a loop
 based atx0 such
that 
 � ` � 
 � 1 = `0.

Finally, we mention that there are connected surfacesS in which all the loops and closed
curves are contractible, for example the sphere and the disk. These surfaces are called
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simply connected . Equivalently there is a unique homotopy class of paths connecting any
two points of S.

3.2.2 Isotopy

If two maps f 0 and f 1 satisfy some property we may ask for a homotopy betweenf 0 and
f 1 whose intermediate maps all satisfy this property. Typically, anisotopy is a homotopy
whose intermediate maps are allembeddings. Two embeddings areisotopic if they are related
by an isotopy. Of particular importance are the isotopies of homeomorphisms' t : S ! S
for a surfaceS. Such isotopy is called anambient isotopy . Informally, because it is a
deformation of theambient space, the surfaceS. Ambient isotopies are often applied to the
drawings of graphs inS, so that two drawingsf 0; f 1 : G ! S are ambient isotopic if there
is an ambient isotopy' t : S ! S such that ' 0 is the identity map S ! S and ' 1 � f 0 = f 1.
Observe that f 0 and f 1 need not be embeddings.

If two embeddingsf 0; f 1 : G ! S are ambient isotopic, then they are isotopic, and if
they are isotopic then they are homotopic. The reader should be careful with the converse
however, which is usually false, even for curves. For example in a surfaceS if a simple closed
curve c is contractible then c bounds a disk [83, Theorem 1.7]. In that casec is isotopic to
an arbitrarily small curve. In the particular case wherec is disjoint from the boundary ofS,
it is also ambient isotopic to an arbitrarily small curve. However this is false ifc intersects
two distinct boundary components ofS. In that case no ambient isotopy can detachc from
any of the two boundary components.

3.2.3 Universal cover

Homotopy is strongly related to theuniversal cover, a construction that we now present on
surfaces. It is possible tocover the torus with the plane. See Figure 3.7. First wrap the
plane around an in�nite tube. Then wrap the tube around the torus. Note that the plane
wraps in�nitely many times around the torus. Now, this is perhaps di�cult to imagine, but
it is possible to wrap the plane around every closed surface of higher genus. In all these cases,
the plane and its wrapping around the surface constitute auniversal cover of the surface.

Formally, a universal cover of a surfaceS is a simply connected surfaceeS, together with
a covering map , a surjective map� : eS ! S that satis�es the following. There is a cover
of S by open sets(Ui ) i such that for every i , � � 1(Ui ) is a disjoint union of open sets ineS,
each of which is is mapped by� homeomorphically ontoSi . By a slight abuse, we may call
eS a universal cover ofS, when � is unambiguous. It turns out that S has a unique universal
cover, up to some trivial changes that are irrelevant here.

Each point in S has representatives in the universal cover ofS. To grasp this intuition
think of the cover of the torus by the plane. For each pointx of the torus there are in�nitely
many points ex of the plane that are sent tox by the covering map. Formally, a pointex of eS
lifts (or is a lift of) a point x of S if � (ex) = x. It is not just points that can be lifted, but
also paths and more generally maps: a mapef : X ! eS lifts a map f : X ! S if � � ef = f .

The universal cover has a general property called thelifting property . This property
describes how the homotopies inS are lifted by homotopies in eS: for any topological space
X , homotopy f t : X ! S, and map ef 0 : X ! eS lifting f 0, there exists a unique homotopy
ef t : X ! eS of ef 0 that lifts f t . Let us give two important cases of this property to illustrate.
The �rst case is whenX is a single point. In this case the property says that for every path
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Figure 3.7: (Top) The plane is wrapped around an in�nite tube, itself wrapped around a
torus. (Bottom) The plane is wrapped around the closed surface of genus two.

p in S, and for every point ex0 2 eS that lifts the starting point of p, there is a unique path
ep in eS that starts at ex0 and lifts p. The second case is whenX = [0; 1], each mapf t is a
path. In this case the property says that for every pathp in S, every lift ep of p in eS, and
every continuous deformation ofp, there is a unique continuous deformation ofep that lifts
the continuous deformation ofp.

Figure 3.8: Two paths in a surfaceS are homotopic if and only if they admit lifts with the
same endpoints in the universal cover ofS.

The universal cover is strongly related to homotopy in several ways, in particular by
the lifting property, but also because it is simply connected by de�nition. This has useful
consequences. For example a loop` of S is contractible if and only if some lift of ` in eS is a
loop, in which case all the lifts are loops. Also two pathsp and q are homotopic if and only
if they admit respective lifts with the same endpoints: liftsep and eq such that ep(0) = eq(0)
and ep(1) = eq(1) (Figure 3.8).
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Figure 3.9: (Left) Drawing of a graph in the torus. (Right) Lift of the drawing in the universal
cover of the torus.

We mention here that it is possible to de�ne more covers of a surfaceS without the
requirement that eS be simply connected. With this de�nition every surface is a cover of
itself. Another example is the in�nite-tube in the previous construction, which is a cover of
the torus. There is even a classi�cation of the covers but in this thesis we mostly consider the
universal cover, the simply connected one. Also, the notion of universal cover immediately
generalizes from surfaces to topological spaces. For example the universal cover of a connected
graph is an in�nite tree.

Importantly, lifting maps in general is slightly more delicate than lifting paths. This is
for example the case when lifting a closed curvec : R=Z ! S. The reason is that ifc is non-
contractible there is no closed curve liftingc properly speaking: there is noec : R=Z ! S such
that � � ec = c. So instead one considers the bi-in�nite pathp : R ! S that �wraps around�
c in�nitely many times, formally the composition of c and the natural map R ! R=Z, and
considers a lift ep : R ! eS of p. This idea can be re�ned to lift drawings of graphs; we will
not need the exact de�nition, and the concept is the one the reader has in mind, illustrated
in Figure 3.9.

3.3 Geometry of surfaces

In this section we focus on surfaces and re�ne our presentation from the �ner point of view of
geometry. Geometry is concerned in particular with the measure of distances. This requires
additional structure on a surface, other than the topology. We use the notion of Riemannian
2-manifold, or Riemannian surface (not to be confused with the related but di�erent
notion of Riemann surface). We cannot reasonably attempt a review of the foundations of
Riemannian geometry, so instead we refer to the textbook of do Carmo [76]. In a nutshell,
a Riemannian surface is a smooth surface together with an object called aRiemannian
metric which allows to measure area, angle, and length for example.

It is tempting to think of surfaces as smoothly embedded inR3, and to measure the length
of a path on a surface as its usual length inR3. However the reference toR3 disappears in
the de�nition of a Riemannian surfaceS, and in fact this de�nition is so general that it is
possible forS to have no such embedding inR3. It is possible however to think ofsmall
portions of S in R3.

In this thesis we focus on a very particular, yet important, class of Riemannian surfaces
S that �locally look the same everywhere�, more formally, in which every two points admit
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Figure 3.10: (Left) Spherical surface. (Middle) Flat surface. (Right) Hyperbolic surface.

respective neighborhoods that are isometric. Up to rescaling the Riemannian metric ofS
(multiplying all distances by a positive real), there is for every pointx a neighborhood of
x isometric to one of the three Riemannian surfaces depicted in Figure 3.10. This classi�es
S into spherical, �at, and hyperbolic. Spherical surfaces are incidental in this thesis, we
are mostly concerned with �at and hyperbolic surfaces. In particular the �at plane and
the hyperbolic plane, which we will see in a moment. Technically some of the surfaces we
consider will not locally look the same everywhere, for example because a boundary point and
an interior point cannot have isometric neighborhoods. Nevertheless they are all obtained by
cutting and pasting portions of the �at plane and the hyperbolic plane.

We use standard notions of Riemannian geometry without review. We only mention
that a curve is geodesic if it is locally distance minimizing. Technically, for a curve to be
geodesic it should also have �constant speed�, but the exact parameterization of the curve is
of no matter to us. Importantly, geodesics are not necessarily shortest paths, even though
all shortest paths are geodesic.

3.3.1 Piecewise-�at surfaces

The simplest �at surface is the�at plane . This is the usual plane, also called Euclidean
plane, whose point set is often identi�ed withR2. Some surfaces can be obtained as subsets
of the �at plane. Typically, a �at polygon is a topological polygon (Section 3.1.2) that lies
in the �at plane and whose sides are geodesic. We use folklore facts on �at polygons. For
example the classical Gauss�Bonnet formula implies that the numbern of vertices of a �at
polygon and the suma of its angles satisfy(n � 2)� = a.

We construct other surfaces from the �at plane by gluing polygons with the construction
described in Section 3.1.2. Here instead of using arbitrary topological polygons we use �at
polygons. The gluing of polygons is encoded by a data structure, and it will be convenient
for us to have a name for this data structure. We could not �nd a consistent name in the
literature. We chose the nameportalgon, introduced by Lö�er, Ophelders, Silveira, and
Staals [141]. See Figure 3.11. Aportalgon T is a disjoint collection of oriented �at polygons
together with a partial matching of the sides of the polygons. It istriangular if all polygons
are triangles. Given a portalgonT, any subset of the polygons de�nes asub-portalgon T0

of T: two sides of polygons are matched inT0 if and only if they are matched inT.
In a portalgon T, identifying the matched sides while respecting the orientations of the

polygons providesthe surface of T, denoted S(T). It is a Riemannian surface but the
Riemannian metric may have singularities, we will see that in a moment. The sides of the
polygons ofT correspond to a graphT1 cellularly embedded onS(T), called the1-skeleton of
T. In general apiecewise-�at surface is any Riemannian surfaceS isometric to the surface
of a portalgon. And when we say that a portalgonT is a portalgon of S, we implicitly �x

27



Figure 3.11: (Left) A portalgonT: two �at polygons with two sides matched, in red. (Right)
The surfaceS(T).

an isometry betweenS(T) and S. A tessellation of S is the 1-skeleton of a portalgon ofS.
It is a triangulation if the portalgon is triangular. Such a �geometric� triangulation is also
a �topological� triangulation as de�ned in Section 3.1.5, but the converse does not hold in
general. There should be no confusion between the two notions of triangulation in the thesis.

Figure 3.12: (Left) The surfaceS(T) of a portalgonT, on which is represented the 1-skeleton
T1 of T. The vertex ofT1 in the interior of S(T), represented by a black disk, is a singularity
of S(T). (Middle) The vertex is a �at point. (Right) The vertex is a singularity.

Let us detail the singularities that a piecewise-�at surfaceS can have. Consider a trian-
gulation T of S, a vertex x of T, and the suma of the angles of faces ofT around x. The
point x is a singularity if x lies in the boundary ofS and a 6= � , or if x lies in the interior
of S and a 6= 2� . Every other point of S if �at . Equivalently, a point x 2 S is �at if there
is a neighborhood ofx isometric to a plane disk, or half-disk ifx lies on the boundary of
S. This does not depend on any particular triangulation ofS. To help the intuition observe
that on S a geodesicp is straight outside of the singularities and does the following at each
singularity x. If x lies in the interior of S, then p forms at x an angle greater than or equal
to � on both sides. Otherwise, ifx lies on the boundary ofS, p forms an angle greater than
or equal to � on the side that does not contain the boundary ofS. In S, a segment is a
simple geodesic path, usually not a single point, whose relative interior is disjoint from any
singularity of S.

A piecewise-�at surface is�at if its interior has no singularity. The closed �at surfaces
are called�at tori . They are all homeomorphic to a torus but there are in�nitely many of
them. They are obtained by identifying the opposite sides of a �at parallelogram.
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3.3.2 Hyperbolic surfaces

We have just described �at surfaces, starting o� from the �at plane. The metric of the �at
plane is de�ned by the equationds2 = dx2 + dy2, whereds is the length of an in�nitesimally
small line segment anddx and dy are the in�nitesimal variations of its coordinates. We
now describe hyperbolic surfaces, starting o� from thehyperbolic plane . A model of
the hyperbolic plane is thePoincaré disk . It is the open unit disk of the complex plane
D = f u + iv 2 C j u2 + v2 < 1g with the metric de�ned by

ds2 =
4(du2 + dv2)

(1 � (u2 + v2))2
:

In the Poincaré disk the geodesics are the circle arcs and rectilinear paths meeting@D at right
angle. See Figure 3.13. We refer to the textbook of Buser [30]. Similarly to �at polygons, a
hyperbolic polygon is a topological polygon that lies in the hyperbolic plane and whose
sides are geodesic. Here the Gauss-Bonnet formula implies that the numbern of vertices of
a hyperbolic polygon and the suma of its angles satisfy(n � 2)� � a.

It is no surprise that we construct other surfaces by gluing hyperbolic polygons. Impor-
tantly, in this thesis we only consider the case where the resulting surface has no singularity
in its interior: every vertex point in the interior of the surface is surrounded by an angle
of 2� . Such a Riemannian surface is ahyperbolic surface . The sides of the hyperbolic
polygons de�ne a (hyperbolic)tessellation of S. It is a (hyperbolic) triangulation if all
polygons are triangles.

Figure 3.13: (Left) In the Poincaré disk, two geodesic lines. (Middle) A triangle with geodesic
sides of �nite length. (Right) An ideal quadrilateron with geodesic sides of in�nite length.

Every closed hyperbolic surface has genus at least two. For everyg � 2 there are in�nitely
many closed hyperbolic surfaces of genusg.

We will also consider a construction of non-compact hyperbolic surfaces fromideal hy-
perbolic polygons, the sides of which are geodesics of in�nite length (Figure 3.13). Such
polygons do not exist in the �at plane, they are speci�c to the hyperbolic plane. Pair the
sides of a collection of ideal hyperbolic polygons, and identify the two sides in each pair in a
way that respects the orientations of the polygons. The result is a hyperbolic surface whose
topological type is that of a punctured surface, but punctures are relegated to in�nity.
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Part I

Untangling Graphs on Surfaces
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In this part of the thesis

In this part of the thesis we consider the problem of untangling a drawing of a graph on a
surface. The review of the related works is postponed to Chapter 4. Here we provide an
informal account of our contributions, then we describe the organization of the chapters.

Curves. Our problem naturally generalizes to graphs another problem on curves, which
we revisit as a starting point. In this problem we are given a collection of closed curvesC
on a surfaceS. The curves may cross themselves and each other. We must minimize the
number of crossings by continuously deforming the curves, or at least compute the minimum
number of crossingsiS(C). The case we consider is when the surfaceS is obtained from a
closed surface by removing the interiors of �nitely many (possibly zero) disjoint closed disks.
Then S is topologically determined by its genus and its number of boundary components.

This problem on curves has been extensively studied for more than a century by numerous
mathematicians, see for example Poincaré [155, Section 4]. From these works emerges the
following key insight. Generally, the most di�cult case is when the surfaceS has no boundary,
and has genus at least two. In this caseS can be endowed with a hyperbolic metric, in which
all the curves inC can be made geodesic by continuous deformation. Afterward, roughly but
not exactly, the number of crossings ofC is the minimum of its homotopy class. This is a
solution to our problem, but it is not discrete so it does not immediately give an algorithm.

In order to obtain an algorithm, we must �rst discretize the problem. To do so, as is done
classically, we decomposeS along a graphH (cellularly) embedded onS (Chapter 3), part
of the input, and we require that each curve inC be given as a closed walk inH . We output
another collection of closed walksC0 in H . It is possible that the walks in C0 overlap by
using several times an edge ofH . We make sure thatC0 is in minimal position: there is an
in�nitesimal perturbation of C0 after which C0 does not overlap and the number of crossings
of C0 is the minimum of its homotopy class. One could then construct such a perturbation
of C0 using a recent algorithm of Fulek and Tóth [101]. Their work allows for this neat
decomposition of our problem. In detail we prove:

Theorem 3.2. Let S be a surface of genus smaller thans, with less thans boundary compo-
nents. Let H be a graph of sizem cellularly embedded onS. Let C be a collection of closed
walks of total lengthn in H . One can computeiS(C) in O(m+ s2+ sn log(sn)) time. One can
construct in additional O(s2mn) time a collection of closed walksC0 in H , freely homotopic
to C in S, in minimal position.

To obtain Theorem 3.2, we provide a discrete analog of the hyperbolic construction.
Assuming that S has no boundary, and has genus at least two, we replace the hyperbolic
metric by a carefully chosen triangulationT of S, which we call reducing triangulation, and
we replace the geodesics in the hyperbolic metric by particular walks and closed walks inT,

33



which we call reduced(closed) walks. Then we prove that every collection of reduced closed
walks is in minimal position.

To de�ne the reduced walks (and closed walks), informally, we are inspired by the fact
that on a hyperbolic surface a curve is geodesic if and only if everysmall portion of the curve
is geodesic, this property islocal. Analogously, we de�ne reduced walks in such a way that a
walk is reduced if and only if all itslength two subwalksare reduced. We are also inspired by
the fact that on a hyperbolic surface a curve can be made geodesic homotopically (albeit not
in �nite time) by straightening portions of the curve greedily. Analogously, we show that a
walk can be turned into a reduced walk homotopically by straightening portions of the walk
greedily. Reducedwalks are the results of thisreduction process, andreducing triangulations
are the object on which the process happens.

In general, the input walks are in a graphH that is not a reducing triangulation, so (1)
we construct a reducing triangulationT on S, (2) we push the walks inH by homotopy into
walks in T, (3) we reduce the walks inT, and (4) we push the result back intoH . At this
point we only handled the surfaces without boundary of genus at least two. Fortunately, the
techniques we developed for those surfaces extend similarly to the other surfaces, leading to
Theorem 3.2.

The strategy of greedily reducing walks originates in a classical algorithm of Dehn from
1912 [64], since re�ned by Erickson and Whittlesey [88] for testing curves for homotopy,
and by Despré and Lazarus [69] for minimizing the crossings of curves by homotopy. The
latter reduce walks in particular graphs embedded onS, called systems of quads, previously
introduced by Lazarus and Rivaud [134], which inspired reducing triangulations. On systems
of quads the reduced walks are close to being in minimal position, but an in�nitesimal
perturbation of the walks may not su�ce to realize the minimum number of crossings. In
this way the systems of quads and their reduced walks do not allow for a neat decomposition
with the algorithm of Fulek, and Tóth [101]. Despré and Lazarus [69], who obtained their
results before Fulek, and Tóth [101], deployed considerable e�orts due to this de�ciency
of the systems of quads. On the other hand, by introducing reducing triangulations, we
easily obtain Theorem 3.2, improving, generalizing, and simplifying the results of Despré and
Lazarus [69]. This is due to very strong properties of reducing triangulations that previous
models did not have all at once. For example, in a reducing triangulation, the reduced walks
are stable upon taking a subwalk and reversing the walk, and each homotopy class of walks
contains exactly one reduced walk.

Graphs. More importantly, reducing triangulations allow us to pivot from closed curves to
general drawings of graphs, which is our main concern in this thesis. Again, the surfaceS is
decomposed along a graphH cellularly embedded onS. This time we are given a graphG,
and a mapf : G ! S, and we require thatf maps each vertex ofG to a vertex of H , and
each edge ofG to a walk in H . Determining, given an integerk, whether there is a drawing
homotopic to f in S with less than k of crossings is NP-hard, for this contains the classical
crossing numberproblem. So instead we ask whether there is anembeddinghomotopic to f ,
a drawing without any crossing. If so, we output aweak embedding, a drawing f 0 : G ! H ,
not necessarily an embedding, but such that there is an in�nitesimal perturbation off 0 after
which f 0 is an embedding. One could then construct such a perturbation off 0 using a recent
algorithm of Akitaya, Fulek and Tóth [10], similar to the algorithm of Fulek and Tóth [101]
for curves. In detail we prove:
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Theorem 3.3. Let S be a surface of genus smaller thans, with less thans boundary com-
ponents. Let H be a graph of sizem cellularly embedded onS. Let G be a graph, and let
f : G ! H be a drawing of sizen. One can determine inO(m + s2n log(sn)) time whetherf
can be untangled inS. If so, one can construct in additionalO(s2mn2) time a weak embedding
f 0 : G ! H , homotopic to f in S, of depthO(s2mn).

In order to obtain Theorem 3.3, we �rst provide an algorithm for untangling the drawings
of very simple graphs in a reducing triangulation. Basically, the algorithm reduces walks and
closed walks. We then provide a rather generic framework to reduce the untangling problem
to those particular graphs.

Tutte embeddings. In the end, we move away from the design of the most e�cient and
complete algorithms, to obtain our most involved and insightful results, on reducing trian-
gulations. We consider a classical theorem of Tutte [184] from 1963, generalized by Yves
Colin de Verdière [52] in 1991. As far as we are concerned, the essence of those results is
roughly that, on non-positively curved surfaces, �straightening� a drawing su�ces to untan-
gle the drawing, at least if it can be untangled. In other words, a �straightened� drawing
is homotopic to an embedding if and only if it is itself an embedding. Analogously, we de-
�ne �straightened� drawings of graphs in reducing triangulations, which we callharmonious
drawings, and prove:

Theorem 3.4. Let S be a surface of genusg � 2 without boundary. LetT be a reducing
triangulation of S. Let G be a graph, and letf : G ! T be a harmonious drawing. There is
an embedding homotopic tof in S if and only if f is a weak embedding.

We emphasize surfaces without boundary, as they constitute the hardest cases, but we
also obtain results for surfaces with boundary, allowing vertices of the graph to be attached
to the boundary of the surface in the drawing. In contrast, the case of the sphere is not
relevant in this context, and our results are not valid on the torus.

We also provide an algorithm for transforming an arbitrary drawing into a harmonious
drawing, without increasing the length of any edge in the drawing, which allows us to build
many harmonious drawings:

Theorem 3.5. Let S be a surface of genusg � 2 without boundary. LetT be a reducing
triangulation of S, with m edges. LetG be a graph, and letf : G ! T be a drawing of size
n. We can compute inO((m + n)2n2) time a drawingf 0 : G ! T, harmonious, homotopic to
f in S, such that for every edgee of G, the image ofe under f 0 is not longer than underf .

Theorem 3.5 gives another algorithm for untangling graphs, less e�cient, but with the
advantage of being �exible concerning the choice of the output embedding, making it a
powerful tool. The algorithm mimics the reduction of walks and closed walks by straightening
portions of the drawing, but in a carefully chosen order this time, not greedily.

Organization of the chapters. We review the related works in Chapter 4, and detail
some preliminary results in Chapter 5. We introduce reducing triangulations, reduced walks,
and their properties in Chapter 6. In the same chapter we show, on reducing triangulations,
how to put closed walks in minimal position, and how to untangle drawings of graphs. In
Chapter 7 we extend our results from drawings in reducing triangulations to drawings in

35



cellularly embedded graphs, obtaining Theorem 3.2 and Theorem 3.3. In the same chapter,
we also describe an application of our results in the particular case where the surface is
the Euclidean plane minus a �nite set of obstacle points, and the drawing is piecewise-
linear. Finally, in Chapter 8, we go back to reducing triangulations, on which we introduce
harmonious drawings and prove Theorem 3.4 and Theorem 3.5.
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Chapter 4

Related Works

In this chapter we review works related to untangling graphs on surfaces. Recall that in this
problem, broadly, we are given a drawingf of a graphG on a surfaceS, and we must remove
crossings fromf by deforming f continuously, in other words by applying a homotopy tof .
By untangling, we usually mean removing all crossings, but sometimes we mean removing as
many crossings as possible, by abuse of terminology. We ultimately review this problem in
Section 4.4, but �rst we consider three other problems related to it.

Attempting to solve an example by hand, it is di�cult to guess which deformations of
f remove the most crossings. This prompts at deleting the homotopy constraint from the
problem. Then we can replacef by any drawing of G on S, so there is no need forf in the
input. We are just given a graphG and a surfaceS, and we must produce a drawing ofG on
S with few crossings. This is the broad problem of drawing a graph on a surface, reviewed
in Section 4.1.

In Section 4.2 we consider an intermediate problem in which the homotopy constraint in
weakened but not completely removed. We are givenf , G, and S, and for the problem to be
interesting we assume thatf has overlaps. We must remove crossings fromf by homotopy,
but this time the homotopy is not allowed to movef all around the surface. Insteadf can
just be perturbed in�nitesimally. This is the problem of perturbing a drawing. Some of
the results of this section will be used as black boxes in the rest of the thesis, they are also
detailed in the next chapter, Chapter 5.

In Section 4.3 we consider again the problem of drawing a graph on a surface, but we
introduce a new geometric constraint. For simplicity we focus on the particular case where
the surface is the plane, and where the graphG admits a drawing without crossings in the
plane, an embedding. The novelty is that we ask for an embeddingf that draws the edges
of G as straight-line segments. This is the problem of embedding graphs rectilinearly in the
plane. The main technique reviewed in this section is in�uential in our work.

We emphasize that even though some of the works reviewed handle non-orientable sur-
faces, we will only present the results for orientable surfaces, the only surfaces considered in
this thesis. In order to ease the reading, we do not name the authors of a paper when the
paper has more than �ve authors.
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4.1 Drawing graphs on surfaces

In this section we review the broad problem of drawing a graph on a surface with few crossings.
First we ask for a drawing without any crossing, an embedding. We review this problem on
the plane in Section 4.1.1, and then on surfaces in Section 4.1.2. Arises the problem of telling
two embeddings apart, that we review in Section 4.1.3. We �nally review in Section 4.1.4
the problem of drawing a graph with a minimum number of crossings, but only on the plane
for this case is already di�cult.

4.1.1 Embedding on the plane

As announced we �rst ask for a drawing without any crossing, an embedding. The �rst
problem is to determine if a given graphG admits an embedding on a given surfaceS. This
problem is re�ned by asking for either an embeddding ofG on S, or a �smallest� subgraph of
G that cannot be embedded onS, certifying that G cannot be embedded onS. Historically
the �rst case considered is when the surfaceS is the plane.

A graph is planar if it admits an embedding in the plane. The �rst characterizations
of planar graphs were found almost 100 years ago. A simple application of Euler's formula
shows that K 5, the complete graph on �ve vertices, is not planar. Clearly if a graphG is
not planar, and if G is homeomorphic to a subgraph of another graphH , then H is not
planar either. So the search began for graphsG that are not planar, and are minimal in the
sense that all proper subgraphs ofG are planar. ClearlyK 5 is such a minimal non planar
graph as every proper subgraph ofK 5 is planar. In 1930, Kuratowski [130] addedK 3;3 to
the list, and found out that there is no other minimal non planar graph. In detail, he proved
that a graph G is planar if and only if no subgraph ofG is homeomorphic toK 5 or K 3;3.
This result is now known as Kuratowski's theorem, but was announced independently and
around the same time by Frink and Smith, although their paper was never published due
to the fact that Kuratowski's paper was already in press [126]. Also, Menger concurrently
proved the special case that a cubic graph is planar if and only if none of its subgraphs
is homeomorphic toK 3;3 [147], in relation to a problem on colorings of maps that he had
encountered in Reidemeister's Vienna seminar of 1924 [126].

There are algorithms that determine if a graphG with n vertices is planar, and either
produce a combinatorial description of an embedding ofG in the plane or �nd a Kuratowksi
subgraph of G, all in O(n) time. See for the example the relatively recent algorithm of
Myrvold [25], and the clear exposition of Brandes [26] of the algorithm of De Fraysseix
and Rosenstiehl [61, 58]. We now present the historical development of this result. As a
preliminary note that by the Euler's formula planar graphs withn vertices have less than3n
edges so in any planarity test one may preliminarily throw any graph with too many edges.
The naive approach of looking for Kuratowski subgraphs in the input graphG by exhaustive
search does not provide an e�cient planarity test. Instead the most fruitful approaches try
to compute an embedding ofG in the plane. Note however that the original papers do not
always take care of extracting a Kuratowski subgraph whenG is found to be not planar.
The two most commonly cited approaches that lead to linear time algorithms are the �path
addition� method and the �vertex addition� method. The �rst method, �path addition�, was
initiated in 1961 by Auslander and Parter [18], and then by Goldstein [104]. Roughly, the
method is to cut the graph into several pieces along a cycle, to recursively embed each piece
with the cycle, and then to combine the embeddings of the pieces, halting if some subgraph is
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found that is not planar, or if the graph is trivially planar. In 1974 Hopcroft and Tarjan [118]
combined this method with depth �rst search to design the �rst and celebrated linear time
planarity test. The second method, �vertex addition�, was introduced in 1967 by Lempel,
Even and Cederbaum [136]. Roughly, one maintains a data structure that represents all
possible embeddings of an induced subgraph, and adds vertices to this data structure one
at a time in a speci�c order. This method was later proved to achieve linear time with two
re�nements. The �rst re�nement is an algorithm of Even and Tarjan [90] that computes
the speci�c order of the vertices in linear time. The second re�nement is a data structure
introduced by Booth and Lueker [24], called a PQ tree, that represents a particular set of
permutations, and is here applied to represent the possible embeddings of a graph.

4.1.2 Embedding on surfaces

On closed surfacesS the characterization of the graphs that can be embedded onS has its
roots in a variation of Kuratowski's theorem, proved by Wagner [187] in 1937, in which the
subgraph relationship is replaced by minor containment. A graphG is a minor of a graphH if
G can be obtained fromH by deleting edges and vertices, and by contracting edges. Wagner
proved that a graph G is planar if and only if no minor of G is isomorphic to K 5 or K 3;3.
Every minor of every planar graph is itself planar. This led Wagner to ask more generally
whether every minor-closed class of graphs is determined by a �nite set forbidden minors.
This is now the Robertson-Seymour theorem, also called graph minor theorem, proved by
Robertson and Seymour in a long series of papers from 1983 to 2004, a cornerstone of graph
theory. The class of graphs that can be embedded on a given surfaceS being minor-closed,
this theorem implies that the setX S of forbidden minors of S, the graphs that cannot be
embedded onS but whose proper minors can all be embedded onS, is �nite. Unfortunately,
this set is currently unknown for surfacesS other than the plane and the projective plane,
and the torus has at least 17 535 minimal forbidden minors [153].

Robertson and Seymour undertook their graph minor theory in parallel of the development
of algorithms for embedding graphs on surfaces. The �rst thing to notice is that, if a graph
G can be embedded on the closed surface of genusg � 0 then G can be embedded on every
closed surface of higher genus. Thegenusof G is the minimum genus of a closed surface
on which G can be embedded. There are variants such that the maximum genus of a closed
surface on whichG admits a cellular embedding, we refer to the survey of Ringeisen [160].
Only particular graphs have known genus, among which the complete graph onn � 4 vertices
whose genus isd(n � 3)(n � 4)=12e [161, 162, 163]. In 1989 Thomassen [181] proved that
the genus problem, of checking that the genus of a given graph is equal to a given integer, is
NP-hard. In 1991 Mohar [150] gave a �xed-parameter-tractableO(f (S) � n) time algorithm,
for some computable functionf , that embeds a graph ofn vertices on a closed surfaceS, or
returns a minimal non-embedabble subgraph. The functionf seems to be doubly exponential
in the genus ofS, but this is not explicit in Mohar's paper. This algorithm has since been
revisited by Kawarabayashi, Mohar, and Reed [124]. The basic idea is to embed a subgraph,
then try to extend this partial embedding, and recursively work with discovered forbidden
subgraphs for smaller genus surfaces. Mohar's result is subsequent to previous works, in
particular by Juvan, Marin£ek, and Mohar [121] whenS is the torus. Even earlier, in 1979,
Filotti, Miller, and Reif [95] claimed the �rst algorithm with polynomial running time for �xed
surfaceS, but where the degree of the polynomial depends onS, although their algorithm
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has since been shown incorrect [152]. Just before Mohar published his result, Djidjev and
Reif [75] gave a �xed-parameter-tractable algorithm, although not linear inn.

There is another approach to determine if a graph can be embedded on a surface, using
graph minors more directly. This approach has not given the most e�cient algorithms, nor
the �rst ones, but deserves a presentation. Recall that the Robertson-Seymour theorem
implies that every surface has a �nite number of forbidden minors. Moreover Robertson and
Seymour [164, 56] provided an algorithm to determine whether a �xed graphH is a minor
of an input graph G, in time O(n3) if G has sizen. The running time hides a constant
that depends super-polynomially on the size ofH . This result has since been improved to
O(n2) by Kawarabayashi, Kobayashi, and Reed [123], and recently toO(nc) for any c > 1
by Korhonen, Pilipczuk, and Stamoulis [129]. This result can serve to determine if an input
graph G embeds on a �xed surfaceS in almost-linear time simply by listing the forbidden
minors of S, and determining if one of them is a minor ofG (again, the running time hides
a constant that depends onS). Recall however that the set of forbidden minors ofS is
unknown in general. Moreover the approach does not tell how to construct an embedding if
there is one.

4.1.3 Telling embeddings apart

We now consider the problem of telling embeddings apart. On a closed surfaceS, one can
think of several notions of equivalence between two embeddingsf 1; f 2 : G ! S of a graphG.
For example one can considerf 1 and f 2 ascongruent if there is a homeomorphism' : S ! S
such that f 1 = ' � f 2. A �ner equivalence restricts ' to being homotopic to the identity
map of S. This the same asf 1 and f 2 being isotopic, prominently because all homotopic
homeomorphisms ofS are isotopic. (If S was not the sphere, an intermediate notion of
equivalence would be obtained by consideringorientation-preserving homeomorphisms, but
we will not use that.)

On the sphere there are only two classes of homeomorphisms up to homotopy, the
orientation-preserving ones, all homotopic to the identity map, and the orientation-reversing
ones. Yet even on this simple surface there are embeddings of the same graph that are
congruent but not isotopic, or even that are not congruent at all. To understand what are
the possible embeddings of a graph the key tool is connectivity. A graph isk-connected,
k � 1, if it has at least k + 1 vertices and cannot be disconnected by removing at most
k � 1 vertices. On the sphere all the embeddings of a 3-connected graph are congruent,
and are thus isotopic up to composition by an orientation-reversing homeomorphism. This
rigidity theorem is completed by a natural decomposition of every graph into 3-connected
graphs. We do not detail, but roughly every graph is a disjoint union of 1-connected sub-
graphs, every 1-connected graph decomposes into maximal 2-connected subgraphs (and some
edges) articulated by a tree-like structure, and every 2-connected graph decomposes into 3-
connected subgraphs articulated by aSPQR tree. The point is that the articulations of those
decompositions describe the possible embeddings of the graph on the sphere.

Algorithmically, an embedding, cellular say, for simplicity, of a graphG on a surfaceS can
be encoded by a graph isomorphism betweenG and the 1-skeleton of a combinatorial map
whose surface is homeomorphic toS. Determining whether two embeddings encoded this
way are congruent then boils down to an isomorphism test of combinatorial maps. Isotopy
testing however is more challenging, and involves a correspondence between the surfaces of
the two embeddings. Colin de Verdière and de Mesmay [47] give an algorithm to determine
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whether two embeddings of a graphG in the interior of a surfaceS are isotopic. The input
embeddingsf 1; f 2 : G ! S are given separately, in general position with respect to a common
graph H cellularly embedded onS. Given the two arrangements off 1 and f 2 with H , of
complexitiesk1 and k2, they determine whetherf 1 and f 2 are isotopic in O(k1 + k2) time.
Note that H and S are part of the input. They extend their results to a di�erent model
where the surface is the Euclidean plane with some points removed and the embeddings are
piecewise linear. Their approach is the continuity of previous work by Ladegaillerie [132], and
relies on the fact that if a homeomorphishm' : S ! S with f 1 = ' � f 2 is homotopic to the
identity map of S, then for every closed walkC in G the image closed curvesf 1 � C and f 2 � C
are freely homotopic, and this can be tested using known algorithms (see Section 4.4.1).

4.1.4 Drawing with few crossings in the plane

In this section we consider the more general problem of computing the minimum number of
crossings that a drawing of a graph can have. This is already di�cult in the particular case
where the surface is the plane, so we review only this case. Thecrossing numberof a graph
G is the minimum number of crossings that a plane drawing ofG can have. During World
War II, Turán [183] asked what are the crossing numbers of the complete bipartite graphs
K n;m . The same problem arose at the same time in sociology [28]. A simple drawing gives
the upper boundbn=2cb(n � 1)=2cbm=2cb(m � 1)=2c, and this formula is conjectured to be
the exact value, but this is still open [84]. In general researchers have tried to compute the
crossing numbers of very simple graphs with limited success. Variants of the crossing number
have also been considered [154, 167].

The crossing number problem, of determining whether the crossing number of a given
graph is smaller than a given integer, is in NP, for a drawing of the graph with a minimum
number of crossings would provide a certi�cate. In 1983 Garey and Johnson [103] proved
that the problem is NP-hard, and thus NP-complete. Hlin¥ný [117] and Cabello [33] later
proved that the problem remains NP-hard on smaller classes of graphs: the cubic graphs,
and the graphs obtained by adding only one edge to the planar graphs. On the positive side,
Grohe [109] gave aO(f (k) � n2) time algorithm to determine if a graph with n vertices has
crossing number smaller thank, for some computable functionf , using Courcelle's theorem.
This has been improved toO(f (k) � n) by Kawarabayashi and Reed [125], and the function
f has recently been brought tof (k) = 2 O(k log k) by several authors [142, 50]. Concerning
approximation, Cabello [31] proved that, unlessP = NP , there is a constants > 1 such
that no polynomial time algorithm can approximate the crossing number of a graph withn
vertices within a factor s, even when restricted to 3-regular graphs. Whether constant factor
approximation is achievable is open. Approximating the crossing number is notoriously
di�cult [89, 45].

We note that that the crossing number problem is generalized by the problem of deter-
mining whether a graph can be embedded on a simplicial complex [50, 51].

4.2 Perturbing drawings

In this section we consider a variation of the problem of drawing a graphG with few crossings
on a surfaceS. Informally this variation considers an initial drawing f that has �overlaps�,
and asks for a �perturbation� of f into a drawing with few crossings. We �rst ask for a
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drawing without any crossing, an embedding, in Section 4.2.1. We consider minimizing the
number of crossings in Section 4.2.2.

4.2.1 Perturbing drawings into embeddings

First we ask for a drawing without any crossings, an embedding. We are given a graphH
embedded onS, and a drawing f : G ! H that maps the vertices ofG to vertices of H ,
and the edges ofG to walks in H . We must determine if there are embeddingsG ! S
�arbitrarily close� to f , or equivalently but more formally if f is the limit of some sequence
of embeddingsG ! S in the compact-open topology. Such a drawing is aweak embedding.
The problem is already interesting whenG is a cycle. Cortese, Di Battista, Patrignani, and
Pizzonia [55] gave the �rst polynomial time algorithm to determine whether a given closed
walk C in an embedded graphH is a weak embedding. Their result has then been improved
by Chang, Erickson, and Xu [40], and �nally by Akitaya, Fulek and Tóth [9] with aO(n logn)
time algorithm, where n is the length of C. In 2017 Fulek and Kyn£l [100] gave the �rst
algorithm for general graphs, by generalizing the classical Hanani-Tutte theorem. And their
result was then improved by Akitaya, Fulek, and Tóth [10] who determine whether a drawing
f : G ! H of complexity n is a weak embedding inO(n logn) time. If f is a weak embedding,
their algorithm constructs a combinatorial representation of embeddings arbitrarily close to
f . We will detail their result in Chapter 5, and we will use it afterward.

The initial motivation of Cortese, Di Battista, Patrignani, and Pizzonia [55] for consider-
ing weak embeddings was the study of clustered planarity, a problem introduced in 1995 by
Feng, Cohen, and Eades [93, 94, 53] in which a graph is given together with a hierarchical
clustering of its vertices, and one has to provide an embedding of the graph in the plane
together with a collection of disjoint simple closed curves surrounding the clusters. At the
time no polynomial time algorithm was known for testing clustered planarity, only particular
cases were solved [54, 105, 13]. Recently Fulek and Tóth [102] gave the �rst polynomial time
algorithm for testing clustered planarity.

4.2.2 Perturbing closed walks minimally

Now we ask for a drawing with few crossings instead of an embedding. We are givenG, H ,
f : G ! H , and an integerk, and we must determine if there is are drawings arbitrarily
close to f with less than k crossings. This problem is clearly in NP, and contains the
classical crossing number problem, whenH is a single vertex, so it is NP-complete. Perhaps
surprisingly, Fulek and Tóth [101] showed that the problem remains NP-complete even when
G is a cycle, that is whenf is a closed walk, by a reduction from 3-SAT. On the other-hand,
they provide a quasi-linear time algorithm whenf is a collection of closed walks that have
no spur, that never take an edge ofH and its reversal consecutively. Their algorithm even
constructs curves realizing the minimum number of crossings. Again, we will detail their
result in Chapter 5 to use it afterward.

4.3 Embedding graphs rectilinearly in the plane

In this section we consider drawing graphs in the plane, but with the additional geometric
constraint that all edges are drawn as geodesic segments for the Euclidean metric. Such a
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drawing is called aFáry drawing, and a Fáry embedding if it is also an embedding. For such
an embedding to exist, the graph must have no loop, nor any two parallel edges, in addition
of being planar. In 1948 Fáry [92] proved that there is no other obstruction, every planar
graph without loops nor parallel edges has a Fáry embedding. This result was independently
discovered by Stein [175] and Wagner [186]. In this section graphs have no loop nor parallel
edges, without further mention.

In Section 4.3.1 we review a classical method of Tutte for producing Fáry embeddings
of planar graphs. The resulting embeddings may have high resolution so we review in Sec-
tion 4.3.2 other methods that produce embeddings whose vertices have small integer coor-
dinates. Finally in Section 4.3.3 we consider the re�ned problem of transforming a Fáry
embedding into another Fáry embedding via an isotopy whose intermediate maps are all
Fáry embeddings. This will be the occasion for us to see that the method of Tutte does not
just produce Fáry embeddings, but also generalizes to produce isotopies of Fáry embeddings.

4.3.1 Tutte embeddings

In 1963 Tutte [184] proved that every 3-connected planar graph has a Fáry embedding whose
inner faces are all strictly convex: the angles at the corners are all strictly smaller than� .
And he gave a method to construct such embeddings.

A Tutte drawing is a Fáry drawing f : G ! R2 that sati�es the following, where some
face of the unique embedding ofG on the sphere is singularized as theouter face:

(i) The k � 3 verticesx1; : : : ; xk along the boundary of the outer face are mapped byf to
the vertices of a strictly convex polygon in order.

(ii) For every vertex y =2 f x1; : : : ; xkg the image ofy under f is a barycenter with strictly
positive coe�cients of the images of the neighbours ofy.

The �rst result of Tutte is a theorem:

Theorem 4.1 (Tutte, 1963). Let G be a 3-connected planar graph. Iff : G ! R2 is a Tutte
drawing thenf is an embedding and every inner face off is strictly convex.

In Theorem 4.1 the assumption that the graph is 3-connected is crucial. To see that
consider a cycleC of four verticesv; x; w; y. In a Fáry embeddingf : C ! R2 the vertices
x and y cannot be both embedded as barycenters with strictly positive coe�cients of their
neighbours, for otherwisef (x) and f (y) would both be contained in the line supportingf (u)
and f (v), contradicting the fact that f is an embedding.

The second result of Tutte is an algorithm to construct a Tutte embedding of a 3-connected
planar graphG. Fix an outer face and itsk � 3 boundary verticesx1; : : : ; xk . Fix the image
points f (x1); : : : ; f (xk) as the vertices of a strictly convex polygon so thatf satis�es (i). Fix
strictly positive barycentric coe�cients to serve in (ii). Tutte proved that there is a unique
assignment of positionsf (y) to the verticesy =2 f x1; : : : ; xkg that satis�es (ii) for the chosen
barycentric coe�cients, and that those are obtained by solving in polynomial time a system
of linear equations.

The initial work of Tutte [184] has been revisited many times; see, in particular, Richter-
Gebert [159, Section 12.2], Thomassen [182], or Edelsbrunner [79, Section I.4].
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4.3.1.1 Spring embeddings

Importantly, the method of Tutte has �exibility in the choice of the outer polygon, and in
the barycentric coe�cients. Fixing those determines a unique Tutte embedding. In Tutte's
original work the coe�cients are all equal to one, but the proofs extend readily, and the
generalization to arbitrary positive coe�cients is detailed for example by Floater [96, 97].

A particular kind of Tutte embedding is obtained by a symmetric set of barycentric
coe�cients: if y and z are neighbor inner vertices, the coe�cient off (z) in the barycentric
decomposition off (y) is equal to the coe�cient of f (y) in the barycentric decomposition
of f (z). This is equivalent to assigning a weight! e > 0 to each inner edgee of G. The
associated Tutte embeddingf : G ! R2 is then the unique Fáry drawing with the given
outer polygon that minimizes the function

P
e ! ejf (e)j2, summing over the inner edgese of G,

and wherej � j denotes length. This function is the energy of a physical system that �xes the
outer polygon and models the imagef (e) of each inner edgee by an ideal spring of rigidity
! e. Upon this interpretation Tutte embeddings are sometimes calledspring embeddings,
although we emphasize that this interpretation applies only to the Tutte embeddings de�ned
by a symmetric set of barycentric coe�cients. Simulating the evolution of this physical
system from arbitrary initial conditions is another method for obtaining those particular
Tutte embeddings. This method has been generalized, in particular by including repulsive
forces, to the �eld of force-directed graph drawing.

4.3.1.2 Application and generalization

The results of Tutte can be used to prove a classical theorem of Steiniz, that a graph is
planar and 3-connected if and only if it is the 1-skeleton of a convex polytope inR3. The
�only if� part can be proved constructively in two steps. Consider a 3-connected planar graph
G. The �rst step constructs a Fáry embeddingf : G ! R2, and assigns a non-zero (possibly
negative) weight ! (e) 2 R n f 0g to each edgee of G, in such a way that every vertexv of
G (possibly on the outer polygon) is mapped tof (v) =

P
w ! (vw)f (w), summing over the

neighbours ofv. Such assignment! is called anequilibrium stress. The second step makes
use of! and lifts f to an isomorphism fromG to the 1-skeleton of a convex polytope inR3.
This lifting in the second step is called theMaxwell Cremona correspondence. Our interest
lies in the �rst step, constructing f and ! , where the results of Tutte can be used. Here
one reduces to the case where the outer face is a triangle, in a way that we do not describe
here, and constructs the Fáry embeddingf with the method of Tutte, after �xing barycentric
coe�cients that are symmetric, so that they correspond to an assignment! of positive reals
on the inner edges ofG. The outer face being a triangle, it is then easily seen that! can be
extended to an equilibrium stress by assigningnegativereals to the threeouter edges.

Part of the work of Tutte has been generalized to higher dimensions by Linial, Lovász,
and Wigderson [137], who proved that a graphG with n vertices isk-connected,1 < k < n ,
if and only if every tuple ofk vertices ofG can be placed at the vertices of a simplex inRk� 1,
and the other vertices at points inRk� 1, such that for every vertexv not in the tuple the
convex hull of the neighbors ofv is full dimensional and containsv in its interior. Such a
mapping can then be found by �xing the simplex and solving a system of equations to place
the other vertices at some average of their neighbors. This is similar to the method of Tutte.
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4.3.2 Grid embeddings

The resolution of an embedding can be de�ned as the ratio between the smallest and the
largest distance between two distinct, non-incident, and non-adjacent geometric objects rep-
resenting vertices or edges. Unfortunately, there are graphs withn vertices, for arbitrarily
large n, whose Tutte embeddings all have resolution1=2
( n) [73].

A line of research considers the problem of producing Fáry embeddings whose vertices
have integer coordinates, equivalently are placed at the vertices of an integer grid. It quickly
became clear that every planar graph admits such an embedding, so research focused on �nd-
ing how small the grid can be. Rosenstiehl and Tarjan [165] asked whether the planar graphs
with n vertices admit Fáry embeddings with integer coordinates bounded by a polynomial in
n (earlier work [174] considered drawing edges as piecewise-linear segments). Unaware of the
problem, Schnyder [170] gave a �rst construction solving the problem with a2n � 5 by 2n � 5
grid (excluding a few small values ofn). The problem was really answered by De Fraysseix,
Pach, and Pollack [59, 60], who gave an algorithm that constructs a Fáry embedding of a
graph with n vertices on the2n � 4 by n � 2 grid in O(n logn) time and O(n) space, and who
also proved that the grid size is optimal up to constant factor. Their approach is based on a
canonical representation of plane graphs, providing an ordering of the vertices. They proceed
by induction, embed the graph induced by the �rst vertices, then move some of the vertices
in the embedding in a controlled way, to allow for the next vertex to placed. Subsequent
work by Schnyder [171] computes in optimalO(n) time on a n � 2 by n � 2 grid. More recent
work produces Fáry embeddings with small integer coordinates and with convex faces and
outer polygon [189, 23] (evenstrictly convex [166]).

4.3.3 Morphing

A morph between two embeddingsf 0 and f 1 is an isotopy that preserves some property off 0

and f 1. In this section we consider two isotopic Fáry embeddingsf 0; f 1 : G ! R2, and the
problem of building an isotopy(f t )t2 [0;1] in which all embeddings are Fáry.

A priori, it is not even clear that such a morph betweenf 0 and f 1 exists. A natural
attempt is to let for every t 2 [0; 1] the map f t be the Fáry drawing that maps each vertex
v to f t (v) = (1 � t)f 0(t) + tf 1(t). If the resulting homotopy (f t )t2 [0;1] is an isotopy, that
is if all intermediate maps are embeddings, this is thelinear morph between f 0 and f 1.
But unfortunately, intermediate maps are not always embeddings. The di�culty is to �nd
trajectories for the vertices so that all intermediate Fáry drawings are embeddings.

Any two isotopic Fáry embeddings are related by asequenceof linear morphs. This was
�rst proved in 1944 by Cairns [34], but only for triangulations. Thomassen [180] then ex-
tended Cairns's result to all Fáry embeddings. His approach is to augment both embeddings
to compatible triangulations, isotopic triangulations with the same outer face, reducing to
Cairn's result. The idea of compatible triangulations has also been explored by Aronov, Sei-
del, and Souvaine [17]. The number of linear morphs produced by those works is exponential
in the numbern of vertices. An e�cient version of Cairns's algorithm has been given in which
the number of linear morphs is polynomial inn [12]. This has since been improved [14], and
it is now established [11] thatO(n) linear morphs su�ce (even if all vertices have to move
along parallel lines in each linear morph), and that this is worst case optimal.

Importantly, Floater and Gostman [98] described a morph between Tutte embeddings
f 0; f 1 : G ! R2 with the same outer face, based on Tutte's method. They construct the
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barycentric coe�cients for which f 0 and f 1 are Tutte embeddings. Then they interpolate
between the coe�ciens linearly and consider the associated Tutte embeddings. Note that
the vertex trajectories are not piecewise-linear anymore. Gotsman and Surazhsky [107, 178]
applied the method to morph between more general Fáry embeddings, in particular between
planar polygons (Fáry embeddings of cycles). Their approach is the one taken by Thomassen
and Aronov, Seidel, and Souvaine [17] to extend Cairns's result: they augment both embed-
dings to compatible triangulations.

We note that allowing to bend the edges of the intermediate embeddings gives more free-
dom in moving vertices, by bending edges to avoid collision, leading to an e�cient morphing
algorithm of Lubiw and Petrick [144].

4.4 Untangling graphs on surfaces

In this section we review works related to untangling graphs on surfaces. In comparison
with drawing graphs the novelty is the homotopy constraint: we must deform the input
drawing continuously. To understand this constraint we start in Section 4.4.1 by reviewing
a problem that is just about homotopy, not about removing crossings. And only in the
particular case of closed curves, instead of general drawings of graphs. This problem is to
determine whether a given closed curve can be deformed into another given closed curve.
In Section 4.4.2 we consider removing crossings, and we review the problem of minimizing
the number of crossings of a collection of closed curves by deforming it. We �nally consider
untangling drawings of graphs in Section 4.4.3.

4.4.1 Testing curves for homotopy

In this section we review thetransformability problem: To determine, given two closed curves
C0 and C1 on a surfaceS, whether C0 and C1 are (freely) homotopic, in other words whether
C0 and C1 can be continuously deformed into each other. The transformability problem has
a special case in which one of the two closed curves is contractible. This is thecontractibility
problem, to determine whether a given closed curveC is contractible, in other words whether
C can be continuously shrinked to a point.

The similar problems on loops reduce to the problems on closed curves: A loop` is
contractible if and only if the closed curve obtained by joining the ends of` is contractible,
and two loops`0 and `1 are homotopic with basepoint �xed if and only if the concatenation
of `0 by the reversal of`1 is contractible.

The algorithms for the transformability problem on closed surfaces are easily generalized
to surfaces with boundary. Indeed every surface with boundaryS extends to a closed surface
S0 by attaching a handle on each boundary component. And two closed curves inS are
homotopic in S if and only if they are homotopic in S0; this intuitive fact is an immediate
consequence of the classical Seifert�Van-Kampen theorem. Nevertheless, we will review a
simple algorithm for surfaces with boundary that closed surfaces do not have.

4.4.1.1 Approach by covering space

Concerning the contractibility problem, according to Stillwell [176], the �rst method of res-
olution can be traced back to Schwartz. Our presentation focuses on a closed surfaceS of
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genusg � 1. Transform the input closed curveC into a loop by �xing a basepoint, and
lift this loop to a path in the universal covering spaceeS of S. The key property is that
the endpoints of the lifted path are equal if and only ifC is contractible. Moreover this
property can be decided constructively. Consider a canonical system of loopsL embedded
on S. Assume without loss of generality thatC is a closed walk inL. Cut S along L into
a canonical polygonal schema. Attach copies of the schema along the appropriate sides to
construct a large portion eS0 of eS, and lift C in it.

Schipper [169] revisited the solution of Schwartz under a more algorithmic length. The
closed walkC is now given in a triangulationT of S that is also part of the input, instead of a
�xed canonical system of loops. He determines whetherC is contractible in S in O(g2k + gn)
time if g � 2, and in O(k2 + n) time if g = 1, if T has sizen, and if C has lengthk. His
algorithm �rst uses a fundamental algorithm of Vegter and Yap [185] to embed a canonical
system of loopsL in general position withT, controlling the number of crossings betweenL
and T. Then it pushesC to a closed walk inL, and uses the method of Schwartz. Dey and
Schipper [71] subsequently proved thatO(n+ k logg) time is achievable with similar technics.
They push the curve into a system of loops that may not be canonical, although it still has
a minimum number of2g loops, and provide a more e�cient encoding.

In the same vein Lazarus and Rivaud [134] obtained an optimal algorithm. They prepro-
cess any graphG of sizen cellularly embedded onS in O(n) time and then determine inO(k)
time whether a closed walk of lengthk in G is contractible in S. Their �rst contribution is
to push the closed walk not in a system of loops but in a new kind of graphQ embedded on
S, a system of quads, that they obtain from the input graph G as follows. They construct
a subgraph ofG whose complement inS is an open disk, and contract some edges of this
graph to get a system of loops embedded onS. Then they insert a vertex in the face of this
system of loops, and link this new vertex to the corners of the face. Finally they delete the
loops to obtain Q. Every face ofQ has four corners, andQ has two vertices of degree4g
each. To solve the contractibility problem they basically use the method of Schwartz, lifting
the curve in a portion eS0 of eS, but they construct eS0 by gluing faces ofQ.

Lazarus and Rivaud [134] also obtained an optimal algorithm for the transformability
problem. They determine whether two non-contractible closed walksC1 andC2 in G are freely
homotopic, in O(k1 + k2) time if C1 and C2 have lengthsk1 and k2. Here again they push the
closed walks into a system of quadsQ, but their approach of this problem has an additional
component. They de�ne a unique closed walk inQ among each non-contractible homotopy
class of closed curves inS, to serve as a representative. They compute this representative
in a portion of an intermediate covering space homeomorphic to an open annulus (not the
universal covering space), and project the result back to the surface.

4.4.1.2 Torus

Before going further, we mention that when the surfaceS is a torus the transformability
problem has a simple solution. OnS a canonical system of loopsL consists in loopsL1 and
L2. Given a walk W in L and i 2 f 1; 2g we denote byWi the number of timesW traverses
L i minus the number of times it traverses the reversal ofL i . Then two walks W and W 0

are homotopic inS is and only if W1 = W 0
1 and W2 = W 0

2. Moreover the two closed walks
obtained by closingW and W 0 at their basepoint are freely homotopic if and only ifW and
W 0 are homotopic. There is no analog on higher genus surfaces.
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4.4.1.3 Approach by shortening: surfaces with boundary

We now consider another approach, that also lead to optimal algorithms. Informally, to
shorten the input curves in some suitably chosen metric. We illustrate this approach with
a very simple algorithm in the special case where the surfaceS has boundary. In this case
S can be realized as a thickening of a graphH . Every closed curve inS is homotopic to a
closed walk inH , and two closed walks are homotopic inH if and only if they are homotopic
in S. In H removing all spurs greedily from a contractible closed walkC shrinks C to a
point. And every non-contractible closed walk is homotopic to aunique closed walk without
spur. So telling whether two closed walks are freely homotopic boils down to removing all
spurs greedily and comparing the resulting walks. This is a very simple solution to the
transformabilty problem! Observe that removing a spur is alocal shortening of the curve,
and that spurs are removedgreedily. Observe also that this technique does not construct a
portion of the universal cover, but operates directly on the surface.

4.4.1.4 Approach by shortening: closed surfaces

The shortening technique does not immediately generalize to closed surfacesS of genus
g � 2 for those cannot be obtained as a thickening of a graph. HoweverS can be given a
hyperbolic metric. And in such a metric the shortening technique applies. Indeed shortening
a contractible closed curve shrinks the curve to a point. And there is a unique shortest
closed curve in each homotopy class of non-contractible closed curves. Those remarkable
properties of hyperbolic surfaces are false on other Riemannian surfaces. Methods exist to
shorten a curve, but they are not discrete. The discretization of the shortening technique
took a century.

The �rst step was taken in 1912 by Dehn [64] (translated by Stillwell [66]). He considers
a system of loopsL, that we assume canonical for simplicity, and a closed walkC in L. His
algorithm is based on two observations. First, in the same way as for surfaces with boundary,
every spur can be removed fromC by homotopy, and this shortensC. Second, and this is
new, consider the boundary closed walkR of the face ofL, or its reversal. Assume that a
subwalk X of C is also a subwalk ofR, so that R is the concatenation ofX and a walk Y.
Then X can be replaced by the reversal ofY in C, and doing so only ifX is longer than
Y shortens C. Dehn's algorithm applies greedily those tworeductions until none applies
anymore, at which point the closed walk isreduced. Dehn proved that every reduced closed
walk is either non-contractible or a single vertex. This allows us to determine whether a
closed walk of lengthk in L is contractible in S in O(� � k) time, where � > 0 depends on
the genus ofS.

For the transformability problem, Dehn [63, 65] had �rst provided a reduction to the
contractibility problem. Two closed walksC0 and C1 in L are freely homotopic inS if and
only if they satisfy the following. There are basepoints forC0 and C1 and a walkX in L such
that the concatenation of C0, X , the reversal ofC1, and the reversal ofX is contractible.
Dehn provided an upper bound on the minimal length ofX , so one tries all possibilities
for X , and for the basepoints ofC0 and C1. In his 1912 paper Dehn [64, 66] then gave
a better solution, without reduction to the contractibility problem. He proved that if two
freely homotopic non-contractible closed walksC0 and C1 are reduced then either they are
equal (up to cyclic permutation), or they are related by asingle loop of L. Ultimately this
allows us to determine whether two closed walks of lengthsk1 and k2 are freely homotopic
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in O(� � (k1 + k2)) time.
The �rst optimal algorithms for both the contractibility problem and the transformability

problem were announced by Dey and Guha [72] in 1999, and they were Dehn type algorithms.
However it has since been claimed that their work contains errors [134, 88]. In 2013 Erickson
and Whittlesey [88] recasted the optimal algorithms of Lazarus and Rivaud into Dehn type
algorithms. They use the same systems of quads, and consider the same representative
closed walk in each homotopy class of non-contractible closed curves, but they compute this
representative di�erently. Instead of computing in a covering space, they operate directly
on the surface and reduce portions of the walks greedily, in the spirit of Dehn's algorithm.
Similarly, they determine if a closed walk is contractible by reducing it and seeing if it shrinks
to a point.

4.4.1.5 Side note on group theory

We cannot conclude this section without a side note on group theory. Indeed the contractibil-
ity problem is a particular case of the more generalword problem, one of three fundamental
problems on groups studied by Dehn [63, 65, 67], for which Dehn's algorithm was originally
formulated. In this problem a �nite presentation P is given of a groupG, and one must
determine whether a given productW over the generators ofP and their inverses represents
the unit element of G. The contractibility problem is transformed into a word problem as
follows. The homotopy classes of the directed loops ofL are labeleda1; b1; : : : ; ag; bg, so that
the fundamental group� 1(S) is the free group generated bya1; b1; : : : ; ag; bg and quotiented
by the relation R = 1 where R := a1b1a� 1

1 b� 1
1 : : : agbga� 1

g b� 1
g corresponds to the boundary

walk of the face ofL. A word over the generators and their inverses encodes a contractible
loop if and only if it represents the unit element of� 1(S). Dehn's algorithm can be de�ned
to operate directly on those words. His algorithm can even be de�ned for more general
group presentations. However there are �nite presentations whose word problem is undecid-
able [176]. Finding su�cient conditions for a �nite presentation to have its word problem
solved by Dehn's algorithm is at the root ofsmall cancellation theory. In a similar man-
ner, the transformability problem is a special case of the more generalconjugacy problemon
groups.

4.4.2 Computing the intersection number of curves

On a surfaceS, a collection C of closed curves is ingeneral position if no point of S is
the image of more than two points ofC, and if every self-intersection ofC is a crossing.
In addition, C is in minimal position if no continuous deformation, in other words no
homotopy, can decrease its number of crossings. In general the (geometric)intersection
number iS(C) is the number of crossings of a collection of closed curves in minimal position
homotopic to C.

In this section we review theintersection number problem, of computing iS(C) given S
and C. The problem is further restricted by just asking whetheriS(C) = 0 . This is the
simplicity problem, of determining whetherC can be deformed into a disjoint collection of
simple closed curves. In both cases one can further ask not only to computeiS(C) but
actually to compute a collectionC0 realizing the minimum.
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4.4.2.1 Preliminary observations

Before going further, there are two things to understand about the problem. The �rst thing
is that if we just want to compute iS(C), without actually constructing curves realizing
the minimum number of crossings, then we can reduce toC containing only one or two
closed curves. To see that �rst consider two closed curvesc and d on S. For any two
curves c0 and d0 homotopic to c and d the collection f c0; d0g has three types of crossings:
the self-crossings ofc0, the self-crossings ofd0, and the crossings betweenc0 and d0. So
iS(f c; dg) � iS(c) + iS(d) + i �

S(c; d), wherei �
S(c; d) denotes the minimum number of crossings

between any two curves in general position homotopic toc and d. We emphasize thati �
S(c; d)

doesnot count the self-crossings of the curves, contrarily toiS(f c; dg). Perhaps surprisingly,
the inequality is actually an equality, and it holds more generally for any number of curves.
Given an arbitrary collection of closed curvesC there is a collection homotopic toC in which
every curvec crosses itselfiS(c) times and every two curvesc 6= d cross each otheri �

S(c; d)
times. In other words, if a collection of closed curves is in minimal position, then every single
curve in the collection is in minimal position, and every pair of curves too. This is folklore,
and follows for example from a result of de Graaf and Schrijver [62, Theorems 1]. From there
computing iS(C) for an arbitrary C boils down to computingiS(C) whenC contains at most
two curves, via a simple formula. We emphasize however that an algorithm that can put one
or two curves in minimal position would not necessarily extend to an arbitrary number of
curves.

The second thing to understand about the problem is that it reduces to the case where all
the curves inC are primitive, and where no two of them are homotopic. We will detail in the
next chapter, Chapter 3. Rouglly, the idea is that to putC in minimal position contractible
curves can be pushed into arbitrarily small disks, homotopic curves can be drawn parallel
to each other, and powers of a curvec can be drawn in a neighborhood ofc. This time, we
can actually put C in minimal position this way, we are not restricted to computingiS(C).
However we must be able to determine whether two curves are homotopic, and also, given a
non-contractible curvec, to compute a curveĉ and an integern � 1 such that c is homotopic
to the n-th power of ĉ.

For those reasons, the results that we are going to review sometimes focus on one or two
curves, or on primitive non-homotopic curves. We insist however that the reductions are not
perfect, as we already said: focusing on one or two curves does not allow to put more than
two curves in minimal position, and focusing on primitive curves subsumes that we can test
curves for homotopy and compute the primitive ones.

4.4.2.2 An early result by Poincaré

Several approaches were developed to untangle curves. For example Chillingworth [43, 44]
used the notion of winding number to determine if a closed curve can be made simple by
homotopy, and if a set of simple closed curves can be made disjoint. We selected only some
of these approaches for review.

As early as 1904 Poincaré [155, Section 4] described a necessary and su�cient condition
for a primitive closed curveC on a closed surfaceS to be homotopic to a simple closed
curve. WhenS has genus greater than or equal to two he puts a hyperbolic metric onS and
identi�es the universal cover ofS with the Poincaré diskD. Any lift of C in D is a bi-in�nite
line eC with two limit points a and b on the boundary circle@D. The in�nitely many lifts of
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C correspond to in�nitely many pairs of limit points on @D. Crucially, all the closed curves
homotopic to C have the same pairs of limit points thanC. Poincaré leveraged this invariant
of the homotopy class ofC to show that this class contains a simple closed curve if and only
no two pairs of limit points are interlaced on@D. Note that two pairs f a; bg and f a0; b0g
of limit points are either equal or disjoint. The approach of Poincaré was turned into an
algorithm by Reinhart [158], but without precise complexity analysis.

4.4.2.3 Approach by shortening

Prominently, the technique of shortening curves, used to test the curves for homotopy (Sec-
tion 4.4.1), has also successfully been used to compute their intersection number. For example
Birman and Series [20] determine if a closed curveC is homotopic to a simple closed curve, on
a surfaceS with boundary. The surfaceS is a thickening of a loop systemY and C is a closed
walk in Y. Roughly, they prove that shorteningC as much as possible su�ces to untangleC
if C can be untangled. In detail they prove that if the homotopy class ofC contains a simple
closed curve, and ifC has no spur, thenC is what we call today a weak embedding. They
also exhibit a necessary and su�cient condition forC to be a weak embedding, leading to a
polynomial algorithm. Their proof is impregnated by previous work in topology of surfaces
and hyperbolic geometry, in particular by the above construction of Poincaré. The result of
Birman and series was extended by Lustig [146] to compute the intersection number of one
or several curves.

On closed surfaces also, the curve shortening technique applies. For example on a closed
hyperbolic surface every collection of primitive non-homotopic geodesic closed curves is in
minimal position [91, Section 1.2.4]. This holds also on �at tori. A discrete algorithm was
given by Cohen and Lustig [46]. The current state of the art is a recent algorithm of Despré
and Lazarus [69]. They use some of the curve shortening tools developed for homotopy
testing, but apply them to compute the intersection number. More precisely Despré and
Lazarus apply the algorithm Erickson and Whittlesey [88] to reduce closed walks, and they
show that the reduced closed walks are close to being in minimal position. However an
in�nitesimal perturbation may not su�ce, reduced closed walks can have excess crossings.
Their main contribution is to retrieve the intersection number anyway. In detail they proved:

Theorem 4.2 (Despré, Lazarus, 2019). Let M be a graph withm edges cellularly embedded
on a surfaceS. Let C be a collection of either one or two closed walks of total lengthn in
M . One may computeiS(C) in O(m + n2) time.

When S has negative Euler characteristic, Despré and Lazarus also provide an algorithm
to compute a closed curve
 0 in minimal position, homotopic to a given closed walkC. They
derive from M a system of quadQ, and return 
 0 as a perturbation of a closed walkC0 in
Q. They proved:

Theorem 4.3 (Despré, Lazarus, 2019). Let M be a graph withm edges cellularly embedded
on a surfaceS of negative Euler characteristic. LetC be a closed walk of lengthn in M .
One may construct inO(m + n4) time a quadrangulationQ, a closed walkC0 of lengthO(n)
in Q, homotopic toC, and a perturbation ofC0 with iS(C) self-crossings.

We stress that Theorem 4.3 does not cope with more than one closed walk. Although
Despré and Lazarus do not mention it, their output can easily be turned by isotopy into a
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perturbed closed walk of lengthO(mn) in M (instead of Q), at an additional cost ofO(mn)
time.

4.4.2.4 Approach by homotopy moves

Another approach is pioneered by Hass and Scott [113], who prove that if asingle closed
curve has excess crossing, then it must have a monogon or a bigon: a disk in the surface
bounded by one or two portions of the curve. Removing this monogon or bigon from the
curve decreases the number of crossings. However Hass and Scott do not tell how to �nd the
monogons and bigons. Interestingly, their proof uses variants of a curve shortening technique
of Grayson [108], Shepard [173], and Angenent [15].

On a collection ofarbitrarily many curves, de Graaf and Schrijver [62] proved that the
number of crossings can be minimized by applying a few types of moves, that include but are
not limited to the removal of monogons and bigons. Those moves are monotonic, they do not
increase the number of crossings. But some do not decrease the number of crossings either,
and the authors do not provide an upper bound on the number of moves required to put the
curves in minimal position. By considering homotopy moves that may increase the number
of crossings, some authors [39] provide a polynomial time algorithm for a single closed curve.
Then Chang and de Mesmay [38] provide a polynomial time algorithm for arbitrarily many
curves, using only the original monotonic moves.

4.4.2.5 Compactly encoded simple curves

On surfaces thesimple curves have a compact encoding that other curves do not have. Let
S be a surface, andT be a triangulation of S. A simple closed curveC on S is normal with
respect toT if C is in general position withT, and if C never leaves a triangle� of T via the
same side it entered� . For each pair of sides of� we count the number of timesC enters
and leaves� consecutively via those two sides. Those3n non-negative integers, assumingT
has n triangles, are thenormal coordinatesof C with respect to T. If C intersectsm times
the edges ofT then the vector of normal coordinates is encoded onO(n + log m) bits, which
is generically more compact than listing the intersections ofC with edges ofT for example.

Operating on normal coordinates allows for more e�cient algorithms, usually considered
e�cient when polynomial in n and logm, instead of m. For example determining whether
a closed curve is connected is non-trivial in this setting. More related to us, Lackenby [131]
recently computed the intersection number of a collection ofsimpleclosed curves on an surface
S. The approach, borrowed to Bell and Webb [19], is to decrease the number of intersections
between the curves and the triangulation by modifying the triangulation, working out the
corresponding change of normal coordinates. This completes previous works [168, 19, 78] in
the particular case whereS has boundary. Unsurprisingly, this case is considerably simpler.
The reason is that the interior of S can be realized as the surface of a triangulationT
punctured at its vertices, and that then each homotopy class of simple closed curves contains
a unique curve realizing the minimum number of crossings with the edges ofT.

4.4.3 Untangling graphs

In this section we �nally review the works related to untangling drawings of graphs on
surfaces. A �rst problem is the following. We are given a mapf : G ! S, for example given
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as a drawingG ! T1 into the 1-skeleton of a triangulationT of S, and an integerk. We
must determine whether there is a drawing homotopic tof , in general position, with less
than k crossings. IfS is the sphere this is the same as asking whether the crossing number
of G is smaller thank, which is NP-hard.

So instead we consider the problem of determining whether there exists an embedding
homotopic to f . With the variation of actually constructing an embedding if there is one.
There is no discrete algorithm to do that. However there is a method generalizing the spring
embeddings of Tutte (Section 4.3.1), obtained by Y. Colin de Verdière [52]. He �rst considers
a closed Riemannian surfaceS of non-positive curvature. In particular S can be a closed
hyperbolic surface of a �at torus, and the reader can think of only those surfaces if this helps
the understanding, but technicallyS can have non-constant curvature. He further considers
a topological triangulation T of S, its 1-skeletonT1 � S, and a mapf : T1 ! S homotopic
to the inclusion mapT1 ! S. The map f , while homotopic to an embedding by de�nition,
may not be embedding itself. Andf draws the edges ofG as arbitrary paths. Y. Colin de
Verdière provides a method to deformf into an embedding whose edges are geodesic. First
he considers only the drawingsf whose edges are geodesic, by making each edge geodesic in
the drawing without moving the images of the vertices. We call those theFary drawings, by
analogy with the classical setting. The problem is now to move the images of the vertices
around, keeping the edges geodesic, to makef an embedding. To do so he considers the Fary
drawings f that minimize a potential

P
e ! ejf (e)j2 for some arbitrary assignment of positive

coe�cients ! e on the edgese of T1. We call those thespring drawings. The �rst result of Y.
Colin de Verdière [52, Theorem 1] is:

Theorem 4.4 (Y. Colin de Verdière, 1991). Let S be a closed Riemannian surface of non-
positive curvature. Let G be the 1-skeleton of a triangulation ofS. Let f : G ! S be
homotopic to the inclusion mapG ! S. If f is a spring drawing thenf is an embedding.

Theorem 4.4 is analoguous to the classical theorem of Tutte (Theorem 4.1). The assump-
tion that the graph G is 3-connected and planar is replaced by the assumption thatG is the
1-skeleton of a triangulation ofS, and that f is homotopic to the inclusion mapG ! S. The
role of homotopy is now clearly visible. The main di�erence is that the classical theorem
�xes the outer face of the graph to a polygon while Theorem 4.4 does not �x anything, for
this is not necessary on surfaces. Y. Colin de Verdière considers �xing a cycle of the graph
to a boundary component of the surface in a second result [52, Theorem 3].

Contrarily to the classical setting, the homotopy class off may contain several spring em-
beddings. This is easily seen on a �at torus, where every spring embedding can be translated
along the surface. Nonetheless there is �generically� only one, for example ifS is negatively
curved everywhere [52, Theorem 2].

To transform the initial drawing f into a spring drawing the only method that seems to
work in this context is the simulation of the physical system modeling the imagef (e) of each
edgee by an ideal spring of rigidity ! e. In particular the method of Tutte, solving equations,
does not seem to extend, except in the particular case of �at tori [37].

We mention that similar results were later independently described by several authors,
including Hass and Scott [114, Lemma 10.12], Delgado-Friedrichs [68], Gortler, Gotsman,
and Thurston [106], Lovász [143, p.98], and Luo, Wu, and Zhu [145, Theorem 1.6].
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Chapter 5

Preliminaries

In this chapter we present some results that will be used in the next chapters, and we provide
proofs for some of them. In Section 5.1 and Section 5.2, we present folklore results about
curves on surfaces. In Section 5.3 and Section 5.4 we detail the results of Akitaya, Fulek,
and Tóth [10], and of Fulek and Tóth [101], mentioned in Chapter 3.

5.1 Limit points of lifted curves

In this section we present a classical construction that will be used in Section 6.4. This
construction dates back to Poincaré [155] and was brie�y mentioned in Section 4.4.2. A
good overview is provided by Farb and Margalit [91, Chapter 1], but we need a few more
properties, so we provide details and proofs. Consider a surfaceS of genus at least two
without boundary. We shall see that the universal covereS of S can be compacti�ed into a
topological spaceeS [ @eS, by adding a set@eS of limit points , such that the compacti�ed
space is homeomorphic to the closed disk, and under this homeomorphismeS is represented
by the open disk and@eS is represented by the circle. Moreover, we shall see that such a
construction exists that satis�es each of the following:

Lemma 5.1. If ec : R ! eS is a lift of a non-contractible closed curve onS, then lim+ 1 ec and
lim �1 ec exist (in eS [ @eS) and are distinct points of@eS.

Lemma 5.2. Lift a homotopy c ' d between non-contractible closed curves onS to a homo-
topy ec ' ed between lifts ofc and d. Then ec and ed have the same limit points.

Lemma 5.3. Let c and d be two non-contractible closed curves onS. If c and d admit lifts
with the same pairs of limit points, there is a closed curvee such thatc and d are homotopic
to powers ofe.

Lemma 5.4. Consider lifts ec and ed of non-contractible closed curves onS. Assume either
that ec and ed intersect exactly once, or that they are disjoint lifts of the same curve onS.
Then the four limit points of ec and ed are pairwise distinct.

In the rest of this section we detail this compacti�cation ofeS, and we prove the associated
four lemmas. This is folklore, and can be skipped by the reader without impacting the reading
of the thesis.
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Interestingly, although the properties of the compacti�cation and of the limit points are
expressed purely topologically above, they all follow from folklore arguments in hyperbolic
geometry: One endowsS with a hyperbolic metric and lifts this metric to the universal
cover eS; then eS is isometric to the hyperbolic plane, which has a classical compacti�cation
in the Poincaré model (by adding the boundary of the open disk), the limit points are then
naturally de�ned, and the properties follow, as we shall see.

5.1.1 Compacti�cation of the hyperbolic plane and �xed points of
translations

We �rst present the compacti�cation of the hyperbolic plane that we use. LetH be the
hyperbolic plane, corresponding to the open unit disk in the Poincaré model. One can
compactify H by considering the set@H of �points at in�nity�, corresponding to the unit
circle (in the Poincaré model) with its usual topology. Equivalently [91, Chapter 1], the
points in @H are the equivalence classes of unit speed geodesic rays, where two rays are
equivalent if they stay at bounded distance from each other; the union�H of H and @H is
topologized via the basis containing the open sets ofH plus one open setUP for each open
half-plane P of H, whereUP \ H = P and UP \ @H contains the equivalence class̀of unit
speed geodesic rays if all the rays iǹeventually end up inP.

We shall need some de�nitions and a lemma, that we now present. Isometries ofH
extend naturally to �H, and the hyperbolic translations are those with exactly two �xed
points on @H. In particular the identity is not considered a hyperbolic translation here. Any
hyperbolic translation f admits a unique geodesic lineA, its axis , such that f (A) = A and
such that f is a real translation onA. A hyperbolic translation is uniquely determined by
its axis and by the image of a point on this axis. Iterating any point ofH under f makes
it converge to one of the two �xed points off in @H, the �xed point at + 1 of f , while
iterating under f � 1 makes it converge to the�xed point at �1 of f . See [122, p. 13-14]
for more details. We will need the following lemma in the next section:

Lemma 5.5. Fix any x 2 H. Two hyperbolic translationsf; g : H ! H have the same �xed
point at + 1 if and only if they satisfy the following for someD > 0: there exist arbitrarily
large values ofi; j � 0 for which f i (x) and gj (x) are at distance less thanD.

Our proof of Lemma 5.5 relies on the following lemma, which is standard and results from
simple computations in the Poincaré model of the hyperbolic plane, so we omit the proof:

Lemma 5.6. In the hyperbolic planeH let L � H be a geodesic line anda : R ! H be a unit
speed geodesic ray. The distance betweena(t) and L either tends to1 as t ! 1 or it tends
to zero. In the latter case there is a direction ofL that satis�es the following. For every
unit speed parametrizationc : R ! L respecting the direction ofL, c(t) and a(t) remain at
bounded distance overt � 0.

Proof of Lemma 5.5. Let ` 2 @H and`0 2 @H be the �xed point at + 1 of respectivelyf andg.
First assume the existence of someD > 0 such that there exist arbitrarily large values of
i; j � 0 for which f i (x) and gj (x) are at distance less thanD. To prove ` = `0 we consider
any open setO of �H that contains ` and we claim the existence ofi 0 � 0 such that for every
i � i 0 the ball of radius D centered atf i (x) is contained inO. This claim, combined with
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our assumption, implies that there exist arbitrarily large values ofj � 0 for which gj (x) 2 O.
Sincegj (x) tends to `0 as x goes to+ 1 , we have` = `0.

To prove this claim, and without loss of generality, we assume thatO belongs to the basis
described above to de�ne the topology of�H. Then, and since` 2 O, there is an open half
plane P of H such that O = UP . Parameterize the axis off by some unit speed geodesic
a : R ! H. By de�nition (up to reversing a) there is � > 0 such that f � a(t) = a(t + � ) on
every t 2 R. Sincef is an isometry the distance betweenf i (x) and a(i� ) remains constant
over i 2 Z. By construction a eventually ends up inP. Let L be the geodesic line that
bounds P in H. If the distance betweena(t) and L goes to in�nity as t 2 R goes to+ 1 ,
then the claim is proved. Otherwise this distance goes to zero by Lemma 5.6 and there is
some unit speed parameterizationc : R ! H of L such that c(t) and a(t) remain at bounded
distance overt � 0. Thus c(t) tends to ` as t 2 R goes to+ 1 , contradicting the fact that
c(t) =2 P for every t 2 R.

Conversely, assumè = `0. Consider unit speed parametrizationsa : R ! H and b : R !
H of their respective axes such thata(t) and b(t) tend to ` as t goes to+ 1 . By de�nition
of the limit points, there exists D > 0 such that for every t � 0 the distance betweena(t)
and b(t) is less thanD. Let � > 0 and � > 0 be the translation lengths of respectivelyf
and g on their axes. There existsD 0 > 0 for which there exist i; j � 0 arbitrarily large such
that j�i � �j j < D 0 and thus such that a(�i ) and b(�j ) are at distance less thanD + D 0.
Moreover the distance betweena(�i ) = f i (a(0)) and f i (x) does not depend oni sincef is
an isometry. The same holds for the distance betweenb(�j ) and gj (x).

5.1.2 Limit points of lifted curves

Now, every surfaceS of genus at least two without boundary is homeomorphic to the quotient
of the hyperbolic planeH by the action of some (actually, many) group� of isometries of
H. The elements of� other than the identity are hyperbolic translations [91, p. 22]. The
action is free, in the sense that iff 2 � satis�es f (x) = x on somex 2 H, then f is the
identity. The action is also properly discontinuous in the sense that everyx 2 H admits a
neighborhood whose intersection with the� -orbit of x is f xg. The surfaceS then admits a
unique hyperbolic metric for which the quotient mapH ! S is a local isometry. Also, the
hyperbolic planeH is a universal covering space ofS, where the quotient mapH ! S is the
covering map.

In the rest of this section we identify our surfaceS with a quotient S = H=� , with the
construction presented in the previous paragraph, thus identifying its universal covereS with
H. We are going to prove our four initial lemmas, but �rst we need two preliminary lemmas:

Lemma 5.7. Consider a lift ec : R ! H of a non-contractible closed curve onS. There is
f 2 � n f 1g such thatec(t + 1) = f (ec(t)) on everyt 2 R. Moreover lim+ 1 ec and lim �1 ec exist
and are the �xed points off in @H, at respectively+ 1 and �1 .

Proof. For every t 2 R, there exists somef t 2 � such that f t (ec(t)) = ec(t +1) . Moreover every
suchf t is not the identity as ec(t) 6= ec(t + 1) sinceec is a lift of a non-contractible closed curve.
We claim that f t does not depend ont. This claim concludes the proof. We prove the claim
by contradiction so assume the existence of somet 2 R �xed and of somet0 2 R arbitrarily
close tot such that f t 6= f t0. By choosingt0 close enough tot we make the distance between
f � 1

t0 � f t (ec(t)) and ec(t) go to zero, contradicting the fact that� acts properly discontinuously
on H.
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Lemma 5.8. Assume that f; g 2 � n f 1g have the same �xed point at+ 1 . There are
h 2 � n f 1g and n; m � 1 such that f = hn and g = hm . In particular, they have the same
�xed point at �1 .

Proof. Consider some arbitrary �xed x 2 H. We claim the existence ofa; b � 1 such that
f a(x) = gb(x). Indeed by Lemma 5.5 there isD > 0 that satis�es the following. There are
i; j � 0 arbitrarily large such that f i (x) and gj (x) are at distance less thanD. For every
such i; j the point f � i � gj (x) belongs to the closed ballBx of radius D centered atx. Since
� acts properly discontinuously onH the � -orbit � � x of x intersects Bx in �nitely many
points. Indeed every such pointy 2 Bx \ � � x admits a neighborhood whose intersection with
� � x is f yg, and �nitely many such neighborhoods su�ce to cover the compact ballBx . In
particular there exist i; j � 0, i 0 > i and j 0 > j such that f � i 0

� gj 0
(x) = f � i � gj (x). Letting

a := i 0 � i � 1 and b := j 0 � j � 1 proves the claim.
Our claim implies that f and g have the same �xed points both at+ 1 and �1 and thus

the same axis, sayA, oriented from �1 to + 1 . Without loss of generality we assume that
x was chosen so thatx 2 A. Recall that f and g are real translations onA and let � > 0
and � > 0 be their respective periods.

We consider the hyperbolic translationh whose oriented axis isA and whose period
 is
de�ned as follows. We proveda� = b� since f a(x) = gb(x) and sincef a(x) and gb(x) are
the translations of x along A by a distance of respectivelya� and b� . There aren; m � 1
relatively prime such that na = mb. By Bézout's theorem, there areu; v 2 Z such that
un + vm = 1. We let 
 = u� + v� .

We claim that h = f u � gv, and thus h 2 � . To prove this claim observe that the point
h(x) is the translation of the point x by a distance
 along the oriented axisA of h. The point
gv(x) is the translation of x by a distancev� along the same oriented axisA, and the point
f u(gv(x)) is the translation of gv(x) by a distance ofu� along A. Thus h(x) = f u � gv(x).
That proves the claim since hyperbolic translations are de�ned by their axis, hereA, and by
the image of any point on this axis, herex.

In the same way we havehn = f and hm = g since these hyperbolic translations have the
same oriented axis by construction, and since their periods satisfyn
 = � and m
 = � , as
seen by a straightforward computation.

Finally, we prove our four initial lemmas:

Proof of Lemma 5.1. The result is given by Lemma 5.7.

Proof of Lemma 5.2. Consider the hyperbolic translations, sayf and g, given by Lemma 5.7
for ec and ed respectively. Since the homotopyec ' ed lifts the homotopy c ' d, the distance
between the pointsec(k) = f k(ec(0)) and ed(k) = gk( ed(0)) does not depend onk 2 Z. By
Lemma 5.5f and g have the same �xed points.

Proof of Lemma 5.3. Let ec and ed be lifts of respectivelyc and d and assume thatec and ed
have the same limit points. In a �rst step, if ec and ed are disjoint, we apply a homotopy ofc
to make ec intersect ed; this does not change the limit points ofec by Lemma 5.2.

So we can assume without loss of generality thatec and ed intersect, and thus also that
ec(0) = ed(0) = x 2 H. Consider the hyperbolic translations, sayf and g, given by Lemma 5.7
for ec and ed respectively. By Lemma 5.8 there existn; m � 1 and h 2 � nf 1g such that f = hn

and g = hm . Thus f (x) = hn (x) and g(x) = hm (x). Let ` be a loop onS that lifts to a path
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from x to h(x). Based at zero,c and d are homotopic as loops to respectively thenth power
and the mth power of the loop`.

Proof of Lemma 5.4. By Lemma 5.1, the two limit points of ec are distinct, and similarly
for ed. Assume, for a contradiction, thatec and ed have the same limit point at + 1 (up to
reversingc or d). There are two cases.

First assume that ec and ed intersect exactly once in some pointx 2 H. Without loss of
generality assumeec(0) = ed(0) = x. Consider the hyperbolic translations, sayf and g, given
by Lemma 5.7 forec and ed respectively. Thenf and g have the same �xed point at+ 1 . Thus
by Lemma 5.8 there existi; j � 1 such that f i = gj . Then ec(i ) = f i (x) = gj (x) = ed(j ) and
this point is distinct from x since, for example,ec is non-contractible. This is a contradiction.

Now assume thatec and ed are disjoint lifts of the same curvec in S. There is a geodesic
closed curve� homotopic to c [91, Proposition 1.3]. Lift the homotopyc ' � to homotopies
ec ' e� and ed ' e� for some lifts e� and e� of � . By the preceding lemmas,e� and e� have the
same limit points. Thus e� and e� have the same image (a geodesic line), so they are equal up
to homeomorphismR ! R. By the uniqueness part of the lifting property,ec and ed are then
equal up to homeomorphismR ! R. We proved that ec and ed intersect, a contradiction.

5.2 Intersection number, primitivity, and lifts

In this section we review some results about the intersection number of closed curves on
surfaces that will be used in the next chapters. Recall from Chapter 4 that on a surface
S, given a collection of closed curvesC, the intersection number iS(C) is the minimum
number of crossings of a collection of closed curves homotopic toC.

The intersection number of arbitrary closed curves is related to the intersection number
of the primitive ones. In particular we will use the following result, proved by de Graaf and
Schrijver [62, Theorems 6-7]. We need a de�nition. On a surfaceS, given two closed curves
c and d, we denote byi �

S(c; d) the minimum number of crossings between any two closed
curves in general position homotopic toc and d. We emphasize thati �

S(c; d) doesnot count
the self-crossings of the curves, contrarily toiS(f c; dg).

Figure 5.1: (Left) A primitive closed curveĉ, in minimal position. (Right) The fourth power
of ĉ in minimal position in a neighborhood of̂c.

Lemma 5.9 (de Graaf and Schrijver, 1997). Let S be the closed surface of genusg � 1.
Let c and d be two closed curves onS homotopic to respectively thenth power of a primitive
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closed curvêc, and the mth power of a primitive closed curvêd, for some n; m � 1. Then
iS(c) = n2iS(ĉ) + n � 1 and i �

S(c; d) = nm � i �
S(ĉ;d̂).

In the setting of Lemma 5.9, assume that̂c and d̂ are drawn in general position onS.
Then draw c in the neighborhood ofĉ in the way described by Figure 5.1, and drawd in
the neighborhood ofd̂ the same way. The �rst part of Lemma 5.9 essentially says that if̂c
crosses itself minimally, then so doesc. The second part of the lemma says that if̂c and d̂
cross each other minimally, then so doc and d.

Now we review a su�cient condition for a collection of closed curves on a surfaceS to
realize the minimum number of crossings of its homotopy class, based on the lifts of the
curves in the universal cover ofS:

Lemma 5.10. Let S be the closed surface of genusg � 1. Let C be a collection of closed
curves in general position inS. Assume that in the universal cover ofS, every lift of every
curve in C is injective, and no two lifts cross each other more than once. ThenC has the
minimum number of crossings of its homotopy class.

Proof. We use a result of de Graaf and Schrijver [62, Theorem 1]. They described four moves
that can be applied toC, labeled 0, I, II, and III. They proved that it is possible to makeC
have the minimum number of crossings of its homotopy class just by applying those moves to
C. With our assumptions, only the moves 0 and III can be applied. Applying them preserves
our assumptions, and does not decrease the number of crossings ofC. So C already has
iS(C) crossings initially.

5.3 Perturbing drawings into embeddings

In this section we present in more detail the result of Akitaya, Fulek, and Tóth. [10] mentioned
in Chapter 3. They consider a graphH embedded on a surfaceS, a graphG, and a drawing
f : G ! H . They are interesting in determining whetherf is a weak embedding , namely,
whether there are embeddingsG ! S �arbitrarily close� to f . To do so they formulate
an alternative, more combinatorial de�nition of weak embeddings. We present a trivially
equivalent variation, more suitable to our needs.

Figure 5.2: (Left) An embedded graphM . (Middle Left) The patch system� of M . (Middle
Right) We usually think of � as a �closed neighborhood� ofM . (Right) The arcs of � .

Consider an embedded graphH . We present thepatch system of H , an adaptation of
the strip system of Akitaya, Fulek, and Tóth [10], similar to the concept of fat graph [110] and
ribbon graph [81]. See Figure 5.2. To ease the reading we assume thatH has no loop and no
multiple edges; the following extends readily to general graphsH . Consider an oriented closed
disk Dv for each vertexv of G; consider pairwise disjoint closed segments along the boundary
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of Dv, one segment per edge incident tov, ordered along the boundary ofDv as prescribed by
the rotation system ofH . Now, for every edgeuv of G, identify the corresponding segments
of the disksDu and Dv in a way that respects their orientations. Those identi�cations result
in a surface� homotopically equivalent to H (informally, a �thickening� of H ). If u is a
vertex of H , then the interior of Du is an open diskdual to u. If uv is an edge ofH , then
the intersection ofDu and Dv is a simple arcdual to uv. The surface� , the open disks and
arcs dual to the vertices and edges ofH , and the two one-to-one correspondences encoding
the two dualities constitute the patch system ofH . Slightly abusing, we may not make the
distinction between the patch system ofH and its surface� . The graphH embeds naturally
in � in such a way that every vertexv of H lies in the interior of Dv, and every edge ofH
intersects the arcs of� exactly once, by crossing its dual arc.

An approximation of a drawing f : G ! H is a map g : G ! � , in general position
with itself and with the arcs of � , that satis�es both of the following. Firstly, for every vertex
v of G, the point g(v) lies in the interior of the disk Dv of � dual to v. Secondly, for every
edgee of G, the arcs of� crossed by the pathg � e are the duals of the edges ofH traversed
by the walk f � e, in order. Note that g may have crossings.

Now, if H is embedded in a surfaceS and inherits its rotation system from the embedding,
we usually think of � as a �closed neighborhood� ofH in S. In that case, it is easily seen (and
follows from considerations by Akitaya, Fulek, and Tóth [10]) that a drawingf : G ! H is
a weak embedding (once viewed as a mapG ! S) if and only if there is an approximation
g : G ! � of f that is also an embedding. Note how the patch system� and the property
for f to be a weak embedding do not depend on any embedding ofH on S, but only on the
rotation system ofH .

We �nally formulate the result of Akitaya, Fulek, and Tóth [10]:

Theorem 5.1 (Akitaya, Fulek, and Tóth, 2019). Let G be a graph. LetH be an embedded
graph. Let f : G ! H be a drawing of lengthn. One can compute an embedding approximat-
ing f , or correctly report that no such embedding exists, inO(n logn) time.

We note that the authors require thatf maps each of edgeG to either a vertex or an edge
of H , not a walk in H , but we can assume this trivially by subdividing the graphG. The
running time, in their theorem O(m logm) where m is the number of edges ofG, becomes
O(n logn). The algorithm returns the output embedding (if any) in the disks of� .

5.4 Perturbing closed walks minimally

In this section we present in more detail the result of Fulek and Tóth. [101] mentioned in
Chapter 3. They consider an embedded graphH , and a collectionC of closed walks inH ,
without spur. They construct curves �arbitrarily close� to C with a minimum number of
crossings, and count the crossings. This is formalized as follows.

Recall that H is embedded in its patch system� . Assume that C is a single closed
walk; the following paragraph trivially extends to collections of closed walks. Recall that an
approximation of C is a closed curve
 , in general position in � , such that the arcs of�
crossed by
 are the duals of the edges ofH traversed byC, in order. From now on, every
such approximating closed curve
 is implicitly assumed to intersect every disk of� as a
collection of simple paths where every two such paths intersect at most once in the disk;
this is without loss of generality, for otherwise
 clearly has excess crossings. Moreover, we
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retain from 
 only the following combinatorial information: For every arca of � , we retain
the order in which the crossings between
 and a occur alonga. Dually, we retain, for every
edgee of H , a linear order � e on the occurrences ofe in C. We say that � := ( C; (� e)e)
is a perturbed closed walk , and that � is a perturbation of C. These ideas exist in
the literature, see for example Chambers, Erickson, Fox, and Nayyeri [36, Section 2.4]. A
single perturbation ofC may correspond to several approximations ofC, but it is easily seen
that all those approximations have the same number of self-crossings, making the distinction
between them irrelevant. In this setting Fulek and Tóth [101] proved:

Theorem 5.2 (Fulek and Tóth, 2020). Let H be an embedded graph of sizem. Let C be a
collection of closed walks of total lengthn in H , without spur. One can construct a minimal
perturbation of C in O(m + n logn) time.

The number of crossings can then be computed e�ciently:

Lemma 5.11 (Fulek and Tóth, 2020). Let H be an embedded graph of sizem. Let � be a
perturbed collection of closed walks inH , of total length n. One can compute the number of
self-crossings of� in O(m + n logn) time.

Observe that there are embedded graphs with closed walks of arbitrarily large length
n whose approximations have
( n2) self-crossings. So computing any of those approxima-
tions would be too expensive for the above quasi-linear time algorithms. This is why those
algorithms handle perturbations instead of approximations.

While the rest of the thesis uses Theorem 5.2 and Lemma 5.11 as black boxes, we think
that the reader could bene�t from proofs of both. Moreover, even though Theorem 5.2
and Lemma 5.11 follow from their work, Fulek and Tóth technically formulate their results
di�erently, and even seem to describe a weaker result [101, Theorem 1] where the graphH is
embedded in the plane, and only one closed walk is given as input. For all those reasons we
here rephrase and extract the essence of the arguments of Fulek and Tóth [101, Section 3].
We insist that we do not introduce any new idea or result here, and that this section can be
skipped without impacting the reading of the rest of the thesis.

Lemma 5.11 is easy to prove:

Proof of Lemma 5.11. One must count the number of self-crossings of� around each vertex
of H , equivalently within each disk of the patch system ofH . There is an immediate reduction
to the following problem. Fix n � 1. Consider a perfect matching of the set[2n], represented
by its set E of edges. Write every edgee 2 E as e = ij , where i and j are the vertices ofe,
and i < j . Say that an edgeij 2 E crosses another edgeuv 2 E if i < u < j < v , up to
exchangingij with uv. Let ? E be the number of unordered pairs of edges ofE that cross.
Our problem is to compute? E. We claim that we can compute? E in O(n logn) time.

To prove this claim, we apply a divide-and-conquer strategy. The base cases (small values
of n) are trivial. In general, we consider the uniquek 2 [2n] for which exactly n edgesuv 2 E
satisfy v � k. We partition E into three setsE0; E1; E2 as follows. An edgeuv 2 E belongs
to E0 if it satis�es v � k. It belongs toE1 if it satis�es k < u . And it belongs toE2 otherwise,
that is if u � k < v . By de�nition of k, each of the setsE0; E1; E2 contains at mostn edges.
For every ` � k, we let ! (`) be the number of edgesuv 2 E0 that satisfy u < ` < v . For
every ` > k , we let ! (`) be the number of edgesuv 2 E1 that satisfy u < ` < v . We have
the recursion formula? E = ? E0 + ? E1 + ? E2 +

P
uv2 E2

(! (u) + ! (v)) . We use this formula
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Figure 5.3: The split operation.

in our recursion step, as follows. First, we computek, E0, E1, E2, and ! in O(n) time.
Then we recurse to compute? E0; ? E1, and ? E2. And we deduce? E in O(n) time from
the recursion formula.

The rest of this section is devoted to the proof of Theorem 5.2. We consider the setting
of Theorem 5.2: an embedded graphH of size m, and a collectionC of closed walks of
total length n in H , without spur. We will prove Theorem 5.2 by constructing a minimal
perturbation of C in O(m + n logn) time. We assume thatH has no loop edge nor any
parallel edges. This is without loss of generality, for the result trivially extends to a general
graph H by inserting two vertices in each edge ofH .

We start with any initial perturbation � of C. We call pebbles the crossings of the
closed walks in� with the arcs of � , and we see the closed walks in� as cycles of pebbles.
Remember thatC has no spur. Along any arca of � , the corresponding pebbles are linearly
ordered alonga. The problem is to reorder the pebbles alonga, and that for every arca of
� , so that in the end� has the minimum of self-crossings of its homotopy class. We slightly
modify the problem as follows. We gradually partition every arc into a concatenation of sub-
arcs. The partition of the pebbles into the sub-arcs and the linear orderings of the pebbles
along the sub-arcs constitute anarrangement . When reordering the pebbles, we are only
allowed to reorder within the sub-arcs (pebbles cannot be exchanged between distinct sub-
arcs). If reordering the pebbles this way can still make� have the minimum of crossings of
its homotopy class, then the arrangement isvalid .

The split operation modi�es an arrangement as follows. See Figure 5.3. It plays the role
of the �cluster expansion� and �pipe expansion� operations of Fulek and Tóth. LetD be a
disk of � . Let p0; : : : ; pr for somer � 1 be the sub-arcs of the arrangement that boundD, in
clockwise order, wherep0 is arbitrary. For every 1 � i � r , let X i contain the pebbles ofp0

that are linked to a pebble ofpi via a portion of � that runs through D. If only one of the
setsX 1; : : : ; X r is not empty, then the split is not de�ned. Otherwise, the split cutsp0 into
sub-arcsq1; : : : ; qr , in counter-clockwise order with respect to the orientation ofD. Also, for
every 1 � i � r , the split places the pebbles inX i along qi , in any order. Any newly-created
sub-arc that does not contain a pebble is discarded.

Lemma 5.12. If an arrangement is valid before a split, then it is valid after the split.
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Proof. Consider the arrangement before the split. In this arrangement, using the assump-
tion that the arrangement is valid, reorder the pebbles within their sub-arcs so that� has
minimum self-crossing. Namep0 the sub-arc to be split; p0 is to be divided into sub-arcs
q1; : : : ; qr for somer � 2. Assign an orientation to p0, so that q1; : : : ; qr are in this order
along p0. For every 1 � i � r , let X i contain the pebbles ofp0 that are to be placed inqi . In
our arrangement, consider the pebbles alongp0, and let f : [k] ! [r ] be the correspondence
that sends every` 2 [k] to the unique f (`) 2 [r ] such that the `-th pebble alongp0 belongs
to X f (` ) . If f (`) > f (` + 1) for some1 � ` < k , then the `-th and the ` + 1-th pebbles can
be swapped in our arrangement without increasing the number of self-crossings of� . Thus,
without loss of generality, f can be assumed non-decreasing. Then, the sub-arcsq1; : : : ; qr

can be realized onp0 (without a�ecting the order of the pebbles onp0) so that, for every
i 2 [r ], the sub-arcqi contains the pebbles inX i .

The sub-arcs graph of an arrangement is the graph whose vertices are the sub-arcs of
the arrangement, and where two sub-arcsp0 and p1 are linked by an edge when there is a
pebble inp0 and a pebble inp1 that are consecutive in some closed walk of� .

Lemma 5.13. In a valid arrangement, if no split applies, then the pebbles can be re-ordered
in O(m + n logn) time within their respective sub-arcs to make� have the minimum of
self-crossings of its homotopy class.

Proof. If no split applies, then the sub-arcs graph of the arrangement is a collection of disjoint
cycles. Deal with the cycles independently. The sub-arcs along a cycleO contain the pebbles
of a subset� 0 of closed walks from� . The closed walks in� 0 are all powers of the single
closed walk that one obtains by making one loop aroundO. Re-order the pebbles within the
sub-arcs ofO, so that each closed walk in� 0 is as in Figure 5.1, and so that any two closed
walks do not intersect more than necessary. In the end, no re-ordering of the pebbles within
their respective sub-arcs could induce less self-crossings of� by Lemma 5.9. Thus, and since
the arrangement is valid,� has minimum self crossing.

Proof of Theorem 5.2. We assume, without loss of generality, thatH has no loop edge nor any
parallel edges (see above). The overall algorithm is the following. Initialize an arrangement
from an arbitrary perturbation of � , whose sub-arcs are the entire arcs of� . At this point,
the arrangement is valid. Perform splits on it as long as possible. In the end, the arrangement
is still valid by Lemma 5.12. Conclude by Lemma 5.13. All there remains to do is to describe
how to perform all the splits in O(m + n logn) total time.

We maintain the sub-arcs graphA. Also, for every edge ofA between two sub-arcsp0

and p1, we maintain a list of the edges of� between pebbles inp0 and pebbles inp1, and an
integer that records the size of the list. Finally, we maintain the list of the sub-arcs that can
be split. This data structure is easily initialized inO(m + n logn) time.

Suppose we split a sub-arcp0 incident to a disk D of � . The N � 2 pebbles onp0 are
linked to pebbles in sub-arcsp1; : : : ; pr bounding D, for somer � 2. For eachi 2 f 1; : : : ; rg,
let X i contain the pebbles ofp0 linked to a pebble inpi , and let N i be the cardinality ofX i . (X i

and N i are the list and the integer recorded by the corresponding edge of the sub-arc graph
A.) Naively, we could range overi 2 f 1; : : : ; rg, remove the pebbles inX i from the sub-arc
p0, place those pebbles on a new sub-arc, and update the sub-arc graphA, the lists and the
integers, all inO(N ) time. Unfortunately, that would lead to a quadratic time algorithm. To
overcome this issue, Fulek and Tóth crucially suggest to �nd somej 2 f 1; : : : ; rg maximizing
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N j , and to range overi 2 f 1; : : : ; rg n f j g. In the end, the pebbles still remaining onp0 are
precisely the pebbles inX j , we do not touch them. And now the split takesO(N � N j ) time.
Summing this N � N j quantity over all the splits results in a total of O(n logn). Indeed,
transfer a weight ofN � N j to the pebbles inX n X j , by attributing a weight of 1 to each
pebble. After the split, each of these pebbles ends up in a sub-arc that contains no more
than N=2 pebbles. Thus, the sequence of splits attributesO(log n) weight to each pebble.
There areO(n) pebbles.
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Chapter 6

Untangling Graphs on Reducing
Triangulations

In this chapter we start, in Section 6.1, by introducing reducing triangulations. Then, in
Section 6.2, we de�ne reduced (closed) walks, exhibit their main properties, and provide
linear time algorithms to reduce (closed) walks. In Section 6.3, we provide an algorithm to
make a collectionC of closed curves cross minimally, whenC is given as a collection of closed
walks in a reducing triangulation (actually, in a8-reducingtriangulation, which is the kind of
reducing triangulation we will be mostly concerned about, but we will see that in due time):

Theorem 6.1. Let S be a surface of genusg � 2 without boundary. LetT be an 8-reducing
triangulation of S. Let C be a collection of closed walks of total lengthn in T. One can
compute in O(n) time a collection C0 of closed walks inT, freely homotopic toC in S, in
minimal position.

In Theorem 6.1, the output collectionC0 is usually not in general position. We say that
such a collectionC0 is in minimal position if there exists an approximation ofC0 with iS(C0)
self-crossings. One could then apply the result of Fulek and Tóth, Theorem 5.2 to actually
compute a minimum perturbation ofC0.

To obtain Theorem 6.1, basically, we just reduce the closed walks inC, and we prove that
the resulting collectionC0 has an approximation with a minimum number of crossings.

The last three sections of the chapter, Sections 6.4,6.5,6.6, are devoted to an algorithm
that untangles drawings of graphs on (8-)reducing triangulations:

Theorem 6.2. Let S be a surface of genusg � 2 without boundary. LetT be an 8-reducing
triangulation of S. Let G be a graph, and letf : G ! T be a drawing of sizen. One can
determine in O(gnlog(gn)) time whetherf can be untangled inS. If so, one can construct
in additional O(n2) time a weak embeddingf 0 : G ! H , homotopic tof in S, of depthO(n).

(Recall from Chapter 3 that thedepthof a drawingf of a graphG is the maximum length
of the image walksf (e) over the edgese of G. The size of f is the number of edges and
vertices ofG plus the sum of the lengths of the walksf (e) over the edgese of G.)

To obtain Theorem 6.2, roughly, we start in Section 6.4 by focusing on a particular class
of graphs that have only one vertex per connected component, we call themloop graphs(as
all their edges are loops). We provide an algorithm that untangles loop graphs, again, just a
simple �straightening� procedure, but whose proof of correctness is more delicate, and relies
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Figure 6.1: Building a reducing triangulation from a canonical polygonal schema of the
surface of genusg � 1. The casesg = 1; 2; 3 use special constructions; the caseg = 4 (right)
trivially generalizes to higher genus. These reducing triangulations are 8-reducing except the
one for the caseg = 1 whose unique vertex has degree six.

Figure 6.2: Subdividing the faces of a reducing triangulation.

on constructions from 2-dimensional hyperbolic geometry. In Section 6.5 we �nally provide
the general untangling algorithm. Crucially, the �rst phase of the algorithm transforms
the initial drawing into the drawing of a loop graph, to be untangled by the algorithm of
Section 6.4. The details of this phase are omitted when presenting the algorithm, and deferred
to Section 6.6, the last section of the chapter.

6.1 Reducing triangulations

Consider a surfaceS without boundary. A triangulation T of S is reducing if its dual graph
is bipartite, and if all its vertices have degree at least six. It is8-reducing if, in addition, all
its vertices have degree at least eight. We color the faces ofT red and blue so that adjacent
faces have di�erent colors.

A straightforward application of Euler's formula shows that the sphere does not admit
any reducing triangulation, and that the torus does not admit any 8-reducing triangulation.
Yet the torus admits a reducing triangulation with a single vertex of degree six, and every
surface of higher genus admits an 8-reducing triangulation with at most two vertices, see
Figure 6.1. Moreover, every reducing triangulation can be subdivided to obtain a reducing
triangulation with more vertices, as in Figure 6.2, although this introduces degree six vertices.
Note also that every reducing triangulation of a surfaceS lifts to a reducing triangulation of
any covering space ofS. Finally observe that while reducing triangulations may in general
have loops, or several edges between two vertices, the reducing triangulations of the plane
cannot; this is a straightforward consequence of the Euler's formula, and also an immediate
corollary of Proposition 6.1 below.

Most of this chapter will be concerned with 8-reducing triangulations only, thus excluding
the torus, but the �rst part of Section 6.2 handles general reducing triangulations, for later
use in Chapter 8. Note that at the very end of Chapter 8 we will present an extension of the
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Figure 6.3: Some of the turns that a walk can make in a reducing triangulation.

Figure 6.4: In a reducing triangulation, a portion of a walk that makes a� 2r -turn followed
by a 1b-turn (both are bad turns).

notion of reducing triangulations to surfaces with boundary, but this is only incidental to us,
so for now we focus on surfaces without boundary.

6.2 Reduced walks

In a reducing triangulation T, let W be a walk (closed or not). Assume that a subwalk
of W traverses a directed edgee, arrives at a vertexv, and from there traverses a directed
edgee0. When traversing v, we say that W makes ak-turn , k � 0, if the walk of length
two composed of edgese and e0, in this order, leaves exactlyk triangles of T to its left in
the cyclic ordering aroundv betweene and e0. Similarly (and not exclusively), it makes a
� k-turn , k � 1, if that walk leaves exactlyk triangles of T to its right. When a turn is not
a 0-turn, the notation is ambiguous because it can be represented either by a positive integer
or by a negative integer (whose absolute values sum up to the degree of the vertex inT).
We always use an integer between� 3 and 3 if possible. For a degree-six vertex, we prefer3
over � 3. For turns that cannot be represented by any integer between� 3 and 3, we choose
the positive integer.

We sometimes need to be more precise and re�ne the notation: Fork 2 Z, a kb-turn ,
respectively akr -turn , is a k-turn such that e (with the previous notation) has a blue,
respectively red, triangle to its left. See Figures 6.3 and 6.4.

We call bad turn any 0-turn, 1-turn, � 1-turn, 2r -turn or � 2r -turn. In T, a walk is
reduced if it does not make any bad turn. Intuitively, reduced walks are discrete geodesics
in the triangulation T where all triangles are equilateral: A reduced walk leaves an angle
at least � on both sides at each interior vertex, except when the vertex makes a2b-turn or
a � 2b-turn, which corresponds to an angle of2�= 3 on one side. The bipartiteness of the
triangulation then �breaks ties� for determining the geodesic. We emphasize that the notion
of reduced walks requires an orientation of the surface. A closed walkC is reduced if it
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does not make any bad turn. It isstrongly reduced if moreover not all vertices ofC make
a 3r -turn, and not all of them make a� 3b-turn.

Here are a few immediate but crucial properties that we will use repeatedly. Any subwalk
of a reduced walk (closed or not) is also reduced. The reversal of any reduced walk (closed
or not) is also reduced, because reversing a walk exchanges2r -turns with � 2r -turns, and
3r -turns with � 3b-turns.

The turn sequence of a (closed) walk is the list of turns made by the walk at its interior
vertices; this is a cyclic sequence if the walk is closed. We use some straightforward notations
for turn sequences: Exponents denote iterations, stars denote arbitrary nonnegative integers,
and vertical bars denote �or�. For example,23� 4 denotes a 2 followed by a nonnegative
number of 3s, followed by a 4.(23� 4)� denotes a nonnegative number of concatenations of
patterns of that form. (2j4) denotes either a 2 or a 4.

6.2.1 Uniqueness of reduced walks

In this section we prove the key property of reduced walks, grounding the analogy between
reduced walks in reducing triangulations and geodesic paths in non-positively curved surfaces.
More precisely, we prove the following:

Proposition 6.1. In a reducing triangulation T, any two homotopic reduced walks are equal.

The proof of Proposition 6.1 goes by showing that any two distinct homotopic reduced
walks would form a monogon or a bigon (a disk bounded by one or two subwalks, in the
universal cover), and that this is impossible. It relies on the following two lemmas.

Lemma 6.1. In a reducing triangulation T, any walk whose turn sequence is of the form
23� 2 contains a 2r -turn. Any walk in T whose turn sequence is of the form23� 4 or 43� 2
contains a 2r -turn or a 4r -turn.

Proof. By bipartiteness of the reducing triangulationT, the color of the triangle ofT located
to the left of the walk changes when passing over an interior vertex that makes a 2-turn or
4-turn, and not when the interior vertex makes a 3-turn.

Lemma 6.2. In a reducing triangulation T, let C be a simple closed walk that bounds a
(non-empty) disk to its left. For everyk � 1, let mk be the number of vertices ofC at which
C has exactlyk triangles to its left. Then 2m1 + m2 � 6 +

P
k� 4 mk .

The proof can be viewed as a consequence of the Gauss�Bonnet theorem [88, Section 2.3]:

Proof. Let D be the restriction of the reducing triangulation to the closed disk bounded by
C. Consider the following discharging argument. Give initial weight6 to each vertex and
each triangle ofD, and weight � 6 to each edge ofD. By Euler's formula, the weights initially
attributed sum up to 6. Discharge as follows. For each incidence between a vertexv and an
edgee, transfer 3 from v to e. For each incidence between a vertexv and a trianglet, transfer
2 from t to v. Now, edges and triangles all have weight0, while every vertexv has weight
� (v) := 6 � 3 deg(v) + 2 deg0(v) wheredeg(v) and deg0(v) denote respectively the number of
edge incidences and triangle incidences ofv in D. We proved6 =

P
v � (v).

Every vertex v that lies in the interior of D (not on C itself) satis�es deg(v) = deg0(v)
and thus � (v) = 6 � deg(v) � 0, since each vertex ofT has degree at least six. Every vertexv
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that lies on C satis�es deg(v) = deg0(v) + 1 and thus � (v) = 3 � deg0(v). Thus, we have
6 =

P
v � (v) �

P
k� 1(3 � k)mk , implying the result.

Lemma 6.3. In a reducing triangulation T, let C be a simple closed walk that bounds a
(non-empty) disk to its left. There are at least three vertices at whichC makes a1-turn or a
2r -turn.

Proof. Let S be the set of vertices ofC that make a 1-turn or a 2r -turn. By contradiction,
assumejSj � 2. Using the notations of Lemma 6.2, we havem1 � j Sj � 2; indeed, any
vertex that makes a 1-turn belongs toS. We consider the subwalks with turn sequence of the
form 2(1j3)� 2. These subwalks may only share their �rst and last edges and are otherwise
disjoint. Lemma 6.2 implies thatm2 � (6 � 2m1)+

P
k� 4 mk ; thus, there are at least6� 2m1

such sequences. At mostjSj � m1 vertices in S make a 2-turn, and thus at most2(jSj � m1)
such sequences start or end inS, because the sequences all start and end with a vertex that
makes a 2-turn. There remains at least(6� 2m1) � 2(jSj � m1) = 6 � 2jSj � 1 such sequences
whose �rst and last elements are not inS. In such a sequence, exactly one of the two vertices
that make a 2-turn actually makes a2r -turn by Lemma 6.1, which is impossible because the
vertices ofC that make a 2r -turn are all in S.

Proof of Proposition 6.1. The reducing triangulation T lifts to an in�nite reducing triangu-
lation eT in its universal cover. Assume that there exist two distinct homotopic reduced walks
in T (possibly one of them being a single vertex). LetW1 and W2 be lifts of these walks ineT,
with the same endpoints; they are also reduced. We show below that this implies that there
exists, in eT, a simple closed walkC with at most two vertices that make a bad turn. This
contradicts Lemma 6.3.

Indeed, if one ofW1 and W2 is not simple, it contains a non-empty subwalk with the
same starting and ending vertexv, and otherwise not repeating any vertices; since subwalks
of reduced walks are also reduced, the claim holds (only atv the walk can make a bad turn).
Otherwise,W1 and W2 are simple, distinct, and have the same �rst and last vertices, which
implies that they admit non-empty subwalks that have the same endpoints and are otherwise
disjoint. (Indeed: up to exchangingW1 and W2, some edge inW1 does not belong toW2.
Consider the subwalk ofW1 of minimum length containing that edge and intersectingW2 at its
endpoints. The subwalks ofW1 and W2 with these endpoints have the desired property.) Let
C be the simple closed walk that is the concatenation of these subwalks (or their reversals)
W 0

1 and W 0
2. The subwalksW 0

1 and W 0
2 are also reduced, since subwalks and reversals of

reduced walks are reduced. Hence,C has at most two vertices that make a bad turn, which
concludes as desired.

6.2.2 Uniqueness of strongly reduced closed walks

From now on in this chapter, we focus on 8-reducing triangulations (except for Lemma 6.6
in the next section, for use in Chapter 8, but this will be precised in due course). In this
section we prove a result similar to Proposition 6.1, but forclosedwalks. More precisely, we
prove:

Proposition 6.2. In a 8-reducing triangulationT, any two freely homotopic, non-contractible,
strongly reduced closed walks are equal.
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Figure 6.5: The cases leading to a contradiction at the end of the proof of Lemma 6.4.

(It is possible that Proposition 6.2 holds on all reducing triangulations, not just the 8-
reducing ones, but again, we do need any of that, so we stick to 8-reducing triangulations.)
The assumption of Proposition 6.2 that the closed walks arestrongly reduced, and not just
reduced, is necessary. Indeed, there exist freely homotopic non-contractible closed walks that
are reduced and yet distinct, such as the ones depicted in Figure 6.10. This is analogous to
the metric setting where it can happen that a �at portion of a non-positively curved surface
contains two non-contractible geodesics that are freely homotopic and yet distinct: consider
for example the two boundary curves of any �at annulus with geodesic boundary.

The proof of Proposition 6.2 relies on the following lemma:

Lemma 6.4. Consider two disjoint simple closed walksC and C0 that bound an annulus
in T. Then C and C0 are not both strongly reduced.

Proof. We prove the claim by contradiction so assume thatC and C0 are both strongly
reduced. Let A be the restriction of the 8-reducing triangulation to the closed annulus
bounded by C and C0. Let i be the number of vertices in the interior ofA, and let B be
the vertex set of the boundary ofA. For every vertex v of A let deg(v) and deg0(v) be the
number of incidences ofv with respectively the edges and the triangles ofA.

We �rst claim that 2i �
P

v2 B (3� deg0(v)) . We prove this claim with the same discharging
rules as in the proof of Lemma 6.2. Give initial weight6 to each vertex and each triangle
of A, and weight � 6 to each edge ofA. By Euler's formula, the weights initially attributed
sum up to 0. Discharge as follows. For each incidence between a vertexv and an edgee,
transfer 3 from v to e. For each incidence between a vertexv and a triangle t, transfer 2
from t to v. Now, edges and triangles all have weight0, while each vertexv has weight
� (v) := 6 � 3 deg(v) + 2 deg0(v). We proved 0 =

P
v � (v). Every vertex v of A satis�es

� (v) = 3 � deg0(v) if v 2 B and � (v) = 6 � deg(v) � � 2 otherwise. Therefore,0 �P
v2 B (3 � deg0(v)) � 2i , proving the claim.
We orient C and C0 so that A lies to their left. Let C1 2 f C; C0g, and let B1 � B be the

set of vertices ofC1. We remark that, becauseC1 has no bad turn, everyv 2 B1 satis�es
deg0(v) � 2. Moreover, becauseC1 is strongly reduced, by Lemma 6.1, its turn sequence does
not contain 23� 2 as a subword, and it is not of the form23� . Thus,

P
v2 B 1

(3 � deg0(v)) � 0,
with equality if and only if the turn sequence ofC1 has the form(23� 43� )� or 3� .

From the above claim and the conclusion of the previous paragraph, we deduce thatA has
no interior vertices and that each of the turn sequences ofC and C0 is of the form (23� 43� )�

or 3� , which must actually be (2b3� 4r 3� )� (by Lemma 6.1 and because there is no2r ) or 3�
b

(by de�nition of a strongly reduced closed walk).
Assume that the turn sequence of one boundary component ofA has the form(2b3� 4r 3� )� .

Let v be a vertex ofB that makes a2b-turn. Then, the vertex acrossv in the other boundary
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component of A makes a4b-turn (Figure 6.5, left), which is a contradiction since no4b

appears in the allowed forms above. So the turn sequences ofC and C0 are both of the form
3�

b; however, for a similar reason as above, ifv is a vertex of B that makes a 3b-turn, the
vertices acrossv make a3r -turn (Figure 6.5, right), a contradiction.

Proof of Proposition 6.2. Consider a 8-reducing triangulationT of a surfaceS and two freely
homotopic strongly reduced closed walksC and C0 in T.

We consider theannular cover Ŝ of S de�ned by C [48, Section 1.1]. This is a covering
space homeomorphic to an open annulus, in whichC lifts to a closed curveĈ, and every simple
closed curve is either contractible or homotopic tôC or its reverse. Lifting the homotopy
from C to C0 yields a lift Ĉ0 that is homotopic to Ĉ. Both Ĉ and Ĉ0 are strongly reduced
closed walks inT̂ , the lift of the 8-reducing triangulation T.

We claim that Ĉ (and, for the same reasons, alsôC0) is simple. Indeed, lifting Ĉ to the
universal cover eS of S yields a lift, which is a bi-in�nite path eP, and is actually strongly
reduced in the 8-reducing triangulationeT obtained from lifting T. By Proposition 6.1, eP is
simple. Since it is theonly lift of Ĉ, this implies that Ĉ is simple.

Now there are two cases. If̂C and Ĉ0 are disjoint, Lemma 6.4 implies a contradiction.
If they intersect, at vertex v say, then we transformĈ and Ĉ0 into loops with starting and
ending vertex v; these two loops have the same turning number, and are thus homotopic
strongly reduced walks, and equal by Proposition 6.1. ThuŝC and Ĉ0 are equal, and so are
C and C0 by projection.

6.2.3 Reducing a walk

In this section we back Proposition 6.1 with an algorithm. More precisely, we prove the
following:

Proposition 6.3. Given a walk W of length n in a 8-reducing triangulation T, one can
compute a reduced walk homotopic toW in O(n) time.

The techniques of the proof of Proposition 6.3 will be reused in Section 6.6. In particular,
we need a few data structures here, which will be extended later.

Our 8-reducing triangulation T is stored as an embedded graph, but we need additional
information. Speci�cally, for each vertexv of T, we number the directed edges with sourcev
in clockwise order (starting at an arbitrary directed edge). This number is stored on each
directed edge. Moreover, vertexv contains an arrayAv of pointers such that Av[i ] is the
directed edge numberi with source v. This array has size the degree ofv, which is also
stored in v. We note that this additional data can be computed in time linear in the size of
the 8-reducing triangulation, so we assume that the 8-reducing triangulation incorporates this
information. With this data structure, we can perform the following operations in constant
time: (1) given two directed edgesuv and vw, compute the integeri such that uvw forms
an i -turn; (2) given a directed edgeuv and an integeri , compute the directed edgevw such
that the walk uvw forms an i -turn. Again, this can be done as a preprocessing step in time
linear in the size of the 8-reducing triangulation.

We also need a data structure, calledcompressed homotopy sequence , that represents
walks in a compact form, in the same spirit as Erickson and Whittlesey [88, Section 4.1]
use run-length encoding to encode turn sequences. Anelementary subwalk of W is an
inclusionwise maximal subwalk ofW whose turn sequence has the form3k or (� 3)k for some
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Figure 6.6: The compressed homotopy sequence data structure.

k � 1, or is a single symbola 62 f� 3; 3g. The elementary subwalks ofW are naturally ordered
alongW and coverW, with overlaps because the last edge of an elementary subwalk appears
as the �rst edge of the following one. We representW by storing the elementary subwalks
of W in a doubly linked list in order alongW; each elementary subwalk is described by the
images inT of its �rst and last directed edges, as well as its turn sequence in compressed
form, namely, whether it is of the form3k , (� 3)k , or a, and the integerk or the symbol a.
(Walks W of length zero or one cannot be encoded in this data structure, but can be handled
separately in a trivial manner.)

Proof of Proposition 6.3. The extended turn sequenceof a walk W is its usual turn sequence,
with a new symbolE appended before its �rst symbol and after its last letter. We consider
the reduction movesdepicted in Figure 6.7 that modify a walkW by homotopy. Each of
them can be applied when a speci�c subsequence appears in the extended turn sequence ofW
or of its reversal:

ˆ spur move: 0,

ˆ spike move: 1,

ˆ bracket move: 23k2 for somek � 0,

ˆ �ip move : a3k2r 3`b for somek; ` � 0 and some symbolsa; b 62 f� 1; 0; 1; 2; 3g. (In
particular, a and/or b can be equal toE.)

We observe that if no reduction move can be applied toW, then W is reduced. Moreover,
for each walkW, let ' (W) be equal to three times the length ofW, plus the number of bad
turns of W. We observe that' (W) strictly decreases at each move; indeed, a spur, spike,
or bracket move decreases the length ofW (by at least one) and creates at most two bad
turns, while a �ip move does not a�ect the length and removes at least one bad turn (no bad
turn is created because the degree of each vertex is at least eight, and by the conditions on
a and b). Thus, any sequence of moves has lengthO(n).
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Figure 6.7: The reduction moves for the reduction of walks.

The algorithm is as follows. In a �rst step, we walk alongW to initialize its compressed
homotopy sequence inO(n) time (using Operation (1) above). Then, in a second step, we
traverse this sequence in order, and reduceW as soon as a possible move is encountered,
maintaining the compressed homotopy sequence as it evolves. Each possible move involves at
most six consecutive elementary subwalks, which are replaced by at most seven elementary
subwalks. Then, before resuming the algorithm and looking for a possible move, we need
to backtrack by at most �ve elementary subwalks in the compressed homotopy sequence, in
order not to skip any possible move created by performing the previous one. Finally, in a
third step, when we reach the end of the list, no move is possible any more; we convert our
compressed homotopy sequence back to a walk onT (using Operation (2) above). All of this
takesO(n) time because the sequence of moves has lengthO(n), and because the length of a
walk does not increase when reducing it, so that the compressed homotopy sequence always
has lengthO(n).

6.2.4 Strongly reducing a closed walk

In this section we back Proposition 6.2 with an algorithm, similar to Proposition 6.3, but for
closedwalks. More precisely, we prove the following:

Proposition 6.4. Given a closed walkC of length n in a 8-reducing triangulation T, one
can compute a strongly reduced closed walk freely homotopic toC in O(n) time.

Before proving Proposition 6.4, we observe that the proposition does not hold on 6-
reducing triangulations:

Lemma 6.5. There are a reducing triangulationT of the torus, and a closed walkC in T,
such that no closed walk freely homotopic toC is reduced.

Proof. Consider the reducing triangulationT, and the closed walkC of Figure 6.8. Assume
the existence of a reduced closed walkC0 in T1. If at some point C0 takes a directed edge of
T that sees red on its left, thenC0 makes only3r -turns. Otherwise C0 makes only3b-turns.
In both casesC0 is not freely homotopic toC.
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Figure 6.8: (Left) A reducing triangulation T of the torus, and a closed walkC of length two
in T. (Right) A portion of the universal covering triangulation of T, and a portion of a lift
of C. In T there is no reduced closed walk freely homotopic toC.

Figure 6.9: The situation in the proof of Proposition 6.4.

Proof of Proposition 6.4. We �rst remove the bad turns from C. For this purpose, we use
the same reduction moves as in the proof of Proposition 6.3, but the turn sequence is now
cyclic. We observe that, in each move, the part ofC that is removed corresponds to an actual
subwalk of C (and does not �wrap around� it). In particular, in a bracket move, the entire
cyclic turn sequence ofC cannot be23k , because the color of the triangle to the left of the
walk changes after passing a2. As a limit case, in a �ip move, the symbolsa and b in the
sequencea3k2r 3`b may correspond to the same vertex of the cyclic walk; see Figure 6.9, left
for an illustration in the case where the turn ata = b is a 4-turn.

As in the proof of Proposition 6.3, if no move is possible, thenC has no bad turn. If ' (C)
is equal to three times the length ofC, plus the number of bad turns ofC, then ' (C) decreases
at each move, except in the very special �heart-like� case of Figure 6.9, corresponding to the
case where the cyclic turn sequence ofC (or its reversal) is 43k2r 3` for somek; ` � 0. The
�ip move does not a�ect the length and removes the bad 2-turn, but both edges ofC incident
to the 4-turn are rotated by one triangle, which creates another bad 2-turn, see Figure 6.9.
However, after this move, the only possible move �ips the new bad 2-turn into a good one,
at which point the closed walk is reduced. Thus, as in the proof of Proposition 6.3, any
sequence of moves has lengthO(n).

Finally, if the turn sequence ofC is of the form (3r )� or (� 3b)� , then C can be turned
into a strongly reduced closed walk inO(1) time using the new move depicted in Figure 6.10.
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Figure 6.10: The last reduction move in the proof of Proposition 6.4.

6.3 Making closed curves cross minimally

We now begin to use reducing triangulations to attack our initial problems of making closed
curves cross minimally, and of untangling graphs. We start with closed curves, by proving
Theorem 6.1, which we now restate for convenience:

Theorem 6.1. Let S be a surface of genusg � 2 without boundary. LetT be an 8-reducing
triangulation of S. Let C be a collection of closed walks of total lengthn in T. One can
compute in O(n) time a collection C0 of closed walks inT, freely homotopic toC in S, in
minimal position.

The rest of this section is dedicated to the proof of Theorem 6.1. We state our �rst lemma
on reducing triangulations, not just the 8-reducing ones, for later use in Chapter 8:

Lemma 6.6. Let S be a surface of genusg � 2 without boundary. Let T be a reducing
triangulation of S. Let C be a collection of closed walks inT. Remove an open disk from
each face ofT, and consider the resulting surface� � S. If the closed walks inC are all
reduced and primitive inS, then iS(C) = i � (C).

Proof. We have iS(C) � i � (C) by the inclusion � � S. We will now prove the converse
by exhibiting a collection of closed curves homotopic toC in � whose number of crossings
is the minimum of its homotopy class inS. To do so we see� as the patch system ofT
(Section 5.3). Recall that each edge ofT is dual to an arc in � . We endow the interior of
� with a complete hyperbolic metric for which the arcs of� are complete geodesics. More
precisely, we replace every face of the interior of� by an ideal hyperbolic polygon, and we
identify the (in�nitely long) sides of the polygons along the arcs of� . See Figure 3.13. For
every c 2 C, we let 
 c be the geodesic closed curve homotopic toc in � . We now see
 c as a
closed curve onS, by the inclusion � � S.

If a curve 
 c homotopic to a curve
 d or to the reversal of
 d then 
 c is actually equal to

 d up to parameterization, since the two curves are geodesic. We consider each such set of
overlapping curves, and we slightly perturb the curves into �parallel� curves. Afterward, the
collection f 
 c j c 2 Cg is in general position.

We claim that in the universal cover ofS, the lifts of the closed curves inf 
 c j c 2 Cg are
injective, and no two of them cross more than once. Let us prove that the claim implies the
lemma. The collectionf 
 cgc2 C then has the minimum number of crossings of its homotopy
class inS by Lemma 5.10, which isiS(C). So i � (C) � iS(C), which proves the lemma.

77



Now let us prove the claim. We may assume that no curve
 c is homotopic to 
 d or to
the reversal of
 d for somec 6= d 2 C, for the claim trivially extends to the general case
where some overlapping curves have been perturbed. We prove the claim by contradiction,
so assume that one of those lifts is not injective. It contains a loop, which projects to a
geodesic loop
 on � that is contractible on S. The sequence of crossings of
 with the
arcs of � is that of a reduced walk. Thus, by Proposition 6.1, the loop
 does not cross
any arc of � , which is impossible since
 is geodesic. Similarly, if two distinct lifts intersect
twice without overlapping, then they form two paths with the same endpoints and otherwise
disjoint, which project to geodesic pathsp and q in � that are homotopic in S. The sequence
of crossings ofp and q with the arcs of � must be the same by Proposition 6.1, sop and q
are homotopic in� , which is impossible sincep and q are geodesics. The claim is proved.

Now, we focus again on 8-reducing triangulations, and we show that we can remove the
assumption that the closed walks inC are primitive, if we assume that they arestrongly
reduced, not just reduced. In detail, we deduce the following from Lemma 6.6:

Proposition 6.5. Let S be a surface of genusg � 2 without boundary. Let T be an 8-
reducing triangulation ofS. Let C be a collection of closed walks inT. Remove an open disk
from each face ofT, and consider the resulting surface� � S. If the closed walks inC are
all strongly reduced, theniS(C) = i � (C).

Assuming that the closed walks are strongly reduced allows us to use Proposition 6.2
that, on 8-reducing triangulations, any two freely homotopic strongly reduced closed walk
are equal (up to cyclic permutation). Note that, as for Proposition 6.2, it is entirely possible
that Proposition 6.5 holds on all reducing triangulations, not just on the 8-reducing ones. It
may even be possible that Proposition 6.2 holds on all reduced closed walks, not just on the
strongly reduced ones, contrarily to Proposition 6.5. But we do not need any of that.

Proof of Proposition 6.5. We haveiS(C) � i � (C) by the inclusion � � S. Let us prove the
converse. Assume without loss of generality that no closed walk inC is trivial, it does not
consist in a single vertex. Then everyc 2 C is non-contractible onS by Proposition 6.1, and
is thus homotopic inS to the kth power of a primitive closed curved, for somek � 1. Let ĉ be
the strongly reduced closed walk freely homotopic tod in S, which exists by Proposition 6.4.
Proposition 6.2 implies thatc is actually equal to thekth power ofĉ, since the two are freely
homotopic, non-contractible, and strongly reduced. LetbC contain the primitive strongly
reduced closed walks issued this way of the collectionC.

We consider, for everyĉ 2 bC, a closed curveb
 ĉ homotopic to ĉ in � , such that the
collection f b
 ĉ j ĉ 2 bCg is in general position. By Lemma 6.6 there is such a collection whose
number of crossings is the minimum of its homotopy class inS.

Now realize everyc 2 C by a closed curve
 c in the neighborhood ofb
 ĉ like in Figure 5.1.
By Lemma 5.9, the collectionf 
 cgc2 C has the minimum number of crossings of its homotopy
class inS, which is iS(C).

Proposition 6.6. Let H be a graph embedded in its patch system� . Let C be a collection
of closed walks inH . If the closed walks inC have no spur, then there is an approximation
of C with i � (C) self-crossings.
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Figure 6.11: Removing a bigon in the proof of Proposition 6.6.

Proof of Proposition 6.6. We assume for clarity thatC is a single closed walk, but the proof
trivially extends to any collection of closed walks. There is a closed curve
 in general position
in � , homotopic to C, with i � (C) self-crossings. Without loss of generality, assume that

intersects the arcs of� a minimum number of times (among the closed curves that match
its de�nition). Record the arcs crossed by
 by the corresponding closed walkC0 in H , so
that 
 is an approximation ofC0. We shall proveC = C0 (up to cyclic permutation). To do
so, it is enough to prove thatC0 has no spur. Indeed,C and C0 are homotopic in� , and �
is homotopy equivalent toH , soC and C0 are homotopic inH . Moreover, in a graph, every
two homotopic closed walks without spur are equal.

We prove that C0 has no spur by contradiction, so assume thatC0 has a spur. There is a
portion of 
 that crosses an arca of � and then crossesa again consecutively, in the opposite
direction. See Figure 6.11. Let
 0 and a0 be the respective portions of
 and a between the
two crossing points. Letn and m be the number of crossings of
 with the interiors of 
 0

and a0, respectively. Redrawing
 0 in a neighborhood ofa0 would not decrease the number
of self-crossings of
 , so n � m. Redrawing a0 in a neighborhood of
 0 would not decrease
the number of crossings betweena0 and 
 , so m + 2 � n. This is a contradiction.

Proof of Theorem 6.1. Apply Proposition 6.4 to compute in O(n) time a collection C0 of
strongly reduced closed walks inT, freely homotopic to C in S. Then iS(C) = i � (C) by
Proposition 6.5, where� is the surface obtained fromS by removing an open disk from each
face ofT. And there is an approximation ofC with i � (C) crossings by Proposition 6.6.

6.4 Untangling loop graphs

Now, for untangling graphs, one could mimick the strategy of the previous section (Sec-
tion 6.3) for making closed curves cross minimally, i.e. one could generalize the notion of
bad turns from closed walks to general graph drawings, then remove all bad turns from the
initial drawing f : G ! T by homotopy in S, and �nally prove that the resulting drawing
f 0 : G ! T is a weak embedding wheneverf can be untangled inS. This strategy is viable
and will be detailed in Chapter 8. However we shall now present a di�erent strategy, simpler,
and more e�cient.

In this other strategy, we �rst focus on a speci�c class of drawings. Aloop graph is a
graph L whose connected components have a single vertex. (Then every edge ofL is a loop,
hence the name.) Given a surfaceS, a map� : L ! S is sparse if, under � , the edges of each
connected component ofL correspond to pairwise non-homotopic non-contractible loops in
S. In this section we prove the following:
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Proposition 6.7. Let S be a surface of genusg � 2 without boundary. Let T be an 8-
reducing triangulation of S. Let L be a loop graph. Let� : L ! T be a drawing of size
n and depthN . Assume that � is sparse inS. One can compute inO(n) time a drawing
� 0 : L ! T, homotopic to � in S, of depthO(N ), such that if � can be untangled inS then
� 0 is a weak embedding.

We emphasize that, in Proposition 6.7, the drawing� is sparse as a mapL ! S (more
formally, the composition of � by the inclusion map T ! S is sparse), not just as a map
L ! T. This is important since, for example, a non-contractible loop inT may be contractible
in S.

The rest of this section is devoted to the proof of Proposition 6.7. To do so, given a
drawing � : L ! T, we choose an edge in each connected component ofL and declare it
to be a major edge ; the other edges ofL (if any) are minor edges . We say that � is
straightened if, under � , (1) each minor edge is mapped to a reduced walk, and (2) each
major edge is mapped to a reducedclosedwalk. We emphasize that the reduced closed walks
dot not have any bad turn, even at the basepoint, contrarily to the reduced walks, which
are allowed to have a bad turn at the basepoint. Informally, to prove Proposition 6.7, we
will straighten the initial drawing � , and then prove that this makes� a weak embedding
whenever� can be untangled inS. In detail:

Lemma 6.7. In the setting of Proposition 6.7, one can compute inO(n) time a drawing
� 0 : L ! T, straightened, homotopic to� in S, of sizeO(n), and of depthO(N ).

Proof. Assume without loss of generality thatL is connected. Construct� 0 from � as follows.
Choose the major edgee0 of L such that the image walk� (e0) has minimal length. As a
�rst step, reduce cyclically the closedwalk � (e0) with Proposition 6.4. Note that this usually
moves the image of the vertexv of L, and thus elongates the image walks of the minor edges
of L (if any). As a second step, once� (e0) is cyclically reduced, �x the image ofv and reduce
the image walks of the minor edges (not cyclically this time) with Proposition 6.3.

For the analysis observe that in the �rst phase of the algorithm Proposition 6.4 cyclically
reduces� (e0) in O(m) time, wherem denotes the initial length of� (e0). Now for every minor
edgee1 the image walk� (e1) was initially at least as long as� (e0), by the choice ofe0. So
the length of � (e1) cannot increase by more than a constant factor in the �rst step. This
proves that the algorithm takesO(n) time and produces the desired drawing.

The main technical ingredient of this section is the following:

Proposition 6.8. If a drawing � : L ! T is sparse, straightened, and can be untangled in
S, then � is a weak embedding.

Lemma 6.7 and Proposition 6.8 immediately imply Proposition 6.7:

Proof of Proposition 6.7, assuming Proposition 6.8.Apply Lemma 6.7 to compute inO(n)
time the drawing � 0 : L ! T. If � can be untangled inS, then � 0 is a weak embedding by
Proposition 6.8.

The rest of this section is devoted to the proof of Proposition 6.8. We need to start with
some preliminaries.
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Figure 6.12: The map� 0 (in green) in the hyperbolic patch system� of the reducing trian-
gulation T, in the proof of Proposition 6.8.

6.4.1 Patch system and hyperbolic metric on the punctured
surface

To prove Proposition 6.8, we assume that there is an embedding homotopic to� in S, and we
will prove that � is a weak embedding. To do so we consider the patch system� of T, and
we will exhibit an embeddingL ! � that approximates � . SinceT is cellularly embedded
on S, we can think of the faces and arcs of� as the faces and edges of the dual graph ofT
in S. More precisely, we see the surface of� as open instead of closed by considering only
the interior of � , and we realize� and its arcs inS as follows. Remove a pointx t from the
interior of each trianglet of T; then, for each edgee of T, consider the two distinct triangles
t; t 0 incident to e in T, and draw a simple arc betweenx t and x t0 that crossese exactly once
and does not intersect any other edge or any vertex ofT. Assume without loss of generality
that the resulting arcs are pairwise disjoint. From now on we see� as realized inS in this
way.

We construct our candidate� 0 : L ! � for an embedding that approximates� as follows.
Firstly, we endow� with a complete hyperbolic metric for which the arcs of� are geodesics,
as follows. The arcs of� separate� into open disks. Each resulting connected componentP
hask � 8 incidences with arcs since the vertices ofT have degree at least eight. We replace
P by a hyperbolic polygon withk geodesic sides, with the particularity that thesek geodesic
sides all havein�nite length (such polygons are called ideal polygons). Then we identify the
sides of the polygons by pairs corresponding to the arcs of� .

Secondly, we see� as a map fromL to � and we construct� 0by modifying � homotopically
on every connected componentL0 of L, as follows. Letv be the vertex ofL0 and let e be the
major edge ofL0. We start by replacing homotopically the image ofe by the geodesic closed
curve ce in its free homotopy class, thus possibly changing the image ofv. Here we make use
of the fact that � (e) is neither contractible nor homotopic to the neighborhood of a puncture
in � , since it is non-contractible inS. We require that during this homotopy � ' � 0 the
image ofv remains in the same disk of� (never belongs to an arc of� ). We can do so since
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the reduced closed walk� (e) makes no 0-turn and thus has the same sequence of crossings
with the arcs of � as the geodesic closed curvece. Then, we replace for each minor edgee0

of L0 the image ofe0 by the geodesic segment in its homotopy class, this time holding the
image ofv �xed. The map � 0 approximates� since the images of the vertices ofL remained
in the same disks of� and since for every edgee00of L the walk � (e00) makes no 0-turn.

Finally, we may ensure without loss of generality that the vertices ofL are mapped by
� 0 to distinct points of � , and belong to no arc of� . That can be achieved by moving
in�nitesimally the image of each vertex ofL along the image of its major edge.

At this point � 0 is not necessarily an embedding; indeed, several major edges can overlap.
The strategy is to prove that this is the only reason why� 0 may fail to be an embedding,
and that such overlaps can be eliminated by a small perturbation of� 0.

6.4.2 Proof of Proposition 6.8

In this section, we conclude the proof of Proposition 6.8. To ease the reading, we abuse the
notation and write L to refer to the map � 0 on L (de�ned in the previous section).

Recall from Section 5.1 that the universal covereS of S is homeomorphic to an open disk,
which can be compacti�ed into a closed diskeS[ @eS, so that the properties of Section 5.1 can
be applied. Note that, here, we vieweS [ @eS as a purely topological space, and completely
ignore any metric on it. In this section, we consider the subsete� of eS made of the points that
are lifts of � ; in other words, e� is obtained from eS by removing the lifts of the punctures. (It
turns out that e� is a covering space of� , but we will never use this property.) e� naturally
inherits a hyperbolic metric, obtained by lifting the hyperbolic metric of� .

By construction, lifts of edges ofL are geodesics under the metric ofe� . A major lift
is a lift of a major edge; it is a bi-in�nite geodesic path ine� with two distinct limit points
on @eS, by Lemma 5.1 and sparsity. Aminor lift is a lift of a minor edge; it is a geodesic
path in e� .

If P and Q are minor lifts of distinct minor edges, then they may share one of their
endpoints, but not both, sinceL is sparse and since the vertices ofL are distinct points of
� . In particular, the minor lifts of distinct minor edges are distinct. However, the situation
is slightly more complicated for major lifts. Two major lifts obtained from di�erent major
edges are considered di�erent. Recall that major edges are primitive (by Lemma 5.9 and
sparsity). So any two major lifts ec; ed : R ! e� of the same major edge that di�er only by a
homeomorphism ofR actually di�er by an integer translation; in that case, we see them as
equal.

The proof of Proposition 6.8 combines a long series of relatively easy lemmas on the lifts
of the edges ofL in e� . Recall that by assumptionL can be untangled.

Lemma 6.8. Every lift of an edge is simple. Any two lifts of edges (possibly the same edge)
that do not overlap intersect at most once, and if they intersect in their relative interiors,
then they cross.

Proof. If two portions of geodesic paths intersect in their relative interiors without overlap-
ping, then they cross. Now assume, for a contradiction, that a lift is not simple; it contains
a loop, which projects to a geodesic loop
 in � that is contractible in S. The sequence of
crossings of
 with the arcs of � is that of a reduced walk. Thus, by Proposition 6.3, the
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Figure 6.13: (Left) Proof of Lemma 6.9. (Right) Proof of Lemma 6.11.

loop 
 does not cross any arc of� , and so
 is contractible in � , which is impossible since

is geodesic.

Similarly, if two lifts intersect twice without overlapping, they form two paths with the
same endpoints and otherwise disjoint, which project to geodesic pathsp and q in � that
are homotopic inS. The sequence of crossings ofp and q with the arcs of � must be the
same by Proposition 6.3, sop and q are homotopic in � , which is impossible sincep and q
are geodesics.

Lemma 6.9. Any two major lifts either have the same image or are disjoint.

Proof. Assume that two major lifts P and Q intersect and do not have the same image.
They cross exactly once by Lemma 6.8. But then, their limit points are pairwise distinct by
Lemma 5.4, and interleaved on@eS (see Figure 6.13 (left)), which implies thatL cannot be
untangled by Lemma 5.2.

Lemma 6.10. Let P be a major lift andQ a minor lift such that P and Q are lifts of edges
in the same connected component ofL, and such that an endpoint ofQ belongs to the image
of P. Then no other point ofQ lies on the image ofP.

Proof. Otherwise,P and Q overlap by Lemma 6.8. LetP0 be the part of P that starts and
ends at the endpoints ofQ (which are both lifts of the vertex of the corresponding connected
componentL0 of L). By Lemma 5.9, the projection ofP0 is the major edge ofL0. Moreover,
the projection of Q is a minor edge ofL0. This contradicts the sparsity ofL.

Before treating the other cases, we need a de�nition. LetP be a minor lift and let v
and v0 be the endpoints ofP (they are distinct). Let p be the minor edge ofL that is the
projection of P, and let q be the major edge ofL that lies in the same connected component
of L as p. Let Q and Q0 be the major lifts, starting at v and v0 respectively, that are lifts
of q. We say that Q and Q0 form the H-block of P. Indeed, Q, P, and Q0 together form
the shape of the embedded letter �H�, because they touch only atv and v0 by the preceding
lemmas, and moreover the four limit points ofQ and Q0 are pairwise distinct by Lemma 5.4.

Lemma 6.11. There is no intersection between a major liftP and the relative interior of a
minor lift Q.
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Figure 6.14: The two cases forbidden by Lemma 6.12.

Proof. Let R and R0 be the major lifts forming the H-block ofQ. Assume �rst that there
is an intersection betweenP and the relative interior of Q that is not a crossing. ThenP
and Q overlap by Lemma 6.8. In particular,P intersectsR and R0. HoweverR and R0 are
disjoint, being part of the same H-block. This contradicts Lemma 6.9.

Now assume that there is an intersection betweenP and the relative interior of Q that
is a crossing. By Lemma 6.8, there is exactly one. By Lemma 6.9, and sinceP does not
have the same image asR or R0, the major lifts P, R, and R0 are disjoint. See Figure 6.13
(right). Also, P does not have the same pair of limit points asR (or R0): for otherwise, by
Lemma 5.3 and Lemma 5.9,P and R would project to closed curves freely homotopic inS
(up to reversal), and thus freely homotopic in� by Proposition 6.2, but thenP and R would
project to the same geodesic closed curve, which is impossible since they are disjoint. Any
homotopy of L induces a homotopy of the liftsP, R, and R0, preserving the limit points
on @eS. Thus, even after a homotopy, one crossing betweenP and Q, R, or R0 must remain
(even if P shares one endpoint withR and/or one endpoint with R0). This contradicts the
assumption that L can be untangled.

Let v be a vertex ofL, and let e be a directed major edge ofL based atv. We say that e
is pulled to the right if there exists a minor edge based atv that leavesv and/or arrives
at v to the right of e; in other words, in counterclockwise order aroundv, we do not see
consecutively the target ofe and the source ofe. We say that a directed major lift is pulled
to the right if its projection is.

Lemma 6.12. Let P and Q be two major lifts, projecting to di�erent edges ofL. Assume
that they overlap; assume (up to reversing one of them) that they have the same direction.
Then (1) at most one ofP and Q is pulled to the right, and (2) none of them is pulled both
to the left and to the right.

Proof. We �rst prove (1); see Figure 6.14, left. Assume, for the sake of a contradiction,
that both P and Q are pulled to the right. Let �P and �Q be these lifts after a homotopy
that untangles L. (Generally, we use bars to denote lifts after this homotopy.) They must
be disjoint (except at their limit points), so without loss of generality, up to exchangingP
and Q, assume that �P lies to the left of �Q. Let R be the minor lift pulling P to the right;
thus, P is part of the H-block of R; let P0 be the lift that forms the H-block of R together
with P. Then, �Q intersects either �R, or �P0 (twice), which is impossible.
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Figure 6.15: The four cases in the proof of Lemma 6.13.

We now prove (2); see Figure 6.14, right. Assume thatP is pulled both to the left and to
the right. After the homotopy, the lifts �P and �Q are disjoint, so without loss of generality,
up to reversing the orientations ofP and Q, assume that �P lies to the left of �Q. We are then
in the same situation as the previous paragraph, and conclude similarly.

Lemma 6.13. The relative interiors of any two distinct minor lifts are disjoint.

Proof. If the relative interiors of two distinct minor lifts P and Q intersect without crossing,
they overlap. SinceP and Q are distinct they do not have the same pair of endpoints. Thus
the relative interior of one of P and Q must intersect a major lift, a contradiction with
Lemma 6.11.

If P and Q cross, they do so exactly once by Lemma 6.8. LetR and R0 be the major lifts
forming the H-block ofP, and similarly let T and T0 be the major lifts forming the H-block
of Q. By Lemma 6.9, and up to exchanging notations, we distinguish between four cases,
depicted in Figure 6.15:

ˆ If R, R0, T, and T0 are pairwise disjoint, the cyclic ordering of the limit points on@eS is
necessarilyr1r2t1t2r 0

1r 0
2t0

1t0
2, with obvious notations (R has limit points r1 and r2, and

so on), with possible identi�cations of two consecutive limit points in this cyclic order
if they come from di�erent lifts. Any homotopy of L induces a homotopy of the liftsP,
Q, R, R0, T, and T0, preserving the limit points on@eS. Thus, even after a homotopy,
one crossing must remain. This contradicts the assumption thatL can be untangled.

ˆ If R is distinct from T but has the same image asT, these two lifts with the same
image, when directed in the same way, are both pulled to the right, or both pulled to
the left, which is impossible (Lemma 6.12(1)).

ˆ If R is equal toT and R0 is equal toT0, then any homotopy ofL induces a homotopy
of P; Q; R; R0, preserving the four limit points on @eS and the relative orders of the
endpoints ofP and Q on R and R0. Thus, even after a homotopy, one crossing must
remain.

ˆ If R is equal toT and R0 is disjoint from T0, then, again, a crossing must remain after
lifting a homotopy of L.

Proof of Proposition 6.8. By Lemmas 6.8, 6.11, and 6.13, the only reason whyL may fail to
be an embedding is because two distinct major lifts intersect, which implies that they have
the same image by Lemma 6.9, and thus come from distinct major edges.
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So now, consider an inclusionwise maximal setA of at least two overlapping, simple,
major edges, directed in the same way. By Lemma 6.12A contains at most one edge pulled
to the left (and not to the right), at most one edge pulled to the right (and not to the left),
and possibly several edges which are pulled neither to the left nor to the right. We can
slightly perturb these edges to make them disjoint: from left to right, the edge pulled to the
left (if it exists), then, the edges not pulled at all, and �nally, the edge pulled to the right (if
it exists). After this operation we have an embedding ofL that approximates � .

6.5 Untangling graphs

In this section we �nally describe how to untangle general drawings of graphs (not just sparse
drawings of loop graphs) on 8-reducing triangulations, by proving the main theorem of this
chapter, Theorem 6.2, which we restate for convenience:

Theorem 6.2. Let S be a surface of genusg � 2 without boundary. LetT be an 8-reducing
triangulation of S. Let G be a graph, and letf : G ! T be a drawing of sizen. One can
determine in O(gnlog(gn)) time whetherf can be untangled inS. If so, one can construct
in additional O(n2) time a weak embeddingf 0 : G ! H , homotopic tof in S, of depthO(n).

The rest of this section is devoted to the proof of Theorem 6.2. Importantly, some of
the de�nitions and lemmas of this section are stated on a generic surfaceS (with or without
boundary). Here they are only applied to the case whereS has no boundary and has genus
at least two, but they will be applied to more general surfaces in Chapter 7, so we state them
in full generality.

6.5.1 Factorization

The key step is to transform our initial drawing into a sparse drawing of a loop graph, in order
to use the result of the previous section (Proposition 6.7 in Section 6.4). So consider a surface
S, a graph G, and a mapf : G ! S. One can transformf into a sparse drawing of a loop
graph by contracting the image of a spanning forest ofG, ignoring the resulting contractible
loops, and identifying the resulting homotopic loops. We now describe this operation slightly
more formally. First assume thatG is connected, and letY be a spanning tree ofG. A
factorization of f (with respect to Y) is obtained by the following process, see Figure 6.16.
First, change f by contracting homotopically the image of the spanning treeY to a single
point x 2 S. The non-tree edges ofG are now drawn as loops underf . Move these loops that
are contractible to the constant loop based atx. Now, whenever there are several loops in the
same homotopy class (with basepointx), select one of these loops,
 , arbitrarily, and redraw
the other ones in the same way as
 . Let f 0 : G ! S be the new drawing. Observe that,
under f 0, the graphG is �rst drawn onto a one-vertex graphL, which is itself sparsely drawn
in S. The factorization of f is given by the one-vertex graphL, its sparse drawing� : L ! S,
and the drawing � : G ! L. By construction, f and � � � are homotopic; see Figure 6.16,
left.

Equivalently, but we will not need this equivalence, a factorization off (with respect
to Y) is given by a one-vertex graphL, a sparsedrawing � : L ! S, and an onto drawing
� : G ! L that maps each edge ofY to the vertex of L, and that maps each edge ofG n Y
to either the vertex of L or a loop ofL, in such a way that f and � � � are homotopic.
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Figure 6.16: A factorization(L; �; � ) of the drawing f of Figure 1.2.

A factorization of a drawing of a disconnected graphG is given by a factorization for each
of the connected components ofG. In the setting of 8-reducing triangulations, factorizing a
drawing can be performed e�ciently:

Proposition 6.9. Let S be a surface of genusg � 2 without boundary. Let T be an 8-
reducing triangulation of S. Let G be a graph, and letf : G ! T be a drawing of sizen.
In O(gnlog(gn)) time, one can either correctly report thatf cannot be untangled inS or
compute a factorization(L; �; � ) of f , such thatL hasO(g) loops, and such that� has depth
O(n).

We will prove Proposition 6.9, but only in Section 6.6, as we prefer to �rst �nish the
details of our algorithm for untangling drawings of graphs. We just provide a �rst, rather
naive, algorithm for Proposition 6.9 with worse running time and output size:

Proof of Proposition 6.9, with worse running time and output size.Assume without loss of
generality that G is connected. We choose arbitrarily a vertexv and a spanning treeY
of G. We then contract the image ofY to the image point of v, thus transforming f into
a drawing f 0 : G ! H such that f 0(Y) = f 0(v) = f (v). The length of f 0 is O(n2), because
every non-tree edge is now drawn as a walk of lengthO(n). We reduce all these walks in
O(n2) total time with Proposition 6.2.3.

Afterward the contractible loops are shrunk to the basepoint and the homotopic loops
overlap by Proposition 6.1. We remove the contractible ones, and aggregate the ones that
overlap, usingO(n2) pairwise comparisons, and thus inO(n3) total time. We retrieve the
resulting loop graphL and its sparse drawing� : L ! T, along with the drawing � : G ! L.
Then L hasO(n) loops and� has depthO(n).

6.5.2 Key lemmas

We now present the two key lemmas that relate factorization to the untangling problem.

Lemma 6.14. Let S be a surface. LetG be a graph, and letf : G ! S be a map. Let
(L; �; � ) be a factorization off . If f can be untangled, then� can be untangled.
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Figure 6.17: (Continuation of Figures 1.2 and 6.16) Although the map� is homotopic to
an embedding� 0 (left), the map � 0 � � is not a weak embedding (right), which implies by
Lemma 6.15 thatf is not homotopic to an embedding.

Proof. Let f 0 : G ! S be an embedding homotopic tof . Starting from f 0, we contract the
edges ofG that are part of the spanning trees used to de�ne the factorization, obtaining a loop
graph embedded onS. We then remove contractible loops and keep only one loop whenever
several loops are in the same homotopy class. In this way, we obtain an embedding� 0 : L ! S
homotopic to � . Thus � can be untangled.

Lemma 6.15. Let S be a surface. LetG be a graph, and letf : G ! S be a map. Let
(L; �; � ) be a factorization off . If f and � are embeddings, then� � � is a weak embedding.

See Figure 6.17 for an illustration of Lemma 6.15. The rest of this section is devoted to
the proof of Lemma 6.15. It relies on the following, which might not be new, but we could
not �nd a reference, so we provide a proof:

Lemma 6.16. On a surfaceS, let each of� = ( 
 1; : : : ; 
 k) and � 0 = ( 
 0
1; : : : ; 
 0

k) be a set
of simple, pairwise disjoint, pairwise non-homotopic, non-contractible loops with basepointx.
Assume that 
 i and 
 0

i are homotopic with basepoint �xed for eachi . Then � and � 0 are
isotopic with basepoint �xed.

Proof. Let Ŝ be obtained fromS by removing a small diskD around x. We can assume that
all loops are piecewise linear with respect to a �xed triangulation ofS [83, Appendix], and
thus that no crossing occurs inD, and that each loop crosses the boundary ofD exactly
twice. We let 
̂ i and 
̂ 0

i be the arcs inŜ that are the pieces of
 i and 
 0
i obtained after

removing D, and �̂ and �̂ 0 be the corresponding sets of arcs.
For eachi the loops
 i and 
 0

i are homotopic onS, so they are isotopic onS, by a result of
Epstein [83, Theorem 4.1]. Thuŝ
 i and 
̂ 0

i are homotopic onŜ, where the homotopy allows
us to slide the endpoints on@̂S.

Because�̂ and �̂ 0 are simple, whenever there is an embedded bigon or an embedded
�half-bigon� [91, Section 1.2.7] between̂� and �̂ 0, there is an innermost embedded bigon or
innermost embedded half-bigon, which we can remove using an isotopy of�̂ (sliding endpoints
on the boundary is allowed), decreasing the number of crossings. So without loss of generality
we can assume that there is no embedded bigon or half-bigon between�̂ and �̂ 0.

In particular, for every i , the loops 
̂ i and 
̂ 0
i are in minimal position in their homotopy

classes [91, Section 1.2.7], and since they are homotopic (allowing sliding on the boundary),
they are disjoint. The corresponding loops
 i and 
 0

i bound a disk onS. Moreover, because
the loops in � are pairwise non-homotopic, and because there is no embedded (half-)bigon
between�̂ and 
̂ 0

i , the disk does not meet� . We can thus, for eachi , push 
 i to 
 0
i by an

isotopy of � .
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Corollary 6.1. Let S be a surface. LetL be a loop graph and let�; � 0 : L ! S be embeddings.
If � and � 0 are sparse and homotopic, then they induce the same rotation system onL.

Proof. Assume without loss of generality thatL is connected, and thus has a single vertex
v. Further assume without loss of generality that� (L) and � (L0) are disjoint from the
boundary of S (if S has boundary), by slightly perturbing them otherwise. There is a
homotopy transforming � into � 0. In this homotopy the image point ofv follows a (possibly
non-simple) pathp. Without loss of generalityp is disjoint from the boundary ofS, so there
is also an ambient isotopy ofS that displaces the initial point � (v) along the same pathp.
This ambient isotopy ultimately transforms � into an embedding� 00: L ! S, with the same
rotation system than � , that is also homotopic to� 0 relatively to v (meaning that the image
of v is �xed by the homotopy). Then � 00and � 0 are isotopic relatively to v by Lemma 6.16,
which proves the result.

Proof of Lemma 6.15. First, we remark that, without loss of generality, we can assume thatG
is connected; this is because� maps the connected components ofG to those ofL bijectively.

Then, we prove that we can isotopef so that its new image inS lies in the neighborhood
of some sparsely embedded one-vertex graph. For this purpose, we almost-contract the
image of the spanning treeY used to de�ne the factorization, keeping the fact that we
have an embedding ofG. The resulting loops fall into homotopy classes. The loops in the
trivial homotopy class can be isotoped close to the basepoint; indeed, in an embedded one-
vertex graph, any contractible simple loop bounds a disk with only (possibly) contractible
loops inside it, this a result of Epstein [83, Theorem 1.7]. The loops in any other given
homotopy class can be bundled together so that they are parallel; indeed, in an embedded
one-vertex graph, any pair of homotopic loops bounds a disk with only (possibly) contractible
or homotopic loops inside it. To summarize, we have an embeddingf 0 of G, homotopic to f ,
whose image lies in a neighborhood of the image of some sparse embedding� 0 of a loop
graph L0.

Actually, there is a canonical isomorphism betweenL and L0, because each edge ofL
and L0 corresponds to a particular set of non-tree edges ofG; so we can identifyL and L0 via
this isomorphism. Also, for use at the end of the proof, we remark that� and � 0 are (freely)
homotopic.

By construction, the embeddingf 0 can be chosen to lie in any neighborhood of the map
� 0� � (for the compact-open topology of maps fromG to S). Hence� 0� � is a weak embedding.
Alternatively, it would now be easy to build the patch system of� 0(L0) associated to� 0, so
that f and this patch system indeed witness that� 0 � � is a weak embedding.

Now, we recall that � and � 0 are homotopic embeddings ofL, so the rotation systems are
the same in� and � 0 by Corollary 6.1. Also, the fact that � 0� � is a weak embedding depends
only on the rotation system induced onL by � 0, not on � 0 itself. This implies that � � � is a
weak embedding as well.

6.5.3 Algorithm

We are now �nally in a position to prove Theorem 6.2 (assuming Proposition 6.9 for e�cient
factorization), by giving our algorithm for untangling graphs on 8-reducing triangulations:

Proof of Theorem 6.2, assuming Proposition 6.9.First we determine whetherf can be un-
tangled in S, in O(gnlog(gn)) time, as follows:
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1. We apply Proposition 6.9 inO(gnlog(gn)) time and either determine thatf cannot be
untangled in S, in which case we abort, or compute a factorization(L; �; � ) of f such
that L hasO(g) loops, and such that� has depthO(n).

2. We apply Proposition 6.7 inO(gn) time and compute a drawing� 0 : L ! T, homotopic
to � in S, of depth O(n), such that if � can be untangled inS then � 0 is a weak
embedding.

3. We apply the result of Akitaya, Fulek, and Tóth [10], restated in Theorem 5.1, and
determine inO(gnlog(gn)) time whether � 0 is a weak embedding. If not, then� cannot
be untangled inS, and sof cannot be untangled inS by Lemma 6.14, so we abort.
Otherwise, if � 0 is a weak embedding, we use Theorem 5.1 to actually compute an
embedding� 00 : L ! � approximating � 0 in the patch system� of T, in the same
amount of time.

4. We equipL with the rotation system induced by � 00, so that � is a weak embedding
(with respect to this rotation system ofL) if and only if � 00� � is a weak embedding.
We apply Theorem 5.1 again to determine whether� , equivalently � 00� � , is a weak
embedding. This step takesO(n logn) time since � has sizeO(n). The result tells
whether f can be untangled inS by Lemma 6.15.

Now if f can be untangled inS, equivalently if f 0 := � 00� � is a weak embedding, thenf 0 has
depth O(n) and can be retrieved in additionalO(n2) time.

6.6 E�cient factorization

In this section we implement the last detail of our algorithm, which is the e�cient factoriza-
tion promised in Proposition 6.9. Our main tool for this is a data structure on 8-reducing
triangulations, the compressed homotopy tree, extending thecompressed homotopy sequence
from Section 6.2.3; while the compressed homotopy sequence is a linear list, the compressed
homotopy tree is a tree-like structure. (We will also extend proof techniques from Sec-
tion 6.2.3.) We �rst present compressed homotopy trees, then we prove Proposition 6.9.

6.6.1 Compressed homotopy trees

Consider a surfaceS of genusg � 2 without boundary, an 8-reducing triangulationT of S,
and a vertex r of T. We need to support fast homotopy queries on an evolving set of walks
starting at r . Intuitively, there is a map � that associates a pointer to each walk starting
at r , such that two walks W and W 0 are homotopic if and only if � (W) = � (W 0). We call
these � (W) keys. Our data structure, a compressed homotopy tree , provides e�cient
access to such a map� in the following sense: IfW 0 is the concatenation ofW with a single
edge, then we can compute� (W 0) from � (W) quickly (in time logarithmic in the number of
operations already performed).

For this purpose, we use the fact that the homotopy class of a walkW is determined by the
unique reduced walk� (W) homotopic to W (Proposition 6.1). We store the reduced walks
� (W) in compressed form, by enhancing the data structure from Section 6.2.3 (compressed
homotopy sequence) in a tree-like fashion, instead of a linear list (in a way similar to shortest
path trees); for each walkW starting at r , we let � (W) be a pointer to the last elementary
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Figure 6.18: Homotopy classes of walks are represented by storing the elementary subwalks
of their reduced walks in a tree-like fashion.

subwalk ofW. Each node of the tree corresponds to an elementary subwalk, and stores (see
Figure 6.18):

ˆ the �rst and last directed edges ofT of the elementary subwalk;

ˆ the turn sequence of the elementary subwalk, in compressed form (as in Section 6.2.3:
the elementary subwalk has a turn sequence of the form3k , (� 3)k , or another symbola;
we store its form together with the integerk or the symbola);

ˆ a pointer to its parent;

ˆ the elementary subwalks of its children, stored in appropriate search trees (see below).

We maintain the following invariants:

ˆ the children of any given node in the tree correspond to pairwise distinct turn sequences;

ˆ the �rst edge of an elementary subwalk equals the last edge of its parent.

By these invariants, and because reduced paths are unique, two walks starting atr are
homotopic if and only if they have the same keys. Thus, once the keys of two walks have
been computed, we can, inO(1) time, decide whether they are homotopic.

We now list a few operations that can be handled by our data structure. Two of them
are easy:

Lemma 6.17. Compressed homotopy trees support the following operations:

ˆ TrivialKey : return the key corresponding to the empty walk atr , in O(1) time;

ˆ ReducedWalk : given the key of a walkW, return the compressed turn sequence of
the reduced walk homotopic toW, in time linear in its length.
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Proof. The TrivialKey operation is indeed trivial.
The ReducedWalk operation can be done by traversing the tree from� (W) up to the

root, noting the labels of the nodes in order in which they are encountered, and then reading
them in reverse order.

More interestingly, we can also extend the set of walks considered:

Lemma 6.18. Compressed homotopy trees support (with additional data structures described
in the proof) the operation Extend : Given the key of a walkW, �nishing at vertex v, and
given a directed edgee of T starting at v, return the key of the concatenation ofW and e, in
O(log p) time, wherep is the number of Extend operations already performed.

Proof. Because we must maintain the invariant that the children of any given node in the
tree correspond to pairwise distinct turn sequences, we require one more ingredient to our
data structure. Given an elementary subwalkW, we need to be able to �nd the child ofW
that has a given turn sequence inO(log p) time, or certify that such a child does not exist.
For this purpose, recall that each elementary subwalk has the turn sequence3k or (� 3)k for
somek � 1, or a for somea 62 f� 3; 3g. We split the children of W according to each of these
three categories. In a given category, a child ofW is encoded by the nonnegative integerk
or a. We use three red-black trees [112] (one for each category, indexed by eitherk or a) to
decide whether the child ofW with a speci�ed compressed turn sequence exists, or to insert
it if it does not exist. Each of these operations takesO(log p) time, because each red-black
tree containsO(p) elements.

The rest of the proof reuses tools and arguments from Section 6.2.3. LetW be areduced
walk �nishing at vertex v; let e be a directed edge starting atv; let W:e be the concatenation
of W and e; and let W 0 be the reduced walk homotopic toW:e. We claim that the com-
pressed homotopy sequences ofW and W 0 each have at most 49 elementary subwalks after
their longest common pre�x. To prove the claim it is enough to prove that the compressed
homotopy sequences ofW:eand W 0 each have at most 48 symbols after their longest common
pre�x; indeed the compressed homotopy sequences ofW and W:e do not di�er by more than
one �nal elementary subwalk. Now recall from Section 6.2.3 that, for any walkW 00, ' (W 00)
equals three times the length ofW 00plus the number of bad turns ofW 00, and that ' strictly
decreases when performing a reduction move. In the same spirit as the proof of Proposi-
tion 6.3, observe that' (W:e) � ' (W) + 4 . Observe also that' (W) � ' (W 0) + 4 , sinceW
can be obtained from the concatenation ofW 0 and the reversal ofe by performing reduction
moves, which decrease the value of' . So ' (W:e) � ' (W 0) + 8 . SinceW 0 is the unique walk
obtained by reducingW:e, we have that any sequence of reductions onW:e has length at
most eight. Initially, only the last elementary subwalks ofW:e can yield a reduction. Each
reduction replaces at most six consecutive elementary subwalks by at most seven ones, and
then backtracks by at most six elementary subwalks (see the proof of Proposition 6.3). Thus,
only the last 48 elementary subwalks ofW:e can be changed using successive reductions,
which implies that the remaining �rst elementary subwalks ofW:e are not a�ected when
reducing to W 0. This proves the claim.

Let W and e be as in the statement of the lemma; we can assume thatW is reduced.
The claim implies that we can compute� (W:e) from � (W) in O(log p) time, for example as
follows. Starting at the elementary subwalk representingW, in O(1) time we go up in the
tree by 49 levels, reaching an elementary subwalk that represents a walkW1. We can then
compute, again inO(1) time, the compressed homotopy sequence ofW2, the walk obtained
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from W by removing its pre�x W1 and by concatenatinge to the result. We reduce this
compressed homotopy sequence inO(1) time (see again the proof of Section 6.3); �nally,
using the �rst paragraph of this proof, we extend the elementary subwalk representingW
with each elementary subwalk of this compressed homotopy sequence in the tree in turn, in
O(log p) time, reaching eventually the elementary walk forW 0.

Finally:

Lemma 6.19. Compressed homotopy trees support (with additional data structures described
in the proof) the operation Partition : Given a setX of instances of some data structure
containing, in particular, a key, we can, in time linear in the size ofX , compute the partition
of X such that two elements inX belong to the same part if and only if they contain the
same key.

Proof. This operation relies on easy bookkeeping techniques; in detail: Slightly extend the
data structure of elementary subwalks with a pointer, initially NULL; for each elementx
of X in turn, if its key refers to an elementary subwalk whose pointer is NULL, create a new
part of the partition, initially containing only x, and make the elementary subwalk refer to
that part; otherwise, the key ofx refers to an elementary subwalkW that has already been
visited, and x can be added to the part thanks to the pointer inW. After computing this
partition, restore all pointers to NULL.

One �nal detail: The root of the tree of our data structure must be handled in a special
way. By convention, it is a virtual elementary subwalk whose only directed edgee does not
belong to the triangulation T but points towards the root r , so that by convention the turns
from e to each edge starting atr are 1 , with the obvious modi�cations on the algorithm to
reduce walks. We omit the tedious and trivial details.

6.6.2 Algorithm

We are now in a position to prove Proposition 6.9. The proof relies on the following lemma,
which is easy and folklore, but we could only �nd a proof in the case where the surfaceS
has no boundary [35, Lemma 2.1] (the constants di�er, but this is of no importance to us),
so we provide a quick proof in the general case, for later use:

Lemma 6.20. Let S be a surface of genusg with b boundary components. Let� be a set of
simple pairwise disjoint loops based at the same point inS. Assume that the loops of� are
non-contractible and pairwise non-homotopic. Then� has at most9g + 6b loops.

Proof. Assume without loss of generality that the loops in� do not intersect the boundary
of S, by slightly perturbing them otherwise. We think of � has a graph with a single vertex,
embedded onS, and we letn and m count respectively the edges and faces of� . The lemma
clearly holds if n � 1 so we may assumen � 2 without loss of generality. Then every face of
� either has positive genus, and there are at mostg of them, contains a boundary component
of S, and there are at mostb of them, or is incident to at least three occurrences of loops of
� (a single loop of� may occur twice). Double counting implies that at most2n=3 faces are
of the latter kind. Altogether m � g+ b+2n=3. Euler's formula gives1� n + m = 2g+ b� 2.
That proves n � 9g + 6b.
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Proof of Proposition 6.9. By de�nition of a factorization, we can assume in the whole proof
that G is connected. We �x abitrarily a vertex r and a spanning treeY of G, such that Y is
obtained by adepth-�rst search from r . We direct each edgee of G nY so that its target t(e)
is an ancestor of its sources(e). We denote by`e the loop that is the concatenation of the
(unique) path in Y from r to s(e), edgee, and the (unique) path in Y from t(e) to r . Given
a vertex v on the path from t(e) to r , we denote by`v

e the loop `e where the last segment
from v to r is truncated (thus, v always appears iǹ v

e).
In a �rst step we compute, for every vertexv of G, the key of the image walk, inT, of

the path from r to v in Y. This can be done inO(n logn) time by traversing Y in top-down
order and using theExtend operation O(n) times. Similarly, in the same amount of time,
we compute, for each edgee of G n Y, the key of the image walk of̀ t (e)

e .
In a second step, using the keys already computed, we compute the keys of the image

walks of the entire loops`e, but to get an e�cient algorithm we eliminate duplicate keys
as we encounter them, and halt whenever there are too many distinct keys (i.e., too many
homotopy classes, so thatf cannot be untangled). We do this in a bottom-up way in the
tree Y. For each vertexv of G, we denote byK (v) the set of keys� (f (`v

e)) over the edgese
of G n Y for which v appears aftere in `e.

Assume that we have computed the setsK (v0) for each childv0 of a vertex v; using the
Partition operation, we can assume eachK (v0) to be without duplicates. If one of them has
size larger than18g, then the directed loopsf (`e) fall into more than 18g distinct homotopy
classes, which implies by Lemma 6.20 thatG cannot be untangled, so we abort. Otherwise,
for each childv0 of v in Y and for each keyk 2 K (v0), we apply theExtend operation to k
and edgev0v. Let K (v0; v) be the resulting set of keys. We now observe thatK (v) is obtained
by removing the duplicates in the union of the following sets of keys:

ˆ the setsK (v0; v), for each childv0 of v, and

ˆ the set of keys of the form� (f (`v
e)) , for each edgee such that t(e) = v.

At the end of the recursion, unless the algorithm aborted, we have computedK (r ). At each
vertex v, the number of times we applyExtend is O(gdeg(v)), wheredeg(v) is the degree
of v in Y. So, in total, Extend has been appliedO(gn) times, and the entire algorithm
takes O(gnlog(gn)) time.

When K (r ) has been computed, we can also compute the reduced walks corresponding to
the keys inK (r ) using theReducedWalk operation. This takes inO(gn) total time, thus
asymptotically without overhead in the running time, sinceK (r ) corresponds toO(g) walks,
each of lengthO(n). We have thus computed the one-vertex graphL of the factorization,
and its sparse drawing� : L ! H .

Finally, remember that we also need to compute the drawing� : G ! L of the factor-
ization. In other words, we need to compute the mapping from each edgee 2 G n Y to the
loops ofL (or to its vertex), or, equivalently, the key of f (`e) in K (r ). We now explain how
to re�ne the second step above to achieve this. In this second step, every key considered is
of the form k = � (f (`v

e)) ; whenever we encounter such a keyk, we also store together with
it a corresponding edgee such that � (f (`v

e)) = k. Whenever we detect redundancies in the
current set of keys, we actually compute the set of edgese1; : : : ; ep 2 G n Y, p � 1, whose
keys share a common valuek, which in particular implies � (f (`e1 )) = : : : = � (f (`ep )) . In that
case, we declare that the edge corresponding to the common keyk is e1, we declare that the
leader of e2; : : : ; ep is e1, and then completely forget about the edgese2; : : : ; ep. There is no
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overhead in the running time of the algorithm. At the very end, once the keys inK (r ) have
been computed (each of them coming with an associated edge inG nY), we need to recover,
for each edgee 2 GnY, the corresponding key� (f (`e)) 2 K (r ). For this purpose, we remark
that the set of edges inGnY is implicitly organized as a forest, in which the �leader� relation
is actually a �parent� relation. Thus, our problem boils down to this: Given a rooted forest,
we need to compute, for each node, the root of its corresponding tree. This can easily be
done in time linear in the size of the forest, and thus, in our case, inO(n) time.
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Chapter 7

Untangling Graphs on Surfaces

This chapter is almost entirely dedicated to the proofs of Theorems 3.3 and 3.2, which we
recall for convenience:

Theorem 3.3. Let S be a surface of genus smaller thans, with less thans boundary com-
ponents. Let H be a graph of sizem cellularly embedded onS. Let G be a graph, and let
f : G ! H be a drawing of sizen. One can determine inO(m + s2n log(sn)) time whetherf
can be untangled inS. If so, one can construct in additionalO(s2mn2) time a weak embedding
f 0 : G ! H , homotopic to f in S, of depthO(s2mn).

The weak embeddingf 0 returned by Theorem 3.3 can be given to the algorithm of Aki-
taya, Fulek, and Tóth [10] (restated in Chapter as Theorem 5.1) to construct an embedding
approximating f 0. This provides the very �rst polynomial time algorithm for untangling
general drawings of graphs. This is one of the main contributions of the thesis.

Theorem 3.2. Let S be a surface of genus smaller thans, with less thans boundary compo-
nents. Let H be a graph of sizem cellularly embedded onS. Let C be a collection of closed
walks of total lengthn in H . One can computeiS(C) in O(m+ s2+ sn log(sn)) time. One can
construct in additional O(s2mn) time a collection of closed walksC0 in H , freely homotopic
to C in S, in minimal position.

The collection of closed walksC0 returned by Theorem 3.2 can be given to the algorithm
of Fulek and Tóth [101] (restated in Chapter 5 as Theorem 5.1) to compute a perturbation
of C0 with iS(C) self-crossings. This improves upon the state of the art results of Despré and
Lazarus [69] (restated in Chapter 4 as Theorems 4.2 and 4.3). Our result is more general since
we can put an arbitrary number of closed curves in minimal position. Also, our algorithms
are quasi-linear inn instead of quadratic and quartic. And our proofs are simpler and shorter.

Techniques and discussion. Theorems 3.3 and 3.2 extend the two main results of Chap-
ter 6: Theorems 6.1 and 6.2. While the algorithms of Theorems 6.1 and 6.2 take as input
graphs drawn in 8-reducing triangulations, on surfaces that have no boundary and genus at
least two, Theorems 3.3 and 3.2 take as input drawings inany graph H cellularly embedded
on any surface (and they return inH ). In the case where the surfaceS has no boundary
and genus at least two, we deduce Theorems 3.3 and 3.2 from their analogs on 8-reducing
triangulations, basically by converting the input and output from one embedded graph to the
other: we draw an 8-reducing triangulationT on S, we push the input in T, we untangle in

97



T, and we pull the output back into the initial embedded graphH . For the torus, and for the
surfaces with boundary (the case of the sphere is trivial in this context), we adopt the same
strategy of pushing the input into a particular model (embedded graph), untangling in this
model, and pulling the output back. Only the models for these surfaces are not 8-reducing
triangulations, but the canonical system of loopsfor the torus, and the loop systemsfor the
surfaces with boundary (Chapter 3).

Note that for surfaces with boundary, an obvious strategy would also be to attach a handle
to each boundary component to reduce to the case of surfaces without boundary. While this
is certainly a valid approach, we prefer to show that the techniques developed in Chapter 6
on 8-reducing triangulations can be mimicked on loop systems to circumvent a large part of
the technical machinery.

Note also that the time complexity and output size of the algorithms presented in The-
orems 3.3 and 3.2 depend on the genus and the number of boundary components of the
surface. When the surface has boundary, this dependency is slightly worse than in the paper
versions [1, 5]. The main reason is that surfaces with boundary bene�t from a slightly more
e�cient conversion of model than surfaces without boundary. Yet, in this thesis, we hide
those di�erences by presenting uni�ed statements for Theorems 3.3 and Theorem 3.2.

Application. At the very end of this chapter we apply our results to an alternative frame-
work where the surfaceS is the Euclidean plane minus a �nite set of obstacle points, and
where the drawingf is piecewise-linear. The model of computation is the Real RAM. In this
framework, we prove the following:

Theorem 7.1. Let P be a set ofp points of R2. Let G be a graph, and let' : G ! R2 n P
be a piecewise linear drawing of sizen. One can determine whether' can be untangled in
R2 n P in O(p5=2n log(pn)) time. If so, one can construct in additionalO(p5n2 log(pn)) time
a piecewise-linear embedding homotopic to' in R2 n P.

The size of a piecewise linear drawingf of a graph G is the size ofG plus the total
number of segments comprising the edges of the images ofG under f .

Organization of the sections. In Section 7.1 we provide algorithms for untangling graphs
in the canonical system of loops of the torus. In Section 7.2 we provide algorithms for
untangling graphs in the loop systems of the surfaces with boundary. In each case we basically
mimick the algorithms for untangling graphs in the 8-reducing triangulations of the closed
surfaces of genus at least two. At this point we have untangling algorithms in each one of our
three speci�c models: 8-reducing triangulations for the closed surfaces of genus at least two,
canonical system of loops for the torus, and loop systems for the surfaces with boundary.
In Section 7.3 we describe the conversions between these speci�c models and the general
model of a graph cellularly embedded on a surface. In Section 7.4 we use all our untangling
algorithms, and all our model conversions, to prove our main results, Theorems 3.3 and 3.2.
In Section 7.5 we prove our application result, Theorem 7.1.
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7.1 Untangling graphs on the canonical system of loops
of the torus

In this section, we provide algorithms that untangle graphs and curves drawn in a canonical
system of loops of the torus.

7.1.1 Making closed curves cross minimally

In this section we solve the problem of making closed curves cross minimally on the canonical
system of loops of the torus. More precisely, we prove the following, analogous to Theorem 6.1
on 8-reducing triangulations:

Theorem 7.2. On the torus T, let K a canonical system of loops. LetC be a collection of
closed walks of total lengthn in K . One can compute inO(n) time a collectionC0 of closed
walks in K , freely homotopic toC in T, such that there exists an approximation ofC0 with
iT(C) self-crossings.

Given a collectionC of closed curves onT, there exist formulas for computingiT(C),
see e.g. [91, Section 1.2.3]. However, puttingC in minimal position in our setting requires
additional work. Recall that the canonical system of loopsK consists in two pairwise disjoint
simple loops with common basepoint that cross at the basepoint. The dual embedded graph
K � of K is also a canonical system of loops onT. Endow T with a �at metric for which the
face ofK � is isometric to the interior of a �at square (or parallelogram). LetT � be obtained
from T by removing the vertex ofK � . We say that a closed walkD in K is quasi-geodesic
if D has no spur, and ifD is homotopic to a (non-contractible) geodesic closed curve inT � .
We insist that both the geodesic closed curve and the homotopy are inT � , not in T. The
following is analogous to Proposition 6.4 on 8-reducing triangulations:

Lemma 7.1. On the torus T, let K be a canonical system of loops. LetC be a non-
contractible closed walk of lengthn in K . One can compute inO(n) time a quasi-geodesic
closed walkC0 in K , freely homotopic toC in T.

Proof. See Figure 7.1. LetK � be the canonical system of loops dual toK on T. Let K 1; K 2

be the two loops ofK , and let K �
1 ; K �

2 be their respective dual loops. IdentifyT with the
quotient R2=Z2, such that K � lifts to the following grid: the vertex of K � lifts to Z2, the loop
K �

1 lifts to the vertical segments between(i; j ) and (i; j + 1) for i; j 2 Z, and the loop K �
2

lifts to the horizontal segments between(i; j ) and (i + 1; j ) for i; j 2 Z. Orient K 1 and K 2

so that, in R2, the lifts of K 1 cross the lifts ofK �
1 from left to right, and the lifts of K 2 cross

the lifts of K �
2 from bottom to top. Let T � be the surface obtained fromT by removing the

vertex of K � . Let eK � and eK be the lifts of K � and K .
First, we de�ne the quasi-geodesic closed walkC0, without actually computing it. For

everyi 2 f 1; 2g, let ki record the number of timesC takes the loopK i in the positive direction,
minus the number of timesC takesK i in the negative direction. Then(k1; k2) 6= (0 ; 0) since
C is non-contractible in T. Consider any pointp = ( p1; p2) 2 R2 for which the geodesic line
e
 containing p and p0 := ( p1 + k1; p2 + k2) does not intersectZ2. Record the sequence of
crossings ofe
 with the edges of eK � between the pointsp and p0. Dually, record a walk eC0 in
eK . Then eC0 projects to a closed walkC0 on K . This de�nes C0.
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Figure 7.1: The situation in the proof of Lemma 7.1.

By de�nition C0 is freely homotopic toC in T, and C0 has length O(k1 + k2) = O(n).
Moreover C0 is a quasi-geodesic closed walk. IndeedC0 has no spur, and in the punctured
torus T � there is a geodesic closed curve homotopic toC0, lifted by e
 .

To compute C0, one must choose a point(p1; p2) 2 R2 for which the geodesic segment
between(p1; p2) and (p1 + k1; p2 + k2) does not intersectZ2, and then compute the sequence
of crossings of this segment with the edges of the integral grideK � . This can be done inO(n)
time, using integer arithmetic only, with the standard Bresenham's line algorithm [27].

The following is analoguous to Proposition 6.5 on 8-reducing triangulations:

Proposition 7.1. On a torus T, let K be a canonical system of loops. Let� be the surface
obtained from T by removing an open disk from the face ofK . Let C be a collection of
quasi-geodesic closed walks inK . Then iT(C) = i � (C).

Proof. We shall construct a closed curve
 c for every closed walkc 2 C, homotopic to c in
� , in such a way that the collectionf 
 c j c 2 Cg is in general position and admitsiT(C)
crossings. First assume that every closed walk inC is primitive. Let K � be the dual ofK
on T. Endow T with a �at metric for which the face of K � is isometric to the interior of a
�at square. Identify the interior of � with T minus the vertex ofK � , such that the arcs of�
correspond to the loops ofK � . For every c 2 C, use the assumption thatc is quasi-geodesic,
and let 
 c be a geodesic closed curve homotopic toc in � . Every such
 c is simple since in
the universal cover ofT the lifts of 
 c are parallel geodesic lines, so they cannot intersect
themselves nor other lifts of
 c. Moreover, and without loss of generality, for everyc 6= d 2 C,
the closed curves
 c and 
 d do not overlap (otherwise, perturb them slightly). Also, they
cross each other minimally among their homotopy classes inT. For otherwise there would
be a lift of 
 c and a lift of 
 d that cross twice, by Lemma 5.10. The portions of the two
lifts in-between the two-crossings would form a bigon with geodesic sides, contradicting the
Gauss�Bonnet formula.
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For the general case, for everyc 2 C, let n � 1 be such that c is homotopic in T to the
nth power of a primitive closed curve. Then, and sincec is quasi-geodesic,c is actually equal
to the nth power of a primitive closed walk̂c, whereĉ is quasi-geodesic. LetbC := f ĉ j c 2 Cg.
By the previous paragraph, put the closed walks inbC in general position by homotopy in� ,
so that they intersect iT( bC) many times. Then draw each
 c 2 C in a neighborhood of̂c as
in Figure 5.1. The resulting collectionf 
 c j c 2 Cg is in general position and admitsiT(C)
crossings by Lemma 5.9.

Proof of Theorem 7.2. Apply Lemma 7.1 to compute inO(n) time a collection C0 of quasi-
geodesic closed walks inL, freely homotopic to C in T. Then iT(C) = iT(C0) = i � (C0)
by Proposition 7.1. And there exists and approximation ofC0 with i � (C0) crossings by
Proposition 6.6, sinceC0 clearly has no spur.

7.1.2 Untangling loop graphs

In this section we attack the problem of untangling graphs on the canonical system of loops
of the torus. We adopt the same strategy as on 8-reducing triangulations, that is, we start by
untangling sparse drawings of loop graphs. More precisely, we prove the following, analogous
to Proposition 6.7 on 8-reducing triangulations:

Proposition 7.2. On the torus T, let K be a canonical system of loops. LetL be a loop
graph. Let � : L ! K be a drawing of sizen and depthN . Assume that� is sparse. One
can compute inO(n) time a drawing � 0 : L ! K , homotopic to � in T, such that if � can be
untangled inT then � 0 is a weak embedding.

Proof. If at some point in the algorithm we are sure that� cannot be untangled, then we
can return as� 0 any drawing that clearly cannot be untangled. Now we claim that we can
assume, without loss of generality, thatL is connected and contains at most three loops.
Indeed, if � can be untangled, then each connected component ofL has at most three loops
(by Euler's formula) and if it has at least two loops, then by sparsity every embedding of
that connected component cuts the torus into a disk. Thus, either the conclusion of the
claim holds, orL has several connected components, each made of a single loop. These loops
must be pairwise freely homotopic, because otherwise they cannot be untangled; but then
� can be untangled if and only if its restriction to a single connected component ofL can
be untangled, and a weak embedding of this single loop would immediately provide a weak
embedding ofL (and in that case the rotation systems are trivial). All this takes linear time.
This proves the claim.

Let K � be the canonical system of loops dual toK on the torus T. Let k1; k2 be the two
loops of K , and let k�

1; k�
2 be their respective dual loops. We identifyT with the quotient

R2=Z2, such that K � lifts to the following grid: the vertex of K � lifts to Z2, the loop k�
1 lifts

to the vertical segments between(i; j ) and (i; j + 1) for i; j 2 Z, and the loopk�
2 lifts to the

horizontal segments between(i; j ) and (i + 1; j ) for i; j 2 Z; the loopsk1 and k2 are oriented
so that, in R2, the lifts of k1 cross the lifts ofk�

1 from left to right, and the lifts of k2 cross
the lifts of k�

2 from bottom to top. In this way, T is endowed with a �at metric.
Now, we de�ne a mapf : L ! T, homotopic to � , by representing the loops ofL

as geodesics in this metric. For this purpose, we �rst select arbitrarily the image of the
basepoint ofL under f ; let p be one of its lifts inR2. The images of any loope of L under f
are then uniquely determined: Indeed, if� (e) is homotopic to ku1

1 � ku2
2 , then f (e) must lift
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to a line segment fromp to p+ ( u1; u2). Finally, we can ensure thatf does not intersect the
vertex of K � , by slightly perturbing p if necessary. Note thatf actually maps each edge of
L to a geodesic closed curve (not only a geodesic path). Now for every edgee of L, the path
f (e) crossesO(n) edges ofK � . We can compute the sequence of crossings off (e) with the
edges ofK � in O(n) time: Indeed, f (e) lifts to a line segment inR2 that does not intersect
the integer points, and given its endpoints, we can compute the sequence of horizontal and
vertical edges of the grid crossed by the line segment, in order, with the standard Bresenham's
line algorithm [27], which uses integer arithmetic only. This sequence of crossings off (e)
with K � gives, by duality, a walk in We in K . Let � 0 : L ! K be the drawing that maps
each edgee of L to its walk We.

If � (and thus f ) can be untangled, we claim thatf is an embedding. It is then immediate
that � 0 is a weak embedding, sincef approximates� 0 in the patch system ofK , which is the
surface obtained fromT by removing the vertex ofK � .

There remains to prove the claim. So assume thatf can be untangled. If a non-
contractible geodesic closed curve
 in T is homotopic to a simple closed curve, then

itself is simple. This is by Lemma 5.10, since the lifts of
 in the universal cover ofT are
injective and do not cross each other,
 being primitive by Lemma 5.9. Similarly, any two
non-contractible non-homotopic simple geodesic closed curves
 0 and 
 1 cross minimally, up
to (free) homotopy, by Lemma 5.10 and Lemma 5.9. Thus every loope of L is mapped
to a simple closed curve byf , by sparsity and since the image curve ofe is simple in an
embedding homotopic tof . Also for any two distinct loopse1 and e2 of L, the closed curves
f (e1 and f (e2) cross only once (at the image of the vertex ofL), by sparsity and since the
image curves ofe1 and e2 cross only once in an embedding homotopic tof . This proves that
f is an embedding.

7.1.3 Untangling graphs, e�cient factorization

In this section we solve the problem of untangling graphs on the canonical system of loops of
the torus. More precisely, we prove the following, analogous to Theorem 6.2 on 8-reducing
triangulations:

Theorem 7.3. On the torus T, let K a canonical system of loops. LetG be a graph, and
let f : G ! K be a drawing of sizen. One can determine inO(n logn) time whether f
can be untangled inT. If so, one can construct in additionalO(n2) time a weak embedding
f 0 : G ! K , homotopic to f in T, of depthO(n).

We adopt the same strategy as on 8-reducing triangulations, so that the proof of The-
orem 7.5 is similar to the proof of Theorem 6.2 in Section 6.5. It relies on the notion of
factorization de�ned in Section 6.5.1, and makes use of the key lemmas of Section 6.5.2
(Lemma 6.14 and Lemma 6.15). The e�cient factorization stated in Proposition 6.9 for
8-reducing triangulations translates as follows:

Lemma 7.2. On the torus T, let K be a canonical system of loops. LetG be a graph, and
let f : G ! K be a drawing of sizen. In O(n logn) time, one can either correctly report that
f cannot be untangled inT or compute a factorization(L; �; � ) of f , such that L has O(1)
loops, and such that� has depthO(n).
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Proof of Lemma 7.2. The algorithm is an easy variation on the one described on 8-reducing
triangulations (Section 6.6). The only change concerns the data structure that stores homo-
topy classes of walks inK . Here we replace the reduced walks in a 8-reducing triangulation
by pairs of integers(u1; u2) uniquely representing the homotopy class ofku1

1 � ku2
2 , wherek1

and k2 are the two loops ofK . The compressed homotopy tree structure is replaced by a
two-level tree-like structure, the �rst level for the integer u1 and the second level for the
integer u2 in the notations above. All the operations of the data structure easily extend to
this context, as well as the contraction algorithm, since it only uses these four operations.

Proof of Theorem 7.3. The algorithm is the one proving Theorem 6.2 in Section 6.5.3, with
the following modi�cations. The surfaceS, the 8-reducing triangulationT, and the genusg
are replaced by the torusT, the canonical system of loopsK , and O(1). Also Proposition 6.7
and Proposition 6.9 are replaced by their analogs, Proposition 7.2 and Lemma 7.2.

7.2 Untangling graphs on the loop systems of surfaces
with boundary

In this section, we provide algorithms that untangle graphs and curves drawn in a loop system
Y of a surfaceS with boundary.

To do that, we identify S with the surface of the patch system ofY, and we think of Y as
embedded in its patch system, where the edges ofY are dual to the arcs of the patch system.
In fact, the results of this section would hold more generally if we tookY to be any graph
embedded in its patch system, but we will not need that.

7.2.1 Making closed curves cross minimally

In this section we observe that we already have all the tools to make closed curves cross min-
imally on loop systems. More precisely, we prove the following, analoguous to Theorem 6.1
on 8-reducing triangulations, and to Theorem 7.2 on the canonical system of loops of the
torus:

Theorem 7.4. Let Y be a loop system in a surfaceS with boundary. LetC be a collection of
closed walks of total lengthn in Y. One can compute inO(n) time a collection C0 of closed
walks in Y, freely homotopic toC, such that there exists an approximation ofC0 with iS(C)
self-crossings.

Proof of Theorem 7.4. Greedily remove all spurs fromC in O(n) time, resulting in a collec-
tion C0 of closed walks inY. Then C0 is as desired by Proposition 6.6.

7.2.2 Untangling loop graphs

In this section we attack the problem of untangling graphs on loop systems. We adopt the
same strategy as on 8-reducing triangulations, and as on the canonical system of loops of
the torus, that is we start by untangling sparse drawings of loop graphs. More precisely, we
prove the following, analogous to Proposition 6.7 and Proposition 7.2:
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Proposition 7.3. Let Y be a loop system in a surfaceS with boundary. Let L be a loop
graph. Let � : L ! Y be a drawing of sizen and depthN . Assume that� is sparse. One
can compute inO(n) time a drawing � 0 : L ! Y , homotopic to � , of depthO(N ), such that
if � can be untangled inS then � 0 is a weak embedding.

The proof of Proposition 7.3 resembles the proof of Proposition 6.7 in Section 6.4. Given
a drawing � : L ! Y, we choose an edge in each connected component ofL and declare
it to be a major edge ; the other edges ofL (if any) are minor edges . We say that � is
straightened if, under � , (1) each major edge is mapped to a reduced closed walk, and (2)
each minor edge is mapped to a reduced walk. The following is analogous to Lemma 6.7:

Lemma 7.3. One can compute inO(n) time a drawing � 0 : L ! Y , homotopic to � ,
straightened, of sizeO(n), and of depthO(N ).

Proof. The algorithm and its proof are similar to that of Lemma 6.7, to which we refer for
details. Assuming without loss of generality thatL is connected, one constructs� 0 from �
by �rst choosing the major edgee0 of L such that the image walk� (e0) has minimal length,
by removing all spurs from the closed walk� (e0) by free homotopy, and �nally by removing
all spurs from the image walks of the minor edges while �xing their basepoint.

The following is analoguous to Proposition 6.8:

Lemma 7.4. If a drawing � : L ! Y is sparse, straightened, and can be untangled inS,
then � is a weak embedding.

Recall that we viewS as the surface of the patch system ofY, where the arcs of the patch
system are dual to the edges ofY. Also, the proof of Lemma 7.4 make use of the classical
Nielsen�Schreier theorem, which we recall for convenience: this theorem states that every
subgroup of a free group is itself free.

Proof. Assume that � is sparse and straightened, and that there is an embedding� 0 : L ! S
homotopic to � (we view� as a mapL ! S by composing it with the embeddingY ! S). We
shall prove that � is a weak embedding. In a �rst step, we modify� 0 by an ambient isotopy
(�xing the boundary of S) so that afterward � 0 maps every major edge ofL to a closed curve
without spur in S (with respect to the arcs ofS). For this purpose, we remark that� 0 maps
the major edges ofL to a set of pairwise disjoint simple closed curves inS. Whenever there
is a bigon between the image of a major edge and an arc ofS, there is an innermost bigon,
which we remove by ambient isotopy, thus decreasing the number of crossings between� 0(L)
and the arcs ofS. We repeat this operation until there is no more bigon, at which point the
image curves of the major edges are have no spur.

Now consider a connected componentL0 of L, the vertex v of L0, and the major edge
e in L0. We can make the image walk ofe cross the arcs ofS with the same sequences in
� 0 and � (not up to cyclic permutation, exactly the same sequence) simply by sliding the
image ofv along the image ofe in � 0. We slide � 0(v) by an ambient isotopy in the tubular
neighborhood of� 0(e). We can do so since the sequence of crossings of� 0(e) with the arcs of
S is a cyclic permutation of the one of� (e); here we make use of the fact that if two freely
homotopic closed curves have no spur, then their sequences of crossings with the arcs ofS
are equal up to cyclic permutation. In� 0 we slide the image ofv along the image ofe so that
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the two sequences become equal;� 0 is still an embedding. We do this for every connected
componentL0 of L in turn.

Consider again some connected componentL0 of L, with vertex v, and major edgee. We
claim that we can modify� 0 by sliding the image ofv some �nite number of times around the
image ofe (each time, the image ofv making one full loop around the image ofe) so that,
in the end, there is a free homotopy between� 0jL 0 and � jL 0 in which the image ofv does not
leave its face of the patch system. To prove this claim �rst observe that it would be possible
to do so, not by sliding along the image ofe, but by somefree homotopy of � 0jL 0 . During
this homotopy the image ofv makes a loop
 in S. The loop 
 commutes, up to homotopy,
with the loop � 0(e) as � 0(e) ' � (e) by the previous paragraph and� (e) ' 
 � � 0(e) � 
 � 1 by
construction, where' denotes homotopy of loops relatively to their basepoint. Moreover,
the loop � 0(e) is non-contractible since� 0 is sparse, so it is also primitive by Lemma 5.9.
Thus 
 is a power (up to homotopy) of� 0(e). Let us prove this. The fundamental group of
S is a free group. It is known (and we prove) that in a free group if two elementsx and y
commute, then they are powers of some common element: indeed, the subgroupK generated
by x and y is an Abelian subgroup, which is free by the Nielsen�Schreier theorem; but the
only Abelian free group isZ; so K is cyclic. Now, as mentioned above,� 0(e) is primitive.

Now in � 0 any bigon between the image of a minor edge ofL0 and an arc ofS does not
contain any vertex of� 0(L). Indeed, otherwise, the image walk of the major edge incident to
that vertex would have a spur, a contradiction. So we can remove any innermost bigon by
an ambient isotopy. When this is not possible anymore, by the preceding claim, the image
loops of the minor edges intersect the arcs ofS with the same sequence in� 0 and � . Here we
make use of the fact that if two loops are homotopic relatively to their basepoint (or via a
free homotopy in which the basepoint does not leave its face ofS), and if they have no spur,
then they intersect the arcs ofS with the same sequence.

Proof of Proposition 7.3. Apply Lemma 7.3 to compute the drawing� 0 : L ! Y . If � can be
untangled then � 0 is a weak embedding by Lemma 7.4.

7.2.3 Untangling graphs, e�cient factorization

In this section we solve the problem of untangling graphs on loop systems. More precisely,
we prove the following, analogous to Theorem 6.2 on 8-reducing triangulations, and to The-
orem 7.3 on the canonical system of loops of the torus:

Theorem 7.5. Let Y be a loop system of sizem in a surface S with boundary. LetG be a
graph, and letf : G ! Y be a drawing of sizen. One can determine inO(mn log(mn)) time
whether f can be untangled inS. If so, one can construct in additionalO(n2) time a weak
embeddingf 0 : G ! Y, homotopic to f , of depthO(n).

Again, we adopt the same strategy as on 8-reducing triangulations, so that the proof of
Theorem 7.5 is similar to the proof of Theorem 6.2 in Section 6.5. The e�cient factorization
(Proposition 6.9) here translates as follows:

Lemma 7.5. Let Y be a loop system of sizem in a surface S with boundary. Let G be a
graph, and letf : G ! Y be a drawing of sizen. In O(mn log(mn)) time, one can either
correctly report that f cannot be untangled inS or compute a factorization(L; �; � ) of f ,
such thatL hasO(m) loops, and such that� has depthO(n).
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Proof. The algorithm is an easy variation of the one for 8-reducing triangulations (Sec-
tion 6.6.2, proof of Proposition 6.9). The only change concerns the data structure that stores
homotopy classes of walks. Here we replace the reduced walks in a 8-reducing triangulation
by walks without spur in H . That is, we store these walks as lists of directed edges ofH in a
tree-like fashion to implement the data-structure of Section 6.6.1. The operations introduced
in Section 6.6.1 extend to this context, and Section 6.6.2 extends immediately, because it
only uses these operations.

Proof of Theorem 7.5. The algorithm is the one proving Theorem 6.2 in Section 6.5.3, with
the following modi�cations. The 8-reducing triangulationT and the genusg are replaced by
the loop systemY and its sizem. Also Proposition 6.7 and Proposition 6.9 are replaced by
their analogs, Proposition 7.3 and Lemma 7.5.

7.3 Model conversions

Until now, our untangling algorithms operate on drawings of graphs in very speci�c models:
reducing triangulations for surfaces without boundary of genus greater than or equal to two,
canonical system of loops for the torus, and loop systems for the surfaces with boundary.
In this section we describe the conversions between these speci�c models and the general
model of an arbitrary graph cellularly embedded on the surface. This is in preparation for
the proofs of the two main theorems of this chapter, Theorems 3.3 and 3.2.

We �x a surface S of genusg with b boundary components, and a graphH of sizem
cellularly embedded onS. We consider the case whereS is closed genus at least two (b = 0
and g � 2) in Section 7.3.1, the case whereS is a torus (b = 0 and g = 1) in Section 7.3.2,
and the case whereS has boundary (b � 1) in Section 7.3.3.

7.3.1 Closed surfaces of genus at least two

In this section we prove the following:

Lemma 7.6. Assumeg � 2 and b = 0. One can construct inO(gm) time an 8-reducing
triangulation T of S, and a drawing' : H ! T, of depthO(g), homotopic to the inclusion
map H ! S. One can construct in additionalO(g2m) time a weak embedding : T ! H ,
of depthO(gm), isotopic to the inclusion mapT ! S.

In the lemma 7.6, and in the other lemmas of this chapter, when we say that a weak
embeddingf is isotopic to an embeddingg, we mean that there exist embeddings arbitrarily
close tof that are all isotopic to g.

To prove Lemma 7.6 we use the following result of Pocchiola, Lazarus, Vegter, and Ver-
roust [133]:

Lemma 7.7 (Pocchiola, Lazarus, Vegter, and Verroust, 2001). Let S be a surface of genus
g without boundary. LetH be a graph of sizem cellularly embedded onS. One can compute
in O(gm) time the overlay ofH and a canonical system of loopsK , such that each loop of
K crosses each edge ofH at most four times

Proof of Lemma 7.6. First, we construct from H a particular graph Q embedded onS, that
we obtain by inserting a new vertex in every face, by adding an edge between this vertex
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and every corner of the face, and by removing fromH all its initial edges. Observe thatQ is
a quadrangulation of sizeO(m) sinceH has sizeO(m). We will use Q advantageously, and
this is crucial to obtain the claimedO(gm) time complexity. Let K be the canonical system
of loops for the surface of genusg without boundary. With Lemma 7.7 we compute inO(gm)
time an embedding ofK in general position with respect toQ, such that each loop ofK
crosses each edge ofQ at most four times. Then we consider the 8-reducing triangulation
T for the surface of genusg without boundary depicted in Figure 6.1. This triangulationT
extendsK , so the embedding ofK extends to an embedding ofT in general position with
respect toQ, in which each edge ofT crossesQ at most O(gm) times, see Figure 7.2. While
we already computed the overlay ofK and Q, we do not compute the overlay ofT and Q
yet, as this overlay may have size
( g2m).

Let us �rst explain how to compute the drawing' : H ! T, in O(gm) time. Our strategy
is to push the 1-skeleton ofH by homotopy into the 1-skeleton ofT, and then to let ' be
the resulting drawing ofH on T. As a preliminary, we push every edgee of H to a walk of
length 2 in Q. We shall now explain how to pushQ into the 1-skeleton ofT by homotopy, in
a way that will send every edge ofQ to a walk of length O(g) in T. See Figure 7.3. Consider
the overlay betweenK and Q. For each loop ofK crossedk times by Q, we contract k � 1
such subedges, and then we contract some subedges ofQ in order to bring every vertex ofQ
to the basepoint ofK (Figure 7.3). Let Q0 be the resulting contracted version ofQ; now, we
have the overlay ofQ0 and of K , two one-vertex graphs sharing the same vertex. The e�ect
is that each edge ofQ0 is transformed into an ordered set ofO(g) pairwise non-crossing arcs
in the polygonal schema, each connecting two corners. We push each of those arcs into a
path of length O(1) in T.

Finally, let us explain how to construct the drawing : T ! H , in O(g2m) time. Our
strategy is to push the 1-skeleton ofT arbitrarily close to H , and then to let  be the resulting
weak embedding ofT in H . To do so, we forget about the modi�cations of the previous
paragraph, and we compute the overlayA of T and Q (Figure 7.2, Right) in O(g2m) time.
Then, we modify A in two steps. See Figure 7.4. First, recall that by construction, every
edgee of Q is between a vertexv of H and a dual vertexw that was inserted in a face ofH
when building Q. In the overlay A, we bring thek intersection points betweene and T close
to v, by contracting the k � 1 subedges ofe that are not incident to w. Second, we contract
some subedges ofT in A to put every vertex of T close to a vertex ofH . In the end, every
edgee of T is close to a walk of lengthO(gm) in H , so we can retrieve the desired weak
embedding of the 1-skeleton ofT into H .

7.3.2 Torus

The following is analoguous to Lemma 7.6:

Lemma 7.8. Assumeg = 1 and b= 0. One can construct inO(m) time a canonical system
of loops K of S, a drawing ' : H ! K , of depth O(1), homotopic to the inclusion map
H ! S, and a weak embedding : K ! H , of depth O(m), isotopic to the inclusion map
K ! S.

Lemma 7.8 is easy, in fact almost immediate from Lemma 7.7, so the proof is omitted.
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Figure 7.2: From left to right: (a) The canonical polygonal schema associated to the canonical
system of loopsK for the surfaceS of genusg = 4. (b) A blue graph Q on S, in general
position with respect toK , that intersects every edge ofK at most m times. (c) A reducing
triangulation T whose 1-skeleton containsK . (d) An embedding ofT on S such that each
edge ofT crossesQ at most O(gm) times.

Figure 7.3: (Left) In the proof of Lemma 7.6, the graphQ is represented in blue in the face
of K . (From Left to Middle) The intersection points betweenQ and K are slided along the
edges ofK . (From Middle to Right) Some subedges ofQ are contracted to push the vertices
of Q to the vertex of K .

7.3.3 Surfaces with boundary

In this section we prove the following, analoguous to Lemma 7.6 and Lemma 7.8:

Lemma 7.9. Assumeb � 1. One can construct inO((g + b)m) time a loop systemY of S,
a drawing ' : H ! Y, of depth O(g + b), homotopic to the inclusion mapH ! S, and a
weak embedding : Y ! H , of depthO(m), isotopic to the inclusion mapY ! S.

(Lemma 7.9 is trivial wheng = 0 and b = 1, equivalently when the surfaceS is a closed
disk. In this case the loop systemY is a single vertex without any loop.)

Proof. Let us �rst explain how to construct the loop systemY from H . We close each
boundary component ofS with a disk, and we remove one point from the interior of each
disk, obtaining a non-compact surfacêS. We operate in Ŝ instead of S. The graph H is
embedded inŜ. The faces of that graph that correspond to boundary components ofS
are punctured. We keep the invariant that, at every step, every face contains at most one
puncture. See Figure 7.5. First, we contract an arbitrary spanning treeZ in H , so that
the resulting H 0 has only one vertex. Second, as long as an edge ofH 0 is incident to a face
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Figure 7.4: (Left) In the proof of Lemma 7.6, a portion ofT is here represented in red in
some face ofQ. The two blue disk vertices belong toH . The two blue circle vertices were
inserted in faces ofH to build Q, they are dual vertices. The dashed edge was deleted from
H to build Q. The plain edges belong toQ. (From Left to Middle) In the overlay A between
T and Q, every edge ofQ is detached from its incident dual vertex, then contracted. (From
Middle to Right) Some subedge incident to the red disk vertex ofT is contracted.

Figure 7.5: In the proof of Lemma 7.9 the loop systemY is constructed from the embedded
graph H by contracting the spanning treeZ and then deleting some edges.

punctured and to a face not punctured, we remove it, thus merging the two faces into a single
punctured face. In the end every face is punctured, so the resulting graphY is indeed a loop
system ofS. It is easy to achieve this in linear time, e.g., by using a spanning forest of the
faces ofH 0 in which the �seeds� are the punctured faces.

Let us now explain how to compute the drawing : Y ! H . See Figure 7.6. Consider
an arbitrary root vertex r for Z . We constructedY from H by contracting Z , and then by
deleting some edges, so each loop ofY corresponds to an edgeuv 2 H n Z, and is naturally
mapped to the (undirected) walkW in H that is the concatenation of the path inZ between
r and u, of the edgeuv, and of the path in Z betweenv and r . We mape to W in  , and we
map the basepoint ofY to r . Then  is as desired, and it can be constructed inO((g+ b)m)
time sinceY hasO(g + b) loops by Euler's formula, each mapped to a walk of lengthO(m).

Finally, let us explain how to compute the drawing' : H ! Y. Our strategy is to push
the 1-skeleton ofH into the 1-skeleton ofY by homotopy, and then to let ' be the resulting
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Figure 7.6: Following Figure 7.5. In the proof of Lemma 7.9, construction of the weak
embedding : Y ! H .

drawing of H on Y. First, as above, we contract the edges of the spanning treeZ , so that the
contracted edges are now mapped to the basepoint ofY. Then we consider the other edges
of H . Any such edge that is not inY belongs to a unique face ofY, and can be rerouted
homotopically in ' to a walk on the boundary of the face. By Euler's formula,Y contains
O(g + b) loops, so the boundary of the face is made ofO(g + b) edges. Thus,' maps each
edge ofH to a walk of length O(g + b) in Y.

7.4 Untangling graphs on surfaces

In this section, we �nally wrap things up and prove the two main theorems of this chapter,
Theorems 3.3 and 3.2. We start with Theorem 3.3, which we restate for convenience:

Theorem 3.3. Let S be a surface of genus smaller thans, with less thans boundary com-
ponents. Let H be a graph of sizem cellularly embedded onS. Let G be a graph, and let
f : G ! H be a drawing of sizen. One can determine inO(m + s2n log(sn)) time whetherf
can be untangled inS. If so, one can construct in additionalO(s2mn2) time a weak embedding
f 0 : G ! H , homotopic to f in S, of depthO(s2mn).

As a preliminary in proving Theorem 3.3, note that we can compute inO(m) time the
genusg of S (by using Euler's formula onH ), and the number b of boundary components
of S. Then the topological type ofS is fully speci�ed by g and b. If S is the sphere, then
any drawing that maps G to a single vertex ofH is a weak embedding wheneverf can be
untangled, so this case is solved by the algorithm of Akitaya, Fulek, and Tóth [10], restated
in Theorem 5.1. There are three other cases, depending on whetherS has boundary or not,
and with a special case for the torus. The general strategy is the same for all cases: Roughly,
we push the initial drawingf into the appropriate model (8-reducing triangulation, canonical
system of loops, loop system), we untangle the drawing in this model (or correctly determine
that the drawing cannot be untangled, in which case we abort), and we push the result back
into the initial graph H for returning it. There is a subtlety though: If we are only interested
in determining wether f can be untangled inS, and thus applying only the �rst part of the
algorithm, then we can gain e�ciency by contracting H (and transforming f accordingly)
into a graph of sizeO(s) as a preliminary step, before applying the algorithm. We now
provide the details for each case.
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Proof of Theorem 3.3 whenb= 0 and g � 2. Consider the following algorithm, in two steps.
As a �rst step, apply Lemma 7.6 to construct inO(sm) time an 8-reducing triangulationT
of S, and a drawing' : H ! T, of depth O(s), homotopic to the inclusion mapH ! S. The
composed map' � f is homotopic tof , and has sizeO(sn). Apply Theorem 6.2 to determine
in O(s2n log(sn)) time whether ' � f , equivalently f , can be untangled inS. This �rst step
takes O(sm + s2n log(sn)) time in total.

As a second step, iff can be untangled, Theorem 6.2 provides in additionalO(s2n2) time
a weak embeddingf 0 : G ! T, homotopic to f , of depth O(sn). And Lemma 7.6 provides
in additional O(s2m) time a weak embedding : T ! H , of depth O(sm), isotopic to the
inclusion mapT ! S. The composed drawing � f 0 is then a weak embedding, homotopic
to f , of depth O(s2mn), that can be retrieved inO(s2mn2) time.

If we are just interested in determining whetherf can be untangled inS, then we can
just apply the �rst step. Moreover, we claim that in that case we can �rst contract H in
O(m) time into a graph of sizeO(s) (and transform f accordingly), as a preliminary step,
so even before applying the �rst step. This way, determining whetherf can be untangled
takes O(m + s2n log(sn)) time instead ofO(sm + s2n log(sn)) time. Let us prove the claim.
We can, in O(m) time, contract an arbitrary spanning tree ofH and transform the input
drawing f homotopically into a drawing of G in that new graph. Then we can iteratively
remove edges forming monogons inH , and merge together edges forming bigons, all inO(m)
time. Euler's formula then implies that H has O(s) loops. This proves the claim, and the
theorem in the caseb= 0 and g � 2.

Proof of Theorem 3.3 whenb= 0 and g = 1. The overall strategy is similar. For the �rst
step, apply Lemma 7.8 to construct inO(m) time a canonical system of loopsK of S, and a
drawing ' : H ! K , of depth O(1), homotopic to the inclusion mapH ! S. The composed
map ' � f is homotopic tof , and has sizeO(n). Apply Theorem 7.3 to determine inO(n logn)
time whether ' � f , equivalently f , can be untangled inS.

For the second step, iff can be untangled, Theorem 7.3 provides in additionalO(n2) time
a weak embeddingf 0 : G ! K , homotopic to f , of depth O(n). And Lemma 7.8 provides
in additional O(m) time a weak embedding : K ! H , of depth O(m), isotopic to the
inclusion mapK ! S. The composed drawing � f 0 is then a weak embedding, homotopic
to f , of depth O(mn), that can be retrieved inO(mn2) time.

Again, if we are just interested in determining whetherf can be untangled, we can, as a
preprocessing step, contract the graphH into a small graph, here of sizeO(1). This proves
the theorem in the caseb= 0 and g = 1.

Proof of Theorem 3.3 whenb � 1. Again, the overall strategy is similar. As a �rst step,
apply Lemma 7.9 to construct inO(sm) time a loop systemY of S, and a drawing' : H ! Y,
of depthO(s), homotopic to the inclusion mapH ! S. The composed map' � f is homotopic
to f , and has sizeO(sn). Also Y has sizeO(s). Apply Theorem 7.5 to determine in
O(s2n log(sn)) time whether ' � f , equivalently f , can be untangled inS.

For the second step, iff can be untangled inS, Theorem 7.5 provides in additionalO(s2n2)
time a weak embeddingf 0 : G ! Y, homotopic to f , of depth O(sn). And Lemma 7.9
provides in additional O(sm) time a weak embedding : Y ! H , of depth O(m), isotopic
to the inclusion map Y ! S. The composed drawing � f 0 is then a weak embedding,
homotopic to f , of depth O(smn), and it can be retrieved inO(smn2) time. This second
step takesO(s2n2 + smn2) time in total.
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And again, if we are just interested in determining whetherf can be untangled, we can,
as a preprocessing step, contract the graphH into a graph of sizeO(s). This proves the
theorem.

Now we prove Theorem 3.2, which we restate for convenience:

Theorem 3.2. Let S be a surface of genus smaller thans, with less thans boundary compo-
nents. Let H be a graph of sizem cellularly embedded onS. Let C be a collection of closed
walks of total lengthn in H . One can computeiS(C) in O(m+ s2+ sn log(sn)) time. One can
construct in additional O(s2mn) time a collection of closed walksC0 in H , freely homotopic
to C in S, in minimal position.

Proof of Theorem 3.2. As in the proof of Theorem 3.3 the case whereS is the sphere (or
the disk) is trivial, and there are three other cases depending on the topological type of the
surfaceS, speci�ed by its genusg and its numberb of boundary components. Again, in each
case we push the input (here a set of closed walks instead of a drawing of a graph) into the
appropriate model, solve the problem in this model, and push the result back into the initial
graph H . We only detail the caseb = 0 and g � 2, since the other cases are similar and
easier, and since we already provided details on conversions between models in the proof of
Theorem 3.3.

So assumeb = 0 and g � 2. Similarly to the algorithm untangling graphs (proof of
Theorem 3.3), the algorithm putting the curves inC in minimal position has two steps: the
�rst step only computes iS(C), while the second step actually produces curves in minimal
position. For the �rst step, apply Lemma 7.6 to construct in O(sm) time the 8-reducing
triangulation T of S and the drawing ' : H ! T. The closed walks inC, once composed
by ' , become a collectionC0 of closed walks inY, homotopic to C, of total length O(sn).
Apply Theorem 6.1 to compute inO(sn) time a collection C0 of closed walks inT, freely
homotopic to C in S, in minimal position. At this point iS(C) = iS(C0) can be computed in
O(sn log(sn)) time by computing a minimal perturbation of C0 with Theorem 5.2, and then
counting its self crossings with Lemma 5.11. This �rst step takesO(sm + sn log(sn)) time.

For the second step, Lemma 7.6 provides in additionalO(s2m) time a weak embedding
 : T ! H . The closed walks inC0, once composed by , become a collection of closed walks
C00in H , of total length O(s2mn), freely homotopic toC, in minimal position. Retrieve C00

in O(s2mn) time, and return it. This second step takesO(s2mn) time.
Again, if we are just interested in computingiS(C), we can just apply the �rst step after

preliminarily contracting the graph H into a graph of sizeO(s). This preliminary contraction
step allows us to computeiS(C) in O(m+ s2 + sn log(sn)) time instead ofO(sm+ sn log(sn))
time.

Finally, as already explained, the two other cases (torus and surfaces with boundary) are
treated similarly. Lemma 7.6 and Theorem 6.1 are replaced by Lemma 7.9 and Theorem 7.4,
and by Lemma 7.8 and Theorem 7.2, respectively.

7.5 Application to the punctured plane

In this section we prove our application result, Theorem 7.1, which we restate for convenience:

Theorem 7.1. Let P be a set ofp points of R2. Let G be a graph, and let' : G ! R2 n P
be a piecewise linear drawing of sizen. One can determine whether' can be untangled in
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Figure 7.7: In the proof of Theorem 7.1, the topological embedding' 0 (in red) is transformed
into a piecewise-linear embedding. (Top) In a triangle� of T (in black), the crossings of' 0

with the sides of� are packed at the middle points of those edges, then a cycle with three
vertices (in blue) is attached to the imageX of ' 0 in � . (Middle) X [ C is replaced by a
piecewise-linear embedding ambient isotopic to it, thenC is deleted. (Bottom) The resulting
piecewise linear drawing 0 of G is made an embedding again by unpacking its crossings the
edges ofT.

R2 n P in O(p5=2n log(pn)) time. If so, one can construct in additionalO(p5n2 log(pn)) time
a piecewise-linear embedding homotopic to' in R2 n P.

Proof of Theorem 7.1. First we reduce to the combinatorial map model in a way very similar
to Cabello, Liu, Mantler, and Snoeyink [32, Lemma 12], in the same spirit as Colin de Verdière
and de Mesmay [47, Section 5.2]. More precisely we do the following. We �x a closed box
around each point ofP that does not intersect the image of' nor the other boxes, and we
denote byBP the resulting collection of boxes. We also �x a bounding boxB that contains
the image of ' and all the boxes inBP in its interior. Then we construct in time almost
linear in p a cellular decompositionT of B n BP , of sizeO(p), whose edges are rectilinear.
Without loss of generality T and ' are in general position. Finally, we consider the dual
graph H of T, and the drawing f : G ! H that (1) maps each vertexv of G to the vertex
of H dual to the face ofT containing ' (v), and (2) maps each edgee of G to the walk in H
encoding the crossings between the path' (e) and the edges ofT. The drawing f has size
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O(�n ), where� is the maximum number of times a segment of the drawing intersects edges
of T. Also, f is computed inO(�n ) time, and is homotopic to' in B n P.

First assume that we are just interested in determining if there exists an embedding
homotopic to f . In this case we can ensure� = O(

p
p) by constructing T in such a way

that each line in the plane crosses at mostO(
p

p) edges ofT [32, Lemma 11]. We apply
Theorem 3.3 tof and H to determine in O(p5=2n log(pn)) time if there exists an embedding
homotopic to f , equivalently to ' , in B n P.

Now assume that there exists an embedding homotopic tof , and that we want to compute
a piecewise linear embedding homotopic tof . In this case we prefer to constructT so that it
is a triangulation (for example, but not necessarily, a Delaunay triangulation), without caring
about � . We have� = O(p). Let us now explain how to compute the desired embedding in
additional O(p5n2) time. Theorem 3.3 provides inO(p5n2) time a weak embeddingf 0 : G !
H , of sizeO(p5n2). The algorithm of Akitaya, Fulek, and Tóth (Theorem 5.1) provides in
O(p5n2 log(pn)) time an embedding' 0 approximating f 0 in the patch system ofH . Here the
patch system ofH corresponds to the triangulationT, and the overlay betweenT and the
embedding' 0 is given topologically by a an embedded graph of sizeO(p5n2) in which T and
G are embedded.

We transform the topological embedding' 0 into a piecewise-linear embedding in three
steps. See Figure 7.7. As a �rst step we do the following for each edgee of T. We consider
the crossings betweene and ' 0(G), and we modify ' 0 by sliding those crossings alonge to
pack all of them at the middle point ofe. We do so for every edgee of T, and we consider the
resulting drawing  of G. The crossings between (G) and the edges ofT are now packed
at the middle points of those edges, but is still an embedding everywhere else.

As a second step, we do the following in each triangle� of T. We consider the partX
of  (G) that lies inside � . We attach an outer-cycleC to X , whose vertices are the middle
points of the edges of� ; this is the blue cycle in Figure 7.7. IfX does not intersect every
edge of� some of the vertices ofC may not be attached toX : this is �ne, and is for example
the case of the bottom vertex of the blue cycle in Figure 7.7. We now construct an embedding
isotopic to X [ C (in particular, C remains the outer-cycle of the embedding). Ideally, we
would like such an embedding in which every edge is a linear segment, a Fáry embedding.
But this is not always possible sinceX [ C may have loops and parallel edges. This is easily
solved: we insert two vertices in each edge ofX , consider the resulting graphX 0, observe that
X 0 [ C has no loops nor parallel edges, and compute a Fary embedding isotopic toX 0 [ C
instead, using classical algorithms [171, 60, 59], in linear time. Equivalently, a piecewise-
linear embedding isotopic toX [ C in which every edge ofC is a linear segment and every
edge ofX is a path of three linear segments. Up to applying an a�ne transformation to
the embedding, we may assume without loss of generality that the three vertices ofC are
embedded at the corresponding middle points of the edges of� . In  , we replaceX by its
piecewise-linear embedding, and we forgetC. We do so for every triangle� of T, and we
consider the resulting piecewise-linear drawing 0 of G.

As a third and �nal step, we make 0 an embedding by unpacking the crossings of 0 with
each edge ofT, while keeping 0 piecewise linear, as in Figure 7.7 (Bottom).
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Chapter 8

A Discrete Analog of Tutte Embeddings

In this chapter we focus on reducing triangulations, on which we translate the framework of
Tutte embeddings. We consider drawings of graphsG in reducing triangulations T. Recall
(Chapter 3) that such drawings map the vertices ofG to vertices of T, and the edges ofG
to walks in T. Our �rst contribution is the de�nition of harmonious drawings, which are
a natural discrete analog of Tutte drawings. We omit this de�nition for now. Our second
contribution is a purely discrete analog of the theorems of Tutte (Theorem 4.1) and Y. Colin
de Verdière (Theorem 4.4):

Theorem 3.4. Let S be a surface of genusg � 2 without boundary. LetT be a reducing
triangulation of S. Let G be a graph, and letf : G ! T be a harmonious drawing. There is
an embedding homotopic tof in S if and only if f is a weak embedding.

Note that Theorem 3.4 handles reducing triangulations, not just 8-reducing triangula-
tions, and reducing triangulations can be subdivided to obtain �ner reducing triangulations
(Section 6.1).

Our third contribution is a polynomial-time algorithm to make a drawing harmonious.
Our algorithm proceeds by �local� moves, which never increase the length of any edge of the
drawing. In this way, it allows to build many harmonious drawings. In detail:

Theorem 3.5. Let S be a surface of genusg � 2 without boundary. LetT be a reducing
triangulation of S, with m edges. LetG be a graph, and letf : G ! T be a drawing of size
n. We can compute inO((m + n)2n2) time a drawingf 0 : G ! T, harmonious, homotopic to
f in S, such that for every edgee of G, the image ofe under f 0 is not longer than underf .

We emphasize surfaces without boundary as they constitute the hardest cases, but we
obtain similar results on all the surfaces with boundary, by extending the notion of reducing
triangulations to those surfaces, attaching or not vertices of the drawing to the boundary;
this includes the case of the disk, similar to Tutte's original result. In contrast, the case of the
sphere is not relevant in this context. Moreover, our results are not valid on the torus; this
case is also very particular, since it admits a �at metric, and a reducing triangulation, but it
turns out that we need non-positive curvatureand at least one point of negative curvature;
see Lemma 6.5 below.

Discussion. The original theorem of Tutte assumes that the graph is 3-connected, and the
generalization by Y. Colin de Verdière assumes that it is the 1-skeleton of a triangulation.
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Figure 8.1: (Left) The surfaceS of genus two without boundary, equipped with a reducing
triangulation T, and a left line L in T. (Top Right) The universal covering spaceeS of S, i.e.
the plane, and a left lineeL that lifts L in eS. (Bottom Right) A right line eL0 in eS.

Those assumptions are necessary to the deduce that the drawing is an embedding. In our
setting however, we are happy with a weak embedding, and this allows us to get rid of any
assumption on the graph in Theorem 3.4.

In a sense Theorem 3.4 generalizes Proposition 6.8 from drawings of loop graphs to draw-
ings of general graphs. Although formally Proposition 6.8 is not a particular case of Theo-
rem 3.4 since a drawing of a loop graph can be straightened without being harmonious, and
vice-versa.

Organization of the sections. We introduce harmonious drawings in Section 8.1. We
prove Theorem 3.4 in Section 8.2. We prove Theorem 3.5 in Section 8.3. We discuss the
extensions to surfaces with boundary in Section 8.4.

Preliminaries on drawings. In this chapter we need some additional de�nitions about
drawings. A drawing f : G ! H is simplicial if the depth (Chapter 3) of f is smaller than
or equal to one, equivalently iff sends each edge ofG to a vertex or an edge ofH . Even more
particular, a (graph) homomorphism is a drawing that sends every edge ofG to an edge of
H . Importantly, drawings can be turned into simplicial drawings, which can be turned into
graph homomorphisms. Indeed every drawingf : G ! H factors uniquely as asimplicial
�f : �G ! H , where �G is a subdivision ofG, where every edgee of G whose image walkf � e
has lengthn � 2 is subdivided into a path of lengthn in �G, and wheree is not subdivided
otherwise. Also a simplicial mapf factors uniquely as ahomomorphismf̂ : Ĝ ! H for
some graphĜ: the graph Ĝ is obtained from �G by contracting the edges mapped to single
vertices; thenf corresponds naturally to a homomorphism from̂G to H .

8.1 Harmonious drawings

In this section, we provide the key de�nition ofharmonious drawingsof graphs in a reducing
triangulation, used in the statements of our theorems. We actually start with the notion
of strongly harmonious drawings, which are the discrete analog of barycentric drawings, in
which each inner vertex is drawn inconvex position: every straight line I containing v sees
edges incident tov on both sides, here understood in thestrong sensethat some edges
incident to v enter the two open half-planes separated byI . Harmonious drawings are a
slightly relaxed notion that is suitable for our results.
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Figure 8.2: (Left) The vertex v and the walk W in the de�nition of strong harmony. (Top
right) The lifts eL and ep, when L makes only3r -turns. (Bottom right) The path ep slightly
unpacked to illustrate that ep can go back and forth, and stagnate.

Figure 8.3: A spur.

8.1.1 Preliminary de�nitions

Let S be a surface without boundary not homeomorphic to the sphere, and letT be a reducing
triangulation of S. Let eT be the (in�nite) reducing triangulation that lifts T in the universal
cover eS of S. In eT, we consider a left (resp. right)line to be a bi-in�nite walk eL that makes
only 3r -turns (resp. � 3r -turns). See Figures 8.1and 8.2. Note thateL is reduced, and is thus
simple by Proposition 6.1. HereL is directed, so that informally L has aright side and a
left side. AlsoL has acentral vertex v, separatingL into two semi-in�nite paths, both
containing v. The part of L after v is the non-negative part of L, it contains v. A path ep
starting from the central vertex v of eL escapes eL if ep enters the right (resp. left) side ofeL
at some point, and if the pre�x of ep before this point is contained in the non-negative part
of eL.

On S, the lines are again the bi-in�nite walks (not simple this time, sinceT is �nite)
that make only 3r -turns or only � 3r -turns; note that the lines on S lift to the lines on eS.
On S, a path p escapes a line L if there are a lift eL of L, and a lift ep of p starting from the
central vertex of eL, such that ep escapeseL.

Now we generalize the notion of spurs from walks and closed walks to drawings of graphs.
So let G and M be graphs, and letf : G ! M be simplicial. A cluster of f is a connected
subgraphG0 of G whose edges are all mapped byf to a single vertex ofM , maximal under
this condition. A cluster G0 of f is a spur if G0 is not a connected component ofG, and if
the directed edges fromG0 to G n G0 are all mapped byf to the same directed edge ofM ;
see Figure 8.3. Note that the direction of the edges matters whenM has loops.
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Figure 8.4: A graphG, a cycle graphO, and a surfaceS equipped with a reducing triangu-
lation T (not represented). A simplicial mapf 0 : G ! O without spur, and a reduced closed
walk C : O ! T. The composed drawingC � f 0 is harmonious.

8.1.2 Strongly harmonious drawings

A simplicial map f : G ! T is strongly harmonious if for every vertex v of G, and for
every line (left or right) L whose central vertex isf (v) in T, there is a walkW based atv in
G whose image pathf � W escapesL. See Figure 8.2.

Intuitively, f is strongly harmonious if for every vertexv of G, and for every bi-in�nite
walk L in T starting at f (v) making only 3r -turns (resp. � 3r -turns), there is a walkW in G
whose image byf may go �forward� on L, sometimes �backward� onL, but not to the point
it goes before its central point, and then leavesL to its right (resp. left). But L is non-simple,
and periodic sinceT is �nite; W is allowed to wrap, say, 2.3 times forward alongL, then 1.8
times backward, and then to leaveL to its right (resp. left). Formalizing this phenomenon
seems to be more easily captured using the universal covering space, as above.

8.1.3 Harmonious drawings

Harmony is a slightly relaxed version of strong harmony. On a connected graphG, a simplicial
map f : G ! T is harmonious if f is strongly harmonious, or iff = C � f 0 for some cycle
graph O, some reduced closed walkC : O ! T, and some simplicial mapf 0 : G ! O,
without spur. See Figure 8.4. We emphasize thatC does not need to be strongly reduced,
so that it is possible forC to make only 3r -turns. In general, a simplicial mapf : G ! T is
harmonious if f is harmonious on every connected component ofG.

Finally, recall that every drawing f : G ! T factors into a unique simplicial map �f :
�G ! T. We say that f is harmonious (resp. strongly harmonious) if�f is.

8.1.4 Remarks

We conclude this section with two remarks. First we remark that one reason (among others)
explaining why our results do not extend to the torus is given by Lemma 6.5, that there are
a reducing triangulation T of the torus, and a closed walkC in T, such that every closed
walk freely homotopic to C is not reduced. Second we illustrate why strong harmony is
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not su�cient for our purposes. The reason is that some drawings of graphs in reducing
triangulations cannot be made strongly harmonious by homotopy:

Lemma 8.1. Let S be a surface without boundary, not the sphere nor the torus. There are
a reducing triangulationT of S, and a closed walkC in T, such that every closed walk freely
homotopic toC is not strongly harmonious.

Proof. There is an 8-reducing triangulationT of S. There is a closed walkC2 in T that
makes only3r -turns; indeed every walk that makes only3r -turns will repeat itself sinceT is
�nite. Let C1 be the closed walk obtained by pushingC2 to the left in the way depicted in
Figure 6.10: C1 makes only� 3r -turns. Then C1 and C2 are not strongly harmonious. Let
C0 be a closed walk inT, freely homotopic toC1 or C2. If C0 is strongly harmonious, then
C0 is equal toC1 or to C2 (up to cyclic permutation and reversal). IndeedC0 is reduced. If
C0 does not make only3r -turns, then C0 is strongly reduced, soC0 = C1 by Proposition 6.2.
If C0 makes only3r -turns, then reversing the colors ofT makesC0 strongly reduced under
the new coloring, and givesC0 = C2.

8.2 A Tutte theorem on reducing triangulations

In this section we prove our discrete analog analog of Tutte's theorem, Theorem 3.4, which
we restate for convenience:

Theorem 3.4. Let S be a surface of genusg � 2 without boundary. LetT be a reducing
triangulation of S. Let G be a graph, and letf : G ! T be a harmonious drawing. There is
an embedding homotopic tof in S if and only if f is a weak embedding.

In spirit, the proof of Theorem 3.4 follows some of the steps of previous proofs of Tutte's
theorem [52, 79]: (1) we reduce to the case wheref is homotopic to the embedding of the
1-skeleton of a triangulation ofS. We then have a continuous map' from a triangulated
copy of S to S itself. (2) We prove that ' is orientation-preserving (or degenerate) on each
triangle. (3) We deduce thatf can be turned into an embeddingf 0 by homotopy not only in
S, but even in the neighborhood� of the 1-skeleton of the reducing triangulation. (4) In� ,
we transformf 0 by isotopy into an embedding arbitrarily close tof , thereby proving that f
is a weak embedding.

We emphasize that, since our goal is to prove thatf is a weak embedding, we do not
have to worry about degenerate cases, which is one of the di�culties in the continuous case.
Rather, weallow such degeneracies, which leads to challenges with a di�erent �avor.

In order to ease the reading, we present steps (1)-(4) in a di�erent order. We start with
(4) in Section 8.2.1, then (3) in Section 8.2.2, (1) in Section 8.2.3, and (2) in Section 8.2.4.
We �nally wrap things up and prove Theorem 3.4 in Section 8.2.5.

8.2.1 A Tutte theorem on patch systems

In this section all graphs and drawings are �nite, without further mention. We prove the
following:

Proposition 8.1. Let M be a graph embedded on a surface. LetG be a graph, and let
f : G ! M be simplicial and without spur. If there is an embedding homotopic tof in the
patch system ofM , then f is a weak embedding.
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Proposition 8.1 can be seen as an analog of Tutte's theorem for drawings in patch systems,
in the sense that it asserts that if a drawingf can be untangled and is �straightened� (here,
has no spur), thenf is already untangled (here, is a weak embedding).

The rest of this section is devoted to the proof of Proposition 8.1. The strategy to
prove Proposition 8.1 is to �nd a sequence of moves (swaps) between the drawingf and a
weak embedding, and to prove that applying a move to a weak embedding results in a weak
embedding.

In a graph M , we say that a (closed) walkW is canonical if W has no spur, that is if
W does not use an edge ofM and its reversal consecutively. We shall use the three following
classical facts, see, e.g., Stillwell [177, Chapter 2]. (1) If two canonical walks are homotopic
in M relatively to their end-vertices, then they are equal. (2) If two canonical closed walks
are freely homotopic, then they di�er by a cylic permutation. (3) If two loopsa and b based
at the same point ofM commute, i.e., if there is a loopc such that a is homotopic toc� b� c� 1

(where the homotopy �xes the basepoint), thena and bare homotopic to powers of a common
loop.

Lemma 8.2. Let G and M be graphs, and letf : G ! M be simplicial. If G is connected,
if f is contractible, and if f has no spur, thenf (G) is a single vertex ofM .

Proof. We may assume without loss of generality thatf is a homomorphism by contracting
the edges that belong to clusters off . Assume by contradiction that f (G) is a not a single
vertex of M . SinceG is connected, some edge ofG is mapped byf to an edge ofM . Since
f has no spur, there is a semi-in�nite walkW in G such that f � W is canonical. SinceG is
�nite, there is a subwalk W 0 of W, not a single vertex, that starts and ends at the same vertex
of G. And the loop f � W 0 is non-contractible in M by (1), contradicting the assumption
that f is contractible.

Until the end of this section, we need to consider general drawings (instead of simplicial
ones). Recall from Chapter 3 that every drawingf : G ! M factors uniquely as a simplicial
map �f : �G ! M , where �G is a subdivision ofG. The clusters and spurs off are those of
�f . The vertices of �G inserted in the edges ofG are clusters of �f . All other clusters of �f are
subgraphs ofG.

Lemma 8.3. Let M be a graph embedded on a surface. LetG be a graph, and letf : G ! M
be a drawing. If there is an embedding homotopic tof in the patch system ofM , then there
is a weak embeddingf 0 : G ! M , homotopic to f , that has no spur.

Proof. Let � be the patch system ofM . We regard f as a map fromG to � . There is by
assumption an embeddingg : G ! � homotopic to f . We can assume thatg crosses the arcs
of � as few times as possible subject to the constraint that it is an embedding homotopic
to f . Let f 0 : G ! M be the drawing of whichg is an approximation. Then f 0 is a weak
embedding homotopic tof .

There remains to prove thatf 0 has no spur. By contradiction, assume that it does. See
Figure 8.5. Let G0 be the cluster of the spur, and leta be the arc of� dual to the directed
edge of the spur. LetE � � contain, for every edgee directed from G0 to G n G0, the
pre�x of the image path g(e) that leavesg(G0) to reach its �rst crossing with a. Let a1 be
the subpath of a that starts just before its �rst crossing with E and ends just after its last
crossing with E. Becauseg is an embedding, there exists a simple patha2 in � with the
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Figure 8.5: In the proof of Lemma 8.3, iff 0 had a spur, then the number of crossings ofg
with the arcs of � could be decreased.

Figure 8.6: Swap of the subgraphG0 along the directed edges.

same endpoints asa1, otherwise disjoint from the arcs of� and from g(G), such that the disk
bounded bya1 and a2 containsg(G0). We consider a self-homeomorphismh of � that a�ects
only a neighborhood of the disk bounded bya1 and a2, and pushesa2 to a1. Then h � g is an
embedding ofG homotopic to g, with less crossings with the arcs of� , a contradiction.

A drawing f : G ! M is essential if there is no connected component ofG on which f
is contractible. Let f : G ! M be an essential drawing. LetG0 be an induced subgraph of
G, connected and mapped to a single vertex ofT by f . Let s be a directed edge ofT based
at the vertex f (G0). Consider the following operation that transformsf homotopically into
another essential drawingf 0 : G ! M (Figure 8.6). First slide f (G0) along s. Then, among
the image walks of the edges directed fromG0 to G n G0, those that initially admitted s as
a pre�x now start with the concatenation of s� 1 and s: shorten those walks by removing
this pre�x. In the particular case where f and f 0 both have no spur (in addition of being
essential), we call this operation aswap. A key but trivial observation is that, if f 0 results
from a swap off , then f results from a swap off 0.

Note that if f has no spur, ifG0 is a cluster off , and if s is the image byf of some edge
directed from G0 to G n G0, then f 0 has no spur, so the operation is indeed a swap in this
case. Every swap constructed in this section will either be such a swap, or the �inverse� of
such a swap.
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Lemma 8.4. Let G and M be graphs, and letf; f 0 : G ! M be drawings. If f and f 0

are essential and without spur, and if they are homotopic, then there is a sequence of swaps
betweenf and f 0.

Proof. We shall perform swaps onf and f 0 so that in the end f = f 0. Assume without
loss of generality thatG is connected, and �x a spanning treeY of G. We claim that there
is a sequence of swaps that modifyf so that in the end f (Y) is a single vertex ofM . To
prove the claim, we say that an edgee of Y is contracted if f (e) is a single vertex ofM . We
choose an arbitrary root forY, and given any edgee of Y, we refer to the edges ofY distinct
from e and separated from the root bye as the descendants ofe. We prove the claim by
considering an edgee of Y, by assuming thate is not contracted and that every descendant
of e is contracted, and by exhibiting a swap that shortensf � e while keeping the descendants
of e contracted. Direct e so that the tail vertex of e is the closest to the root ofY. Let G0

be the cluster containing the head vertex ofe. Since the descendants ofe are all contracted,
they all belong to G0. Sincee is not contracted, we may consider the last directed edges
of the walk f � e. The swap off (G0) along the reversal ofs shortensf � e, and keeps the
descendants ofe contracted. This proves the claim.

We use the claim immediately on bothf and f 0, then contract the spanning treeY in both
drawings. Every edgee of G not in Y becomes a loop. The image loopf � e is contractible
if and only if f 0� e is contractible, and in that casef (e) = f (Y) and f 0(e) = f 0(Y) are single
vertices ofM by (1). Also given any two edgese1 and e2 of G not in Y, we havef � e1 ' f � e2

if and only if f 0 � e1 ' f 0 � e2, where ' denotes the homotopy of loops relatively to their
basepoint. In that casef � e1 = f � e2 and f 0 � e1 = f 0 � e2 by (1). By contracting the
contractible loops and identifying the homotopic loops in bothf and f 0, we may assume that
every connected component ofG has a single vertex (all its edges are loops), and that each
of f and f 0 maps the edges ofG to pairwise distinct non-trivial walks in M .

The end of the proof is similar to the proof of Lemma 7.4, to which we refer for details.
Let v be the vertex ofG. Sincef and f 0 are essential, the graphG is not a single vertex,
so G has a loope. At this point, f � e and f 0 � e are canonical walks, but not necessarily
canonical closed walks; however, by performing swaps onf and f 0 at v a few times if needed,
we enforce thatf � e and f 0 � e are canonical closed walks. Then by (2), and sincef � e
and f 0 � e are freely homotopic,f � e is a cyclic permutation off 0 � e. By performing swaps
on f again a few times, we enforce thatf � e and f 0 � e are actually equal (not up to cyclic
permutation). At this point, we claim that we can slide f (v) around f � e by performing
swaps onf , so that in the end f and f 0 are homotopic relatively to v. This claim implies
f = f 0 by (1), which proves the lemma. There remains to prove the claim. For this, consider
the path followed byf (v) during somefree homotopy from f to f 0. This path is a loop based
at f (v). Let W be the canonical walk homotopic to it. We prove the claim by showing that
f � e and W are equal to powers of the same walk. Indeed letC be a primitive canonical
closed walk such thatf � e is freely homotopic to a power ofC. Without loss of generality
f � e is equal to a power ofC by (2). Also W commutes with f � e sincef � e = f 0 � e, and
sincef � e is homotopic to the walkW � (f 0 � e) � W � 1. Thus the walk W is homotopic to a
power ofC by (3). And so W is equal to this power ofC by (1).

Lemma 8.5. Let M be a graph embedded on a surface. LetG be a graph, and letf; f 0 : G !
M be drawings. Iff and f 0 are essential, if f 0 results from a swap off , and if f is a weak
embedding, thenf 0 is a weak embedding.
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Proof. Let � be the patch system ofM , and let F : G ! � be an embedding that approx-
imates f in � . Let G0 be the subgraph of the swap, and leta be the arc of� dual to the
directed edge of the swap. LetE � � contain, for every edgee directed from G0 to G n G0,
the pre�x of the image path F (e) that leavesF (G0) to reach either a vertex ofF (G nG0) in
the same face of� , or its �rst crossing with an arc of � . Let E1 � E contain the paths that
reacha. Then E1 6= ; , for otherwiseG0 would either be a spur inf 0, or it would be a cluster
mapped to a single vertex inf 0. Let a1 be the subpath ofa that starts just before its �rst
crossing withE1 and ends just after its last crossing withE1. BecauseF is an embedding,
there exists a simple patha2 with the same endpoints asa1, otherwise disjoint from the arcs
of � , and disjoint from F (G) except for each path inE nE1 that a2 may cross at most once,
such that the disk D bounded bya1 and a2 contains F (G0).

We claim that D does not contain any part ofF (G) other than F (G0) and E. By
contradiction assume that it does. ThenD contains the imageF (v) of a vertex v of G n G0,
sinceG0 is an induced subgraph ofG, and since any edge ofF (G n G0) intersecting D must
have an endpoint inD. If a path based atF (v) in F (G) does not intersecta1 nor F (G0),
then this path stays in the interior of D, and so it does not intersect any arc of� . Therefore,
in f 0, the cluster containingv is either mapped to a single vertex, or is a spur, which is a
contradiction.

Now consider a self-homeomorphismh of � that a�ects only a neighborhood ofD, and
pushesa2 to a1. Then h � F is an embedding ofG, that approximates f 0 by the preceding
claim.

The following lemma is easy and might be folklore, but we could not �nd a reference, so
we provide a proof for completeness:

Lemma 8.6. Let S be a surface. LetG be a graph, and letf : G ! S be a map. If f is
contractible, and if there is an embedding homotopic tof , then G is planar.

Proof. Without loss of generalityG is connected. Fix a vertexr and a spanning treeT of G.
There is an embeddingf 0 : G ! S homotopic to f . In f 0, almost contract the image ofT
by isotopy, without changing the image ofr , in order to push the image ofT inside a small
neighborhoodN of f (r ). Every edgee of G not in T is mapped byf 0 to a simple contractible
loop. Those loops can be pushed insideN by isotopy since each of them bounds a disk with
only (possibly) contractible loops inside it, by a result of Epstein [83, Theorem 1.7].

Finally, we prove Proposition 8.1:

Proof of Proposition 8.1. If G0 is a connected component ofG on which f is contractible,
then f (G0) is a single vertex ofM by Lemma 8.2, andf jG0 can made an embedding in an
arbitrarily small disk in the patch system of � by Lemma 8.6. So we can assume thatf is
essential. By Lemma 8.3, there is a weak embeddingg : G ! M , homotopic to f , without
spur. By Lemma 8.4, there is a sequence of swaps fromg to f . By Lemma 8.5, all the maps
from G to M in this sequence are weak embeddings, thusf is itself a weak embedding, as
desired.
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8.2.2 A property of the coherently oriented maps homotopic to
the identity

In a surfaceS, let Y � S be �nite. A map ' : S ! S is coherently oriented at Y if
' � 1(Y) is �nite and if ' is, locally, an orientation-preserving homeomorphism around every
point of ' � 1(Y), or an orientation-reversing homeomorphism around every point of' � 1(Y).

In this section we prove the following, that will be used in the case whereY contains one
point per face ofT, regardingS n Y as the patch system ofT.

Proposition 8.2. Let S be a surface without boundary. Let' : S ! S be a map, homotopic
to the identity map of S. Let Y � S be �nite. If ' is coherently oriented atY, then
# ' � 1(Y) = # Y and ' jSnY

Sn' � 1 (Y ) is homotopic to a homeomorphismS n ' � 1(Y) ! S n Y.

We prove Proposition 8.2 using the topological notion of the degree of a self-map' : S !
S.

Proof. Let y 2 Y. We claim that ' � 1(y) contains only one point, and that' is orientation-
preserving around this point. To prove this claim, letn+ and n� denote the number of points
of ' � 1(y) around which ' is respectively orientation-preserving and orientation-reversing.
The di�erence n+ � n� does not depend on the choice ofy (as long asy is chosen so that'
is locally a homeomorphism around every point of' � 1(y)) and is known as the degree of' .

The degree of a map is invariant by homotopy, and' is homotopic to the identity of S,
so n+ � n� = 1. We assumedn� = 0 or n+ = 0. Thus n� = 0 and n+ = 1.

Using our claim, for everyy 2 Y, there is a closed diskBy � S containing y in its
interior, such that ' � 1(By) is a closed diskAy, and such that' jB y

A y
is an orientation-preserving

homeomorphism. Without loss of generality, the disksf Bygy2 Y are pairwise disjoint. Let
N be the surface obtained fromS by removing the interiors of the disksf Bygy2 Y , and M
be obtained by removing the interiors of the disksf Aygy2 Y . The map ' 0 := ' jNM is de�ned.
Since' is a degree one map,' 0 : M ! N is a degree one map. By construction,' 0 maps
the boundary ofM to the boundary ofN and the interior of M to the interior of N , and the
restriction and corestriction of ' 0 to the boundaries ofM and N is a homeomorphism. It
follows from a result by Edmonds [80, Theorem 4.1] that' 0 is homotopic to a homeomorphism
M ! N , where the homotopy is relative to@M. (More precisely, this result follows from
[80, Theorem 3.1] by noting that (1) each branch covering of degree� 1 is a homeomorphism,
and that (2) each pinch map fromM to M is homotopic to the identity, because the simple
closed curve de�ning the pinch must bound a disk.)

8.2.3 From graphs to triangulations

Let T be a reducing triangulation of a surfaceS, and let Z be a triangulation of S. A map
' : S ! S is simplicial for (Z; T ) if ' mapsZ to T simplicially, and if ' sends every face
of Z to a vertex, an edge, or a face ofT. It is strongly harmonious if ' jTZ is strongly
harmonious.

In this section, we prove the following proposition, which (essentially) allows us to consider
mappings from the entire surface to itself, instead of drawings of graphs:

Proposition 8.3. Let S be a surface without boundary distinct from the sphere. LetT be a
reducing triangulation of S. Let G be a �nite graph embedded inS, and let f : G ! T be
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simplicial. Assume thatf is strongly harmonious, and thatf is homotopic to the inclusion
map G ,! S. There are a triangulation Z of S whose 1-skeleton contains a subdivision of
G as a subgraph, and a map' : S ! S simplicial for (Z; T ), with ' jTG = f , such that ' is
strongly harmonious and homotopic to the identity map ofS.

The proof of Proposition 8.3 relies on two lemmas:

Lemma 8.7. Let S be a surface without boundary distinct from the sphere. LetT be a
reducing triangulation of S. Let G be a graph obtained from another graphG0 by inserting a
path graphP between (possibly equal) vertices ofG0. Let f : G ! T be simplicial. If f jG0 is
strongly harmonious, and iff mapsP to a reduced walk inT, then f is strongly harmonious.

Proof. If P is a single edge, then it does not a�ect strong harmony. So assume thatP has
an interior vertex v, and let L be a left line (the right line case being similar) inT whose
central vertex is f (v). We will exhibit a walk based atv in G whose image path escapesL.
This will prove the lemma. Consider the universal covering triangulationeT of T, and a lift
eL of L in eT. Consider also the reduced walkX := f jP . There are a lift eP of P, a lift ev of v
in eP, and a lift eX : eP ! eT of X , such that eX (ev) is the central vertex of eL. Let ew0 and ew1

be the two end-vertices ofeP, and let eP0 and eP1 be the two sub-walks ofeP that go from ev to
respectively ew0 and ew1. Since eX is a reduced walk, and sinceeL makes only3r -turns, one of
eP0 and eP1, say eP0 without loss of generality, is such that eX � eP0 either escapeseL, or stays
in the non-negative part ofeL. In the �rst case, considering the vertexw0 of G lifted by ew0,
the portion P0 of P from v to w0 is such that f � P0 escapesL. In the latter case, replace
the central vertex of eL by eX ( ew0), and project the resulting line onto the surface, obtaining
a line L0 which is a shift ofL . Sincew0 belongs toG0, and sincef jG0 is strongly harmonious,
there is a walkQ based atw0 in G such that f � Q escapesL0. Then the concatenationP0

0
of P0 and Q is such that f � P0

0 escapesL.

Lemma 8.8. Let w; v0; v1 be pairwise distinct vertices of a plane reducing triangulationT.
If v0 and v1 are adjacent inT, then there isi 2 f 0; 1g such that, along the reduced walk from
vi to w, the vertex consecutive tovi is adjacent to or equal tov1� i .

Proof. Let e be the edge ofT betweenv0 and v1; direct e so that it sees blue at its left, and
assume without loss of generality that it is directed fromv0 to v1. Let W1 be the reduced
walk from v1 to w. Assume that the vertex consecutive tov1 in W1 is neither equal nor
adjacent to v0, for otherwise there is nothing to do. LetW0 be the concatenation ofe with
W1. By assumption,W0 does not make a0-turn, 1-turn, or � 1-turn at v1, and by our choice
of direction of e, it also does not make a2r -turn, so it is reduced. AndW0 starts with edgee,
as desired.

Proof of Proposition 8.3. In this proof, we will use the following standard topological fact:
Every graph embedded on a surface can be extended to a triangulation by adding edges (not
vertices). This can be done by repeatedly inserting an edgee inside a faceF , wheree �di�ers�
from every edgee0 on the boundary ofF in the sense that the concatenation ofe and e0 does
not bound a disk in F .

At any time we denote by G� the graph derived from G by removing its degree two
vertices. The proof is in three steps; see Figure 8.7. In the �rst step, as long as some face of
G� is not a triangle, we insert an edgee in this face, as described in the preceding paragraph.
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Figure 8.7: In the proof of Proposition 8.3, the embedded graphG is extended to a triangu-
lation.

Doing so, we consider the homotopy from the inclusion mapG ,! S to the map f , and apply
this homotopy to the two end-vertices ofe, thus extending e to a path e0 between vertices
of T. Let p be the unique reduced path homotopic toe0 (Proposition 6.1). If the length n
of p is greater than one, then we insertn � 1 vertices in G along e. We also extendf to e
by mapping e to p. In this way, f remains homotopic to the inclusion mapG ,! S, and f
remains strongly harmonious by Lemma 8.7. Now, every face ofG� is a triangle.

In the second step (see Figure 8.7, bottom center), for every (triangular) facem of G� , we
consider an edgee incident to m in G� . If e is subdivided inG, then we insert a path inm
from each interior vertex ofe to the vertex of m opposite toe. As in the previous paragraph,
we map each of the new paths to a reduced path inT, so that f remains homotopic to the
inclusion mapG ,! S, and so that f remains strongly harmonious. Now, every (triangular)
facem of G� is incident to an edge that is not subdivided inG.

In the last step, Lemma 8.8 ensures that we can triangulatem by inserting new edges in
m (see Figure 8.7, bottom right), and by mapping inf each such new edge toa vertex or
an edgeof T, keepingf strongly harmonious and homotopic to the inclusion mapG ,! S.
Now G is the 1-skeleton of a triangulationZ , and f trivially extends to a map ' : S ! S
simplicial for (Z; T ).

8.2.4 A property of the maps homotopic to the identity and
strongly harmonious

Here is another key step towards the proof of Theorem 3.4: we prove that our simplicial
drawings of triangulations orient the (non-degenerate) triangles coherently. In detail:

Proposition 8.4. Let S be a surface without boundary distinct from the sphere. LetT be a
reducing triangulation of S. Let Z be a triangulation ofS, and let ' : S ! S be simplicial
for (Z; T ). If ' is strongly harmonious, and if' is homotopic to the identity map ofS, then
there cannot be two facesz+ and z� of Z for which ' jz+ is positive and' jz� is negative.

The rest of this section is devoted to the proof of Proposition 8.4. In this section only,
it is convenient to consider the planeP, and an (in�nite) reducing triangulation T of P;
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Figure 8.8: A cone.

the notion of strong harmony immediately extends to that setting. And again, ifZ is a
triangulation of P, a map ' : P ! P simplicial for (Z; T ) is strongly harmonious if' jTZ is
strongly harmonious.

In T, the minimum number of edges of a path between two given vertices de�nes a distance
on the vertex set ofT. A map ' : P ! P is uniformly homotopic to the identity map
1P ! P if it is homotopic to the identity and there is � > 0 such that every point x 2 P
mapped to a vertexv of T by ' lies in a vertex, edge, or face ofT whose incident vertices
are at distance less than� from v. We shall prove the following:

Proposition 8.5. Let P be the plane. LetT be a reducing triangulation ofP. Let Z be a
triangulation of P, and let ' : P ! P be simplicial for (Z; T ). If ' is strongly harmonious,
and if ' is uniformly homotopic to the identity map ofP, then there cannot be two facesz+

and z� of Z for which ' jz+ is positive and' jz� is negative.

Proposition 8.4 (concerning surfaces) easily follows from Proposition 8.5 (concerning the
plane) by lifting:

Proof of Proposition 8.4, assuming Proposition 8.5.The universal covering spaceeS of S is
the plane. AlsoT lifts to a reducing triangulation eT of eS, Z lifts to a triangulation eZ of
eS, and ' lifts to a map e' : eS ! eS simplicial for ( eZ; eT). Since ' is strongly harmonious,
e' is strongly harmonious. We claim thate' is uniformly homotopic to the identity map of
eS. This claim implies by Proposition 8.5 that there cannot be two facesz+ and z� of eZ for
which e' jz+ is positive and e' jz� is negative. Then the same holds forZ and ' , proving the
proposition.

To prove the claim, we use the assumption that there is a homotopyH between' and
the identity map of S, and we lift H to a homotopy eH between e' and the identity map of
eS. For every lift ex 2 eS of a point x 2 S, the path ep followed by the image ofex in eH , and
the path p followed by the image ofx in H are such that the number of vertices, edges, and
faces ofeT crossed byep is equal to the number of vertices, edges, and faces ofT crossed byp.
The latter is uniformly bounded sinceS is compact.

The rest of this section is devoted to the proof of Proposition 8.5. We need some de�nitions
and lemmas. See Figure 8.8. LetT be a reducing triangulation of the plane. The part ofT
on a given side of a bi-in�nite reduced path@H, and not on @H, is a half-plane H of T,
and @His the boundary ofH . We emphasize that half-planes are open. A half-planeH is
nested in another half-planeH 0 if H � H 0 and @H\ @H0 = ; . Let e be a directed edgee of
T that sees blue on its left, and letL be the bi-in�nite reduced walk in T that contains the
head vertexv of e, and makes only3b- and 3r -turns, except at v where it makes a4b-turn
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Figure 8.9: The impossible cases in the proof of Lemma 8.9.

whose middle edge ise. The cone of e is the half-planeH on the right of L, and v is the tip
of H .

Lemma 8.9. Let T be a reducing triangulation of the plane. IfH is a half-plane ofT, and
if v 2 H is a vertex ofT, then v is the tip of a coneH 0 nested inH .

Proof. There is a reduced pathP betweenv and a vertexu of @H, such that P is internally
included in H . Let g be the edge ofP incident to v, directed toward v. First assume that
g sees blue on its left. We claim that the coneH 0 of g is nested in H . First we prove
@H0 \ @H= ; by contradiction. See Figure 8.9 Assuming that@Hand @H0 share a vertex
w, let Q0 be the concatenation ofP and of the subpath of@H0 betweenv and w, and let Q
be the subpath of@Hbetweenu and w. Then Q and Q0 are distinct reduced paths with the
same end-vertices inT, contradicting Proposition 6.1. It then easily follows thatH 0 � H ,
and we now provide the details. We have@H0 � H since@H0 \ H 6= ; and @H0 \ @H= ; .
The reduced pathP is internally disjoint from @Hand @H0 by Proposition 6.1, and since
@Hand @H0 are reduced. So the relative interior ofP lies in the open regionR between@H
and @H0. Also, the relative interior of g is disjoint from H 0, and so isR.

Now assume thatg sees red on its left. We claim that there is a rotation of one turn of
g around its head vertexv (either clockwise or counter-clockwise) after which the coneH 0

of g satis�es @H0 \ @H= ; . As above, this claim implies thatH 0 is nested inH . Let I be
the boundary of H 0 after a clockwise-rotation aroundv, and let J be the boundary after a
counter-clockwise rotation aroundv. Assume by contradiction that I and J both intersect
@H. See Figure 8.9. CutI into two semi-in�nite walks at v, the right part (with respect to
g) denoted by I 0, and the left part denoted byI 1. Cut J into two parts at v, the right part
J0, the left part J1. The concatenation ofP and I 1 is a reduced walk, soI 1 is disjoint from
@Hby Proposition 6.1, and soI 0 intersects@Hin a vertex a. The concatenation ofP and
J0 is a reduced walk, soJ0 is disjoint from @Hby Proposition 6.1, and soJ1 intersects@H
in a vertex b. Let Q0 be the concatenation of the subpath ofI 0 betweena and v, and of the
subpath ofJ1 betweenv and b. Let Q be the subpath of@Hbetweena and b. Then Q and Q0

are distinct reduced paths with the same end-vertices inT, contradicting Proposition 6.1.

Lemma 8.10. Let T be a reducing triangulation of the plane. LetG be a graph, and let
f : G ! T be simplicial. Let H be a cone ofT, and let v be a vertex ofG. If f is strongly
harmonious, and iff (v) is the tip of H , then there is a walkW based atv in G that satis�es
f (W) � H [ @Hand f (W) 6� @H.

Proof. Let G0 � G be the cluster off containing v. Sincef is strongly harmonious, there
is a directed edgee from G0 to G n G0 such that f (e) 2 H [ @H. If f (e) 2 H , then we are
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Figure 8.10: Combs.

done. So we assumef (e) 2 @H. The boundary @Hsplits into two semi-in�nite walks I 0 and
I 1 based atf (v), whereH lies on the left ofI 0 and on the right of I 1. Assumef (e) 2 I 0, the
other case being similar. Letw be the head vertex ofe. Let J be the su�x of I 0 obtained
by removing its �rst edge (f (w) is the �rst vertex of J ). Let L be the bi-in�nite walk that
makes only3r -turns and containsJ as a subwalk. Sincef is strongly harmonious, there is a
walk W based atw in G, such that f � W may stay in J for a while, and then leavesJ on
its left.

In order to ease the reading of the proof of Proposition 8.5, we shall not use Lemma 8.9
and Lemma 8.10 as they are. Instead, we shall use two corollaries:

Corollary 8.1. Let T be a reducing triangulation of the plane. LetG be a graph, and let
f : G ! T be simplicial. Let H be a half-plane ofT, and let v be a vertex ofG. Let � > 0.
If f is strongly harmonious, and iff (v) 2 H , then there is a walkW from v to a vertexw
in G, such that f (W) � H , and such thatf (w) is at distance greater than� from @H.

Proof. This follows immediately from repeated iterations of Lemmas 8.9 and 8.10.

The next corollary is easier to state with the following de�nition. See Figure 8.10. In a
reducing triangulation T of the plane, a right (resp. left)comb is a pair (H; x ) whereH is a
half-plane ofT, and x is a vertex of@H, that satisfy the following: directing @Hso that H
lies on its right (resp. left), every turn of@Hat x and after x is 3r or 2b (resp. � 3r or � 2b).
The glen of (H; x ) is the union ofH and of the part of @Hconsecutive tox, including x.

Corollary 8.2. Let T be a reducing triangulation of the plane. LetG be a graph, and let
f : G ! T be simplicial. Let (H; x ) be a (left or right) comb ofT, and let v be a vertex of
G. Let � > 0. If f is strongly harmonious, and iff (v) = x, then there is a walkW from v
to a vertexw in G, such that f (W) is included in the glen of(H; x ), and such thatf (w) is
at distance greater than� from @H.

Proof. The vertex x is the tip of a coneH 0 such that H 0 [ @H0 is included in the glen of
(H; x ). Lemmas 8.9 and 8.10 conclude.

We need a few more technical lemmas.

Lemma 8.11. Let T be a plane reducing triangulation, and letT0 be subgraph ofT. If T0 is
connected, �nite, and not a single vertex, thenT0 admits at least two verticesx such that the
edges ofT0 incident to x are all included in some bad turn ofT.
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Proof. If T0 has more than one vertex of degree one, then we are done. So assume that this
is not the case. ThenT0 has at least three vertices since it has neither loops nor multiple
edges (Section 6.1) . First assume thatT0 has no degree one vertex. Then the outer closed
walk W of T0 has length greater than or equal to three, and never uses an edge ofT and its
reversal consecutively. OrientW so that the outer-face ofT0 lies on the right of W. Walk
along W until some vertexx0 is visited for the second time, then cut the portion ofW from
x0 to itself, thus obtaining a closed walkC based atx0. Then C is a simple closed walk, not
a single vertex. Thus, sinceT has no loop nor multiple edges,C has length greater than or
equal to three. Also, every vertexx 6= x0 of C is such that all the edges ofT0 incident to x
either lie on C, or on the left of C. Lemma 6.3 ensures that at least three of the left turns
of C are bad, and at least two of them do not occur atx0, proving the lemma in this case.

Now assume thatT0 has exactly one vertex of degree one. Removing degree one vertices
from T0 as long as there is one immediately gives the following:T0 is the union of a pathP,
not single vertex, and of a connected graphQ, not a single vertex, such that the intersection
of P and Q is one of the two end-verticesx of P, and such that Q has no degree one vertex.
By the preceding,Q has a vertex distinct fromx that suits our need. And the end-vertex of
P distinct from x also suits our needs.

In the following, we denote byT0 the set of vertices of a triangulationT.

Lemma 8.12. Let P be the plane. LetT be a reducing triangulation ofP. Let Z be a
triangulation of P, and let ' : P ! P be simplicial for (Z; T ). If ' is strongly harmonious,
and if ' is uniformly homotopic to the identity map ofP, then ' � 1(T0) does not disconnect
P.

Proof. By contradiction, assume that it does. There is no simple bi-in�nite walkW in T
that belongs entirely to ' � 1(T0), for otherwise ' (W) would be a single vertex ofT (being
a connected subset ofT0), contradicting the assumption that ' is uniformly homotopic to
the identity map. Therefore, and since' is simplicial for (Z; T ), there are a simple cycleC
in Z , a vertex v 2 Z 0 in the interior of the bounded side ofC, and a vertex x of T, such
that ' (C) = x and ' (v) 6= x. Let G be the subgraph ofZ that contains C and the part
of Z lying in the bounded side ofC. Then ' (G) is a �nite connected subgraph ofT, not a
single vertex. So by Lemma 8.11 there is a vertexy 6= x in ' (G) such that the setB of edges
of ' (G) incident to y is included in a bad turn ofT. There is a clusterG0 � Z such that
' (G0) = y, and such that the edges betweenG0 and Z nG0 all belong to G. Those edges are
mapped toB by ' , contradicting the assumption that ' is strongly harmonious.

In the following, we say that1-turns and 2r -turns are bad left turns .

Lemma 8.13. In a plane reducing triangulationT, let I be a simple bi-in�nite walk that
does not make any bad left turn. The vertices ofT on the left of I at distance one fromI
are the vertices of a simple bi-in�nite walkI 0 that does not make any bad left turn.

Proof. Consider the sequenceE of directed edges ofT emanating from vertices ofI to the
left side of I . If e1 and e2 are consecutive inE, then either e1 and e2 have the same target
vertex, or their they have the same source vertex. In the �rst case,e2 is the counter-clockwise
rotation of e1 around their target vertex, in the second casee2 is the clockwise-rotation ofe1

around their source vertex. LetI 0 be the bi-in�nite walk corresponding to the target vertices
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of the directed edges inE. The vertices ofI 0 are those on the left ofI at distance one from
I .

Then I 0 does not make any0-turn, nor any bad left turn. For otherwise there are three
consecutivee1; e2; e3 2 E that all have the same target vertex (at whichI 0 makes a bad left
turn), such that e2 sees red on its left. But thenI makes a2r -turn at the source vertex of
e2, a contradiction.

Moreover I 0 is simple. For otherwise some portionW of I 0 is a non-trivial simple closed
walk, and the bounded side ofW lies on its right by Lemma 6.3, and sinceW makes at most
one bad left turn. But then I is contained in the bounded side ofW, a contradiction.

Proof of Proposition 8.5. The overall proof is illustrated in Figure 8.11. By contradiction,
assume that there are two facesz0 and z� of Z such that ' jz+ is positive and' jz� is negative.
By Lemma 8.12, there is a simple pathp from z+ to z� in the dual of Z , that is disjoint
from ' � 1(T0). Up to replacing z+ and z� by other faces ofZ , we may assume that' is
null on every face ofZ intermediately visited by p. Extend p to the respective vertices of
z+ and z� not incident to the �rst and last edges crossed byp. Because' is null on every
face visited byp except the �rst and last ones, and becausep is disjoint from ' � 1(T0), there
is an edges 2 T such that the image, by' , of all the edges ofZ crossed byp is exactly s.
Moreover, one can directs in such a way that all the edges ofZ crossed byp from left to
right are mapped tos. Consider the left-most bi-in�nite reduced walk ofT that contains s,
and let H be the half-plane on its left. Because' jz+ is positive and ' jz� is negative, the
interiors �z+ and �z� of triangles z+ and z� are mapped insideH .

Using the assumption that' is uniformly homotopic to the identity, there is � > 0 such
that each vertex ofT is at distance smaller than� from its pre-images under' . Let p0 be
any of the directed edges crossed byp from left to right. By Corollary 8.1 there is, in Z , a
walk U0 (resp. U1) based at the source (resp. target) end-vertex ofp such that, for i = 1; 2,
' (Ui ) � H , and such that ' (Ui ) contains a point at distance greater than3� from @H. Cut p
into two parts p0 and p1 at its intersection with p0, and reversep0. Let qi be the concatenation
of pi and Ui . Make qi a simple path by shortening it if necessary. Thenq0 and q1 are disjoint
from p0 except for their basepoint, since' (U0); ' (U1) � H , ' (p0) = s, and ' (�z+ ); ' (�z� ) � H .
We prove by contradiction that q0 and q1 are disjoint except for their basepoint. If not, then
q0 [ q1 contains a simple closed curve whose bounded side contains an endpointy of p0. By
Corollary 8.2 there is a walkX based aty in Z such that ' (X ) is disjoint from �s [ H , and
such that X intersectsq0 [ q1. That contradicts the fact that ' (q0 [ q1) � �s [ H .

Now cut p0 into two parts p0
0 and p0

1 at its intersection with p. Reversep0
0. By Corollary 8.2

there is a simple walkU0
0 (resp. U0

1) based at the source (resp. target) end-vertex ofp0 in Z ,
such that ' (U0

i ) is disjoint from �s [ H , and such that ' (U0
i ) contains a point at distance

greater than 3� from @H. Let q0
i be the concatenation ofp0

i and U0
i . Since' (U0

0) and ' (U0
1)

are disjoint from �s [ H , the paths q0
0 and q0

1 are simple, and each of them is disjoint fromq0

and q1 except for their basepoint. An argument by contradiction similar to the one of the
previous paragraph shows thatq0

0 and q0
1 are disjoint except for their basepoint.

Let Q be the concatenation ofq0 and q1, and Q0 be the concatenation ofq0
0 and q0

1. By
construction, Q and Q0 are simple, and cross exactly once. Until now, we have considered
separately the situation in Z (before applying ' ) and in T (after applying ' ). But recall
that Z and T are both triangulations of the plane, and that each vertex ofT is at distance
smaller than � from its pre-images under' . Because of this, and by the properties of' (Q)
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Figure 8.11: The construction in the proof of Proposition 8.5.
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and ' (Q0), we have that Q has its endpoints insideH , at distance at least2� from @H,
and may enter the complement ofH , but only by a distance of at most� . Similarly, Q0 has
its endpoints outsideH , at distance at least2� from @H, and may enterH but only by a
distance of at most� . By (repeated applications of) Lemma 8.13, the vertices ofT inside
H at distance 2� from @Hare the vertices of a simple bi-in�nite walkI . Then I separates
the endpoints ofQ from every point of Q0. Join the endpoints ofQ by a path P, whereP
is separated fromQ0 by I , thus turning Q into a (not necessarily simple) closed curveC.
BecauseQ and Q0 cross exactly once, and becauseP and Q0 are disjoint, then C and Q0

cross exactly once. Similarly, there is a simple bi-in�nite walk that separates the endpoints
of Q0 from C, so Q0 can be extended to a closed curveC0 such that C and C0 cross exactly
once. But this is impossible, since any two closed curves in the plane cross an even number
of times.

8.2.5 Proof of Theorem 3.4

We now have almost all the material to prove Theorem 3.4. We �rst prove the theorem for
strongly harmonious drawings, in the following proposition.

Proposition 8.6. Let S be a surface without boundary distinct from the sphere. LetT be a
reducing triangulation of S. Let G be a �nite graph embedded inS, and let f : G ! T be
simplicial. If f is strongly harmonious, and iff is homotopic to the inclusion mapG ,! S,
then f is a weak embedding.

(As a side note, observe that Proposition 8.6 considers also the torus.)

Proof. By Proposition 8.3 there are a triangulationZ of S whose 1-skeleton contains a
subdivision ofG as a subgraph, and a map' : S ! S simplicial for (Z; T ) with ' jTG = f , such
that ' is strongly harmonious and homotopic to the identity map ofS. By Proposition 8.4
there cannot be two facesz+ and z� of Z for which ' jz+ is positive and ' jz� is negative.
Thus, letting Y � S contain one point in the interior of each face ofT, ' is coherently
oriented at Y. By Proposition 8.2 the map' jSnY

Sn' � 1 (Y ) is homotopic to a homeomorphism
S n ' � 1(Y) ! S n Y. In particular, and sinceG \ ' � 1(Y) = ; , the map f jSnY is homotopic
to an embeddingG ! S n Y. Also S n Y is the patch system ofT, and f has no spur since
f is strongly harmonious. Sof is a weak embedding by Proposition 8.1.

The proof of Theorem 3.4 relies on a few additional lemmas. Firstly, the following is an
immediate corollary of Lemma 6.6 from Section 6.3:

Corollary 8.3. Let S be a surface without boundary distinct from the sphere and the torus.
Let T be a reducing triangulation ofS. Let C be a collection of closed walks inT. If the walks
in C are reduced, and ifC is homotopic to an embedding inS, then C is a weak embedding.

Proof. Every closed curvec 2 C is primitive in S by Lemma 5.9, sinceiS(c) = 0 . So
Lemma 6.6 applies.

Preparing for the next lemma, observe that ifM is a �nite graph embedded on a surface,
then the universal cover ofM is a tree fM naturally equipped with a rotation system. More-
over, if C0 is a closed walk without spur inM , then every lift eC0 of C0 partitions fM into
three parts: the left of eC0, the right of eC0, and the image ofeC0.
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Lemma 8.14. Let M be a �nite graph embedded on a surface. LetG be a �nite graph
simplicially mapped toM , and let C be a collection of closed walks inM . Assume thatG
and C are weak embeddings without spur, and that their union is not a weak embedding. Then
in the universal cover ofM there is a lift of G that has vertices on both sides of a lift of a
walk C0 from C.

Proof. Without loss of generality every edge ofG is mapped to an edge ofM (contract the
clusters ofG otherwise). Let � be the patch system ofM , and let G0 and C0 be embeddings
approximating G and C in � . Without loss of generality G0, C0, and the arcs of� are in
general position. Also,G0 and C0 cross minimally. By assumption they cross at a pointx in
the interior of some face of� . Let e� be the universal covering space of� , and let ex be a
lift of x in e� . Let eC0

0 be the lift of a walk C0
0 from C0 that contains ex. Cut the lifts of G0 at

every intersection with eC0
0, and let eG0 be one of the two cuts that meetex. Since the number

of crossings betweenG0 and C0 is minimal, eG0 is not contained in the union of the faces and
arcs of e� used by eC0

0.

The following is analogous to Lemma 8.6.

Lemma 8.15. Let S be a surface. LetG be a graph, and letf : G ! S be a map. If f (G)
is a simple circle S0 � S, if S0 does not bound a disk inS, and if f is homotopic to an
embedding inS, then f is homotopic to an embedding in a tubular neighborhood ofS0.

Proof. Without loss of generalityG is connected. Fix a vertexr of G and a spanning treeT
of G rooted at r . Let ` be the simple loop onS based atx := f (r ) whose image isS0. We
�rst claim that we can assume without loss of generality that each edge ofT is mapped tox
by f , and that each edge not inT is mapped, underf , to a power of`. To see this, contract,
in S0, the edges inT; each remaining edge is homotopic to some power of` in S0. Actually,
each edge ofT is actually mapped to either`, to ` � 1, or to the constant loop inS0. This is
by Lemma 5.9, since the edges not inT are mapped to loops that can be made simple by
homotopy in S.

On the other hand, there is an embeddingf 0 : G ! S homotopic, in S, to f . Without
loss of generality, we can assume that this homotopy betweenf and f 0 holds the image ofr
�xed. Indeed consider a homotopyH from f to f 0, and the path p : [0; 1] ! S followed by
the image ofr under H . There is an ambiant isotopyH 0 of S that �counteracts� H in the
sense that it mapsp(t) to x for all t 2 [0; 1]. Composing the maps inH by the maps in H 0

gives a homotopy fromf to an embedding (notf 0) that helds the image ofr �xed.
We contract the edges ofT in f 0 to a small neighborhood ofx, this time preserving the

fact that we have an embedding. The remaining edges are loops that, underf 0, are homotopic
to their counterparts under f (if T would be really contracted tox). The contractible ones
can be pushed by isotopy into a small neighborhood ofx, as each of them bounds a disk with
only (possibly) contractible loops inside it [83, Theorem 1.7]. The other loops can be bundled
together parallel, since any pair of them bounds a disk with only (possibly) contractible or
homotopic loops inside it. Then they can be pushed alltogether in a neighborhood of`.

Proof of Theorem 3.4. Clearly if f is a weak embedding, then there is an embedding homo-
topic to f in S. For the other direction assume that there is an embedding homotopic tof
in S. We shall prove that f is a weak embedding.

Partition G into two subgraphsA and B such that f jB is strongly harmonious, andf is
not strongly harmonious on any of the connected components ofA. Then f jA = C � f 0 for
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some disjoint unionO of cycle graphs, mapped to reduced closed walks byC : O ! T, and
some simplicial mapf 0 : A ! O, without spur.

Our �rst claim is that the collection of closed walksC is homotopic to an embedding in
S. IndeedC can be realized as the restriction off to a collection of disjoint cycles inA, as
follows. For every cycleO0 in O, sincef 0 has no spur, there is a simple closed walkW in A
mapped byf 0 to a non-trivial power of O0. Then W is mapped byf to a non-trivial power
of the closed walkC0 := CjO0 , homotopic to an embedding (sincef is), and so it is actually
mapped toCj0 or its reversal (Lemma 5.9).

Thus C is a weak embedding by Corollary 8.3, and since the walks inC are reduced. Now
f 0 is a weak embedding by Lemma 8.15 and Proposition 8.1. Our second claim is thatf jB [ C
is a weak embedding. This claim proves the theorem asf jA[ B is then a weak embedding.
We prove the claim by contradiction so assume thatf jB [ C is not a weak embedding. Let
UT be the universal cover ofthe 1-skeletonof T. There is by Lemma 8.14 some lift off jB
in UT that contains vertices on both sides of some lift of a walkC0 from C. Now let eS be
the universal cover ofS. In eS, there are lifts eB and eC0 of f jB and C0 such that eB contains
vertices on both sides ofeC0. Then eC0 is a semi-in�nite reduced walk in the lift of T, and
eB [ eC0 is uniformly homotopic to an embedding. That contradicts Corollary 8.1.

8.3 Harmonizing a drawing monotonically

In this section we prove Theorem 3.5, which we restate for convenience:

Theorem 3.5. Let S be a surface of genusg � 2 without boundary. LetT be a reducing
triangulation of S, with m edges. LetG be a graph, and letf : G ! T be a drawing of size
n. We can compute inO((m + n)2n2) time a drawingf 0 : G ! T, harmonious, homotopic to
f in S, such that for every edgee of G, the image ofe under f 0 is not longer than underf .

The strategy is to transform a drawingf iteratively by some �local� moves satisfying the
property that, if no move can be applied, then the current drawing is harmonious. Two of
these moves, the shortening and balancing moves, decrease strictly the length of the drawing.
On the other hand, the �ip move does not a�ect the length of the drawing. Roughly but
not exactly, the algorithm performs moves iteratively, giving priority to the shortening and
balancing moves over the �ip moves. To bound the complexity of the algorithm, it then
su�ces to bound the length of a �ip sequence, assuming that at each step of this sequence,
no shortening or balancing move is possible. The details are actually more complicated; in
particular, the �ip sequence is chosen carefully.

8.3.1 Reduction to simplicial maps

We have the following preliminary observation:

Lemma 8.16. To prove Theorem 3.5, we can assume thatf is simplicial.

Proof. Let f : G ! T be as in the statement of Theorem 3.5. Let�f : �G ! T be the
associated simplicial map that factorizesf . If Theorem 3.5 holds for simplicial maps, then
we obtain a map �f 0 : �G ! T that is harmonious, is homotopic to�f , and does not increase the
length of the edges (compared tof 0). In particular, �f 0 is simplicial. It naturally corresponds
to a drawing f 0 of G on T that satis�es the desired properties.
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Figure 8.12: The moves. (Left) Each disk represents a single cluster. (Right) Each disk may
represent several clusters. The balancing is slightly counter-clockwise (clockwise would not
decrease any edge length here).

8.3.2 Flips, shortenings, and balancings

Throughout this section,T is a reducing triangulation of a surfaceS distinct from the sphere
and the torus, G is a graph, andf : G ! T is a simplicial map. Recall that f factors
uniquely into a homomorphismf̂ : Ĝ ! T. We now de�ne the three moves bringingf̂ (and
thus f ) closer to harmony; see Figure 8.12.

ˆ First, if the edges ofĜ incident with v leavev via two edges aroundf̂ (v), which together
form a 2r -turn around f̂ (v), then we can perform a�ip move to f̂ , which transforms
f̂ into a homotopic map f̂ 0 : Ĝ ! T (Figure 8.12, top left), which is actually also a
homomorphism. Fromf̂ 0, we immediately deduce a simplicial mapf 0 : G ! T.

Since f̂ ; f̂ 0 : Ĝ ! T are both homomorphisms, we can also view a �ip as a speci�c
operation that turns a homomorphism into another one (we will use this point of view
later).

ˆ Second, letv be a vertex ofĜ. If the edges ofĜ incident with v leavev via one, two,
or three consecutive edges ofT around f̂ (v), then we can perform ashortening move
to f̂ , which transforms f̂ into a homotopic, simplicial map f̂ 0 of Ĝ in which no edge
of Ĝ is longer than in f̂ (Figure 8.12, bottom left). From f̂ 0, we immediately deduce a
simplicial map f 0 : G ! T.

ˆ Third, consider a simple directed cycleC in Ĝ that makes only 3-turns underf . We
say that a walk of Ĝ, identi�ed by its sequence of directed edges(e0; : : : ; ek), follows
C if there is a walk on C, its following walk, (which may go back and forth onC),
identi�ed by its directed edges(c0; : : : ; ck) such that f (ei ) = f (ci ) for eachi . A walk
(e0; : : : ; ek ; ek+1 ) of Ĝ pulls C to the left if (e0; : : : ; ek) follows C, with following walk
(c0; c1; : : : ; ck), and if moreover edgef (ek+1 ) leaves the image of the directed cycleC,
at the end-vertex ofck , to its left. The notion of being pulled to the right is de�ned
analogously.
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Figure 8.13: In the proof of Lemma 8.17, the �rst two and the last two edges ofJ cannot be
mapped to two edge-disjoint walks.

If C makes only 3-turns underf , is pulled left, and is not pulled right, we can de�ne
a balancing move as follows (Figure 8.12, right). We consider all the vertices of̂G
that are parts of walks followingC (including the vertices ofC themselves) and move
them to the left of C, in such a way that we still have a homomorphism when restricted
to the vertices followingC. There are exactly two possibilities to do this, depending
on whether the cycle is rotated �slightly clockwise� or �slightly counterclockwise� (as in
Figure 8.12). In any case, the length of the image of an edge ofĜ does not increase,
and we choose a possibility that strictly decreases the length of the image of at least
one edge, based on how a walk pullsC to the left. As before, fromf̂ 0, we immediately
deduce a simplicial mapf 0 : G ! T.

These three moves are useful in the following sense:

Lemma 8.17. If f cannot be �ipped, shortened, or balanced, thenf is harmonious.

Proof. Without loss of generality G is connected. Alsof is a homomorphism (for otherwise
f factors into a homomorphismf̂ : Ĝ ! T such that no move applies tof̂ by de�nition, and
such that if f̂ is harmonious, thenf also). If f is strongly harmonious, we are done, so we
can assume thatf is not strongly harmonious. So letv be a vertex ofG, and let L be a (left
or right) line in T whose central vertex isf (v) such that, for each walkW in G based atv,
the image ofW under f does not escapeL. In the universal cover, this means the following.
There are a vertexex of eT, projecting to f (v), and a (left or right) line eL in eT whose central
vertex is ex, such that, for each walkW in G based atv, the lift of f � W based atex does
not escapeeL. We assume thateL is a left line (equivalently, that it makes only3r -turns), the
other case being similar. We claim that, for each walkW in G based atv, the lift of f � W
based atex is actually contained in eL.

First, we explain why the claim implies the lemma. BecauseT is �nite, there are a cycle
graph O and a reduced closed walkC : O ! T such that eL is a lift of C. Using the claim,
and sinceeL is simple by Proposition 6.1, there is a simplicial mapf 0 : G ! O such that
f = C � f 0. Moreover, f 0 has no spur sincef cannot be shortened. Sof is harmonious,
proving the lemma. There remains to prove the claim, which we do in the remaining part of
the proof.

Recall that eL makes only3r -turns. In G, one can build a semi-in�nite walkI based atv
such that the lift of f � I based atex is equal to the non-negative part ofeL. (Indeed, at a given
step on eL, there is no edge that goes strictly to the right ofeL since no walk based atv can
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escapeL under f ; if all edges go strictly to the left ofeL or backward oneL, a shortening or a
�ip could be applied to f .) SinceI is a semi-in�nite walk in G, it contains a subwalkJ that,
after removing its �rst and last edge, becomes a simple loopQ in G, based at some vertexw
of G. Let P be the pre�x of I leading to Q. The lift of f � P based atex is a portion of the
non-negative part ofeL, ending at a vertexey of eT. Also f � Q, regarded as a closed walk by
concatenating it with itself, makes a3r -turn also at the middle occurrence ofw; Otherwise,
the �rst two and the last two edges ofJ would map, underf , to two edge-disjoint walks of
length two making 3r -turns at f (w) (Figure 8.13), and so one could stopI at this point and
escape fromeL, a contradiction. In particular the lift of f � Q based atey is (a translate of) eL.

We conclude in two steps. First we prove that for every walkW based atv in G, the lift
of f � W based atex cannot enter the right side ofeL, even after staying ineL for a while. By
contradiction, assume that it does. For everyn � 1 the walk P � Qn � P � 1 � W is based atv in
G, and is such that the lift of f � (P � Qn � P � 1 � W) based atex enters the right side ofeL after
staying in eL. There is n such that this lift does not intersect eL outside of its non-negative
part. We obtained a walk based atv that escapesL under f , a contradiction.

Now we prove that the lift of f � W based atex cannot enter the left side ofeL, even after
staying in eL for a while. By contradiction, assume that it does. Without loss of generality,
removing the last edge fromW gives a walkW 0 such that the lift of f � W 0 based atex is
contained in eL. Then the lift of f � (P � 1 � W 0) based atey is contained in eL, which lifts f � Q,
and soP � 1 � W 0 follows Q. Then P � 1 � W pulls Q to the left. SinceQ is pulled to the left,
and since no balancing applies,Q is pulled to the right. So there is a walkU based atw in
G such that the lift of f � U based atey is contained in eL, except for its last edge that enters
the right side of eL. Then the walk P � U, based atv, is such that the lift of f � (P � U) based
at ex enters the right side ofeL after staying in eL for a while. That contradicts the previous
paragraph.

8.3.3 Preliminaries on �ip sequences

By the preceding lemma, a natural strategy is to apply �ips, shortenings, and balancings
as much as possible until it is not possible any more. Shortenings and balancings strictly
decrease the length of the map, so only �nitely many such moves can be applied. Most of
the argument thus focuses on sequences of �ips in which no shortening or balancing can be
applied at any step. Recall that �ips transform a homomorphism into another one, and thus
henceforth we consider maps fromG to T that are homomorphisms.

Formally, a �ip sequence is a sequence ofhomomorphismsf 0; : : : ; f p : G ! T such that
f i +1 results from a �ip of f i for every 0 � i < p , and no shortening or balancing can be
applied to any off 0; : : : ; f p� 1. We use the following conventions. Given0 � i < p we call �ip
i and abusively denote byi the �ip from f i to f i +1 . Given 0 � i � j � p, we denote byFi ! j

the �ip sequencef i ; : : : ; f j . Given a vertexv of G, we denote byF jv the walk performed in
T by the image ofv through the �ips of v in F .

The map f induces aleft-blue direction of G, obtained by directing each edgee of G in
such a way thatf (e) has a blue triangle on its left. ThusG becomes a digraph. Asource in
a digraph is a vertex that has no incoming edge. We will use the following trivial observation
repeatedly, without mentioning it explicitly: Each �ippable vertex v is a source of its left-blue
direction, and each �ip reverses the direction of the edges incident tov. We need a series of
easy lemmas.
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Figure 8.14: (Left) The second �ip of the edgee does not counteract the �rst �ip of e. (Right)
The second �ip of e counteracts the �rst one.

Lemma 8.18. Let F be a �ip sequence. Ifv and w are two adjacent vertices inG, then v is
�ipped in F in-between any two �ips ofw.

Proof. When w is �ipped, it is a source in its left-blue direction, and it can only become a
source again afterv is �ipped.

Lemma 8.19. Let F be a �ip sequence. If, before the �rst �ip of F , vertex v is a source in
its left-blue direction, andv cannot be �ipped, thenv is not �ipped in F .

Proof. Vertex v cannot be �ipped before at least one of its neighbors is �ipped, but no
neighborw of v can be �ipped beforev is �ipped, becausew is not a source.

Lemma 8.20. Let F be a �ip sequence. IfC is a cycle inG (not reduced to a single vertex)
that is a directed cycle in its left-blue direction, then no vertex ofC is �ipped in F .

Proof. The �rst vertex of C that would be �ipped would not be a source (in its left-blue
direction) before the �ip.

Let e be an edge ofG. In a �ip sequence, assume that �ipi �ips an end-vertex of e, that
�ip j �ips the other end-vertex of e, and that the end-vertices ofe are not �ipped between
i and j . We say that �ip j counteracts �ip i if the image of e is rotated clockwise byi
and counter-clockwise byj , or if it is rotated counter-clockwise byi and clockwise byj . See
Figure 8.14.

Lemma 8.21. Let F be a �ip sequence, and leti < j be two �ips of the same vertexv of G,
such that no �ip of v appears betweeni and j . Then we have the following properties:

ˆ Every neighbor ofv is �ipped exactly once betweeni and j ;

ˆ if every such �ip counteracts �ip i , then Fi ! j +1 jv is a 3r -turn; otherwise, it is either a
1r -turn or a � 1r -turn.

Proof. By Lemma 8.18, every neighbor ofv is �ipped exactly once betweeni and j , so there
are three cases depicted in Figure 8.15.

Lemma 8.22. Let f 0; : : : ; f p be a �ip sequence. Ifi < j are �ips of distinct adjacent verticesv
and w respectively, and if no �ip betweeni and j �ips a neighbor of w, then �ip j counteracts
�ip i .
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Figure 8.15: In a �ip sequence, between two contiguous �ips of a vertexv, the neighbors of
v are �ipped once.

Figure 8.16: (Left) In the proof of Lemma 8.22, the verticesv and w, the edgee, and the set
N of edges incident tow. (Right) If �ips i and j both rotate the image ofe clockwise, then
f i can be shortened.

Proof. Assume, for the sake of a contradiction, that �ip j does not counteract �ip i . See
Figure 8.16. Lete be the edge ofG betweenv and w, directed fromv to w. Assume that �ips
i and j rotate the image ofe clockwise, the other case being similar. LetN be the directed
edges ofG with sourcew.

We look at the situation in f j , and thus just before �ip j . We have that f j maps N to
two directed edgesa and b of T such that the reversal ofa, followed by b, make a2r -turn
in T. Sincej rotates e clockwise,f j (e) is the reversal ofb.

Note that w is not �ipped between �ips i and j (because otherwisev, a neighbor ofw,
would also be �ipped between �ipsi and j , by Lemma 8.18). Since also no neighbor ofw is
�ipped between �ips i and j , we havef i +1 (N ) = f j (N ) = f a; bg. Sincei rotates the image of
e clockwise,f i (e) is the edge in the middle of the2r -turn formed by a and b(directed towards
the image ofw). Thus f i (N ) is included in a set of three consecutive directed edges with
sourcef i (w), and contains the middle directed edge, and sof i can be shortened, contradicting
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Figure 8.17: (Left) Flat zone of size six, and its central vertex. (Right) In the proof of
Lemma 8.24, if there is a �at zoneeT0 of size nine in the universal covering triangulation of
T, then the central vertexev of eT0 projects to a vertexv on T such that every vertex ofT at
distance two or less fromv has degree six.

the fact that we have a �ip sequence.

8.3.4 Proof of Theorem 3.5

In this section we prove Theorem 3.5. The proof follows from a few de�nitions and lemmas.

Lemma 8.23. Assume thatG is connected and hasq vertices. Let r be a vertex ofG, and
let F be a �ip sequence ofG that never �ips r . Then F is composed ofO(q2) �ips.

Proof. In G every vertex is at distance less thanq from r . By Lemma 8.18 every vertex at
distancei � 0 from r is �ipped at most i times.

In a reducing triangulation T, a �at zone of sizem0 � 1 is a subtriangulation T0 of T
isomorphic to the subdivision of a triangle depicted in Figure 8.17, in which the sides ofT0

have lengthm0.

Lemma 8.24. Every �at zone of the universal covering triangulation ofT has size less than
3(m + 1) , wherem is the number of edges ofT.

The key property used in the proof is that, as we have assumed,S is not a torus. This is
actually the only place where this assumption is used. (SinceT is a reducing triangulation,
S cannot be a sphere anyway.)

Proof. Assume the existence of a �at zoneeT0 of size 3(m + 1) in the universal covering
triangulation of T. See Figure 8.17. The central vertex ofeT0 is at distancem + 1 from the
boundary of eT0. So every vertex ofT admits a lift in the interior of eT0. Then every vertex of
T has degree six, soS is a torus by Euler's formula, contradicting our assumption.

A �ip sequenceF is k-forward , k � 1, if some vertexv of G is such that F jv contains a
subwalk of lengthk that makes only 3r -turns.

Lemma 8.25. Let F be a �ip sequence of homomorphismsG ! T. If F is k-forward for
somek � 1, then the universal covering triangulation ofT has a �at zone of sizek.
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Figure 8.18: In the proof of Lemma 8.26, ifWi makes a1r -turn, then Wj makes a1r -turn.

Proof. Let eT be the universal covering triangulation ofT. Lift F to a sequenceeF of homo-
morphisms eG ! eT, where eG is a covering space ofG. Assume without loss of generality (up
to restricting to a smaller �ip sequence) that some vertexv of eG is such that eF jv has lengthk
and makes only3r -turns, and that the �rst and last �ips of eF are �ips of v. We shall prove
by induction that eF jv is a side of a �at zone in eT lying to the left of eF jv. The casek = 1
is clear since a �at zone of size one is just a triangle ofeT. So assumek � 2. Consider the
�rst �ip of v in eF , and let f : eG ! eT be the �rst map in eF . Let e be the directed edge ofeT
along which the �ip is performed (e is the �rst directed edge of eF jv). Consider the triangle
t of eT on the left of e, and the vertex x of t that is not incident to e.

There is a neighborw of v in eG such that ef (w) = x. By Lemma 8.18 there is ineF a �ip
of w in-between any two �ips of v. Recall that v makes only3r -turns; by Lemma 8.21, this
implies that every �ip of w counteracts the previous �ip ofv. It follows that eF jw is a walk
of length k � 1 that makes only � 3r -turns, running parallel to eF jv; by Lemma 8.21 again,
these walks can only be3r , 1r , or � 1r -turns, and because the degree of each vertex ofT is at
least six, the only possibility is that eF jw makes only3r -turns. By induction, there is a �at
zone of sizek � 1 on the left of eF jw, so there is a �at zone of sidek on the left of eF jv.

We now need some de�nitions. Consider an orderingv0; : : : ; vq� 1 of the vertices of a
graph. We say that vi is a lowpoint if every neighbor ofvi , except perhapsv0, is higher
than vi in the ordering. The ordering isproper if (1) each vertex but v0 is adjacent to a
lower vertex, and (2) the set of lowpoints has the formf 0; : : : ; kg for somek. A �ip sequence
f 0; : : : ; f p is proper if there is a proper orderingv0; : : : ; vq� 1 of the vertices ofG such that
for every 0 � i < p the vertex �ipped from f i to f i +1 is vi mod q.

Lemma 8.26. Assume thatG is connected and hasq vertices. LetF be a proper �ip sequence
of kq + 2 homomorphismsG ! T, for some integerk. Then F is k-forward.

Proof. Let v0; : : : ; vq� 1 be the corresponding proper ordering of the vertices ofG. SinceF
is composed ofkq + 1 �ips, the lowest vertex v0 is both the �rst and the last vertex �ipped
in F , and v0 is �ipped k + 1 times in F , so F jv0 has lengthk + 1. Let w0 be the highest
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Figure 8.19: In the proof of Lemma 8.26,Wi cannot make a1r -turn.

neighbor of v0. There are two cases. First assume thatw0 is a lowpoint. Then, consider
any neighborx of v0. Becausew0 is a lowpoint, x is a lowpoint as well. Thusv0 is the last
neighbor ofx to be �ipped in F before a �ip of x, and so every �ip of x counteracts the last
�ip of v0 by Lemma 8.22. That being true for every neighborx of v0, Lemma 8.21 implies
that F jv0 makes only3r -turns, and thus that F is (k + 1) -forward.

Now assume that there is a neighbor ofw0 distinct from v0 that is lower than w0 in L.
Among the neighbors ofw0 lower than w0, let w1 be the highest. Among the neighbors ofw1

lower than w1, let w2 be the highest . . . , and so on untilwm� 1 = v0 for somem � 3. Then
wm� 1; : : : ; w0 are the vertices of a directed cycleC in G, in order, such that for everyi the
vertex wi +1 is both the last neighbor ofwi �ipped before wi , and the last vertex ofC �ipped
beforewi , indices being taken modulom.

Let I contain the �ips i 2 f 0; : : : ; (k � 1)qg whose vertex �ipped, herevi mod q, belongs to
C. For every i 2 I , the image ofvi mod q makes a walkWi of length two betweenf i and f i + q+1 .
Indeedvi mod q is here �ipped twice: in �ips i and i + q.

We claim that for every two consecutivei < j 2 I , if Wi makes a1r -turn, then Wj also
makes a1r -turn. See Figure 8.18. Consider the edgee betweenvi mod q and vj mod q, and
consider the �ips i , j , i + q, and j + q. By de�nition no neighbour of vj mod q is �ipped
betweeni and j , nor betweeni + q and j + q, so by Lemma 8.22 �ipj counteracts �ip i , and
�ip j + q counteracts �ip i + q. Then �ip i cannot rotate the image ofe clockwise (as in the
bottom part of Figure 8.18), for otherwise �ip j would rotate the image ofe counter-clockwise
since it counteracts �ip i , and then �ip i + q could not be such thatWi makes a1r -turn. So
�ip i rotates the image ofe counter-clockwise (as in the top part of Figure 8.18). Then �ipj
rotates the image ofe clockwise, since it counteracts �ipi . Flip i + q is also clockwise since
Wi makes a1r -turn, and �ip j + q is counter-clockwise since it counteracts �ipi + q. We
proved that Wj makes a1r -turn.

We use the claim immediately to prove by contradiction that for everyi 2 I , if i � (k� 2)q,
then Wi does not make a1r -turn. For otherwise, by our claim, everyl > i 2 I is such that
Wl makes a1r -turn. In particular, the smallest j > i 2 I is such that Wj makes a1r -turn, so
the �ips i , j , i + q, and j + q are such as depicted in Figure 8.19. But then �ipi + 2q cannot
be such thatWi + q makes a1r -turn, which is a contradiction.

The same arguments show that for everyi 2 I , if i � (k � 2)q, then Wi does not make a
� 1r -turn. So Wi makes a3r -turn by Lemma 8.21. In particular F0! (k� 1)q+1 jv0 makes only
3r -turns, so F is k-forward.

An ordering v0; v1; : : : of the vertices of a digraphD is monotonic if every edge ofD is
directed from a vertexvi to a vertex vj such that i < j .
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Lemma 8.27. Let D be a digraph of sizen. If D has no directed cycle and has a single
source, then we can compute inO(n) time an ordering of the vertices ofD that is both proper
and monotonic.

Proof. Without loss of generality,D has at least two vertices. Letv0 be the unique source of
D. SinceD has no directed cycle, the vertex set ofD can be partitioned into setsI 0; : : : ; I m ,
m � 1, whereI 0 := f v0g, and whereI k contains the sources ofD n

S
i<k I i for every1 � k � m.

Order arbitrarily each of the setsI 0; : : : ; I m , and concatenate them into an orderingL of the
vertices of D. Then L is monotonic. Moreover, each vertex butv0 is adjacent to a lower
vertex, and I 0 [ I 1 is the set of lowpoints ofL, so L is proper.

Before proving Theorem 3.5 we detail how to detect, given ahomomorphism f , if a
balancing move applies tof :

Lemma 8.28. Let T be a reducing triangulation of sizem. Let G be a graph of sizen, and
let f : G ! T be a homomorphism. InO(m + n) time we can determine if there is a simple
closed walkC in G such thatf � C makes only3-turns, is pulled left, and not right. In that
case, bothC and the subgraphG0 of G spanned by the walks that followC are computed at
the same time.

Proof. Without loss of generality, assume that we look forC such that f � C makes only
3r -turns (the 3b-turns case being symmetric). Consider the following algorithm. As a pre-
liminary, build a graph G0 from G by detaching every vertexv of G from its incident edges,
and by re-attaching those edges to copies ofv as follows. LetN contain the directed edges
emanating from v in G, whose basepoints have thus been detached fromv. For every two
directed edgesa and b based atf (v) in T such that (a� 1; b) makes a3r -turn, consider all the
directed edges inN that are mapped toa or b (if any), and attach all their basepoints to a
common copyv0 of v. Mark v0 with red if f (N ) contains a directed edge ofT on the right of
(a� 1; b). Mark v0 green if f (N ) does not contain any such directed edge, and if it contains a
directed edge on the left of(a� 1; b).

The graph G0 projects to G in the sense that the edges ofG0 are those ofG, and every
vertex of G0 corresponds to a vertex ofG (though not in a one-to-one manner). We say that
a vertex v0 of G0 lifts a vertex v of G if v is the projection ofv0.

Build the graph G0 in O(m + n) time. Direct every edgee0 of G0 so that f (e0) sees red on
its left. Then determine in O(n) time if there is a connected componentG0

0 of G0 that does
not contain any red vertex, that contains a green vertex, and that contains a simple directed
cycle C0. If there is none, then return that nothing was found. Otherwise, return the closed
walk C in G to which C0 projects, and the subgraphG0 of G0 to which G0

0 projects.
Let us now prove that this algorithm is correct. Every closed walkC in G whose image

walk makes only3r -turns is lifted by a directed cycleC0 in G0, and if C is simple, then
C0 is simple. Conversely, every simple directed cycleC0 in G0 projects to a closed walk
C that makes only 3r -turns. And if the connected componentG0

0 of C0 contains no red
vertex, then C is simple; indeed any self-intersection vertex ofC would either correspond to
a self-intersection vertex ofC0, which is impossible sinceC0 is simple, or otherwise it would
correspond to red vertices inC0. We conclude with the claim that G0 is the subgraph ofG
spanned by the walks followingC, and that C is pulled left (resp. right) if and only if G0

0
contains a green (resp. red) vertex. Indeed every walkW that follows C in G lifts to a walk
W 0 based at some vertex ofC0 in G0

0. Also, if W can be extended by one edge into a walk
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that pulls C to the left (resp. right), then the end-vertex w0 of W 0 is marked green (resp.
red). Reciprocally, any walk inG0

0 from C0 to a vertex w0 projects to a walk W in G that
follows C. And if w0 is green (resp. red), thenW can be extended by one edge to pullC to
the left (resp. right).

Proof of Theorem 3.5. By Lemma 8.16, we can assume thatf is simplicial. Without loss
of generality, we assume thatG is connected, for otherwise we could apply the algorithm
to each connected component separately. Makingf harmonious is done using balancings,
shortenings, and �ips. Since balancings and shortenings decrease the length of the drawing,
we give them priority over �ips. More precisely, the algorithm consists in applying the routine
given below, which only performs �ips, with the following important twist, left implicit in
the description: whenever a balancing or a shortening is possible, we apply it and resume the
routine from scratch. Recall that the simplicial map f : G ! T factors as a homomorphism
f̂ : Ĝ ! T; it is convenient to express the routine in terms of̂f , since �ips can be described
at the homomorphism level. Here is the routine:

1. Choose an arbitrary vertexr of Ĝ, and �ip any vertex of Ĝ other than r , in any order,
as long as possible.

2. Direct Ĝ with the left-blue direction. If Ĝ has no directed cycle and has a single
source, then do the following: apply Lemma 8.27 to build inO(n) time a proper and
monotonic ordering v0; : : : ; vq� 1 of the q � 1 vertices of Ĝ; initialize i := 0. Then,
while it is possible to �ip vi mod q, �ip it and increment i . (Some precisions: (a) we
go to Step 3 as soon asvi mod q is not �ippable; (b) The ordering is �xed during this
entire step; if, after a �ip, we update the direction of the edges to preserve the left-blue
direction, it ceases to be monotonic.)

3. Flip any vertex of Ĝ (even possiblyr ), in any order, as long as possible.

If the algorithm terminates, then f is harmonious by Lemma 8.17. We now bound
the number of �ips of the routine, assuming that it is not interrupted by a balancing or
a shortening. Step 1 does not �ipr , so it consists ofO(n2) �ips by Lemma 8.23. Also the
�ip sequence of Step 2 is proper, so it has lengthO(mn) by Lemmas 8.24, 8.25, and 8.26.
Let F be the �ip sequence of Step 3. For the sake of the analysis, we preserve the left-blue
direction of the edges ofĜ after each �ip (equivalently, at each �ip of a vertex v, we reverse
the direction of the edges incident tov). We now prove that in all cases, some vertex of̂G is
not �ipped in F :

ˆ If Step 2 was skipped becausêG has a directed cycle, then this cycle remains �xed by
Lemma 8.20;

ˆ if Step 2 was skipped becausêG has a sourcev distinct from r , then v is a source that
cannot be �ipped, sov is not �ipped in Step 3 by Lemma 8.19;

ˆ if Step 2 was executed, we claim that in Step 2, every attempt to �ip a vertexv happens
when v is a source. Indeed, at the �rst round of �ips, the neighbours ofv that have
already been �ipped correspond precisely to the edges that were directed towardsv in
the initial monotonic ordering, which have thus been reversed by the �ips, makingv a
source.
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After each vertex ofĜ has been �ipped, the directed graph is again monotonic. This
proves the claim. It follows that v cannot be �ipped in Step 3 by Lemma 8.19.

This implies that the �ip sequenceF of Step 3 has lengthO(n2) by Lemma 8.23, as desired.
Thus, overall, if not interrupted, the routine terminates afterO((m + n)n) �ips if not inter-
rupted. Since there areO(n) balancings or shortenings, the total number of �ips, balancings,
and shortenings isO((m + n)n2).

To prove the claimed running time ofO((m + n)2n2) time, it remains to note that �nding
and applying the next move, or correctly asserting that no move can be applied anymore,
takes O(m + n) time. Indeed, Ĝ and f̂ can be computed inO(n) time by constructing the
clusters off . On Ĝ �nding a �ip, or correctly asserting that there is none, takesO(m + n)
time. Same for the shortenings. Concerning the balancings, an application of Lemma 8.28
dermines inO(m + n) time if there is a simple closed walkC in Ĝ such that f̂ � C makes only
3-turns, is pulled left, and is not pulled right. If there is none, then no balancing is available.
OtherwiseC can be balanced, and Lemma 8.28 computes bothC and the subgraphĜ0 of Ĝ
that will move with C during the balancing. The modi�cation brought to f by the balancing
then takesO(m + n) time.

8.4 Extensions to reducing triangulations with boundary

Until now we only de�ned reducing triangulations on closed surfaces, but they can also
be de�ned on surfaces with boundary. On those surfaces a triangulationT whose dual is
bipartite is reducing if each vertex in the interior of T has degree at least six. There is no
constraint on the degrees of the boundary vertices. In this section we extend the results of
Sections 8.2 and 8.3 to reducing triangulations with boundary. To mimic the classical setting
of Tutte's theorem, we consider the constraint of attaching vertices to the boundary of the
surface. We formalize this constraint in the following de�nitions. LetS be a surface with
non-empty boundary (such as the disk). LetG be a graph, and letf : G ! S be a map. We
use the following conventions: the boundary@Sof S is directed so that the interior ofS lies
on its right, and the rotation system of a graph embedded onS records, for every vertexv
embedded onS, the clockwiseorder of the edges meetingv.

Anchor. An anchor is a (possibly empty) setA of vertices of G mapped to @Sby f ,
together with linear orderings of those vertices mapped to the same point of@S. Note that
some vertices ofG can be mapped to@Swithout belonging to A.

Untangling relatively to an anchor. Let f 0 : G ! S be obtained fromf by sliding
in�nitesimally along @Sthe images of the vertices inA, so as to separate them in the orders
prescribed byA. We say that f can beuntangled relatively to A if there is an embedding
homotopic to f 0, where the homotopy �xes the image of every vertex inA.

Weak embeddings relative to an anchor. Informally, we say that f is a weak embedding
relative to A if there exist embeddings arbitrarily close tof in which the vertices in A are
embedded along@S, and in the orders prescribed byA. We shall not use this de�nition as
is, and instead we consider an equivalent formulation in the case wheref is a drawing in the
1-skeletonT of a reducing triangulationT of S. This formulation better suits our needs. In
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Figure 8.20: Construction of the1-gadget.

Figure 8.21: Construction of the triangulationT� in the proof of Theorem 8.1.

detail, we extendT to a graph M � equipped with a rotation system, we extendG and f to
a graph G� and a drawingf � : G� ! M � as follows. Consider every two consecutive edgese
and f along the boundary ofT, and let x be the vertex ofT betweene and f . Let v1; : : : ; vk

be the k � 0 vertices in A that are mapped tox by f , in the order prescribed byA. In M � ,
create k degree one vertices attached tox by edgess1; : : : ; sk : place them in the rotation
system ofM � so that e; s1; : : : ; sk ; f are consecutive aroundx. Then for every 1 � i � k,
create an edge incident tovi in G� , and map this edge tosi in f � . We say that f is a weak
embedding relative to A if f � is a weak embedding.

Our result is the following :

Theorem 8.1. Let S be a surface with boundary. LetT be a reducing triangulation ofS,
with m edges. LetG be a graph of sizen, and let f : G ! T be simplicial. Let A be an
anchor for f . If f can be untangled rel.A, then we can compute inO((m + n)2n2) time a
simplicial map f 0 : G ! T, homotopic tof relatively to A, weak embedding relative toA, not
longer thanf .

The proof of Theorem 8.1 goes by extendingT to a reducing triangulation without bound-
ary (in order to apply Theorem 3.5). This extension step uses ad-hoc gadgets that we now
de�ne. Let S be the surface of genus one with one boundary component. The1-gadget is
the reducing triangulation T of S depicted in Figure 8.20. The boundary ofS is the union
of two edges ofT: one edge is incident to a blue face ofT, and the other to a red face. The
3-gadget is then the reducing triangulationT0 obtained from disjoint 1-gadgetsT1; T2; T3 by
identifying the blue-incident edge ofTi with the red-incident edge ofTi +1 for every i 2 f 1; 2g.
The boundary ofT0 is the union of the red-incident edge ofT1 and the blue-incident edge of
T3.

147



We call crown any reducing triangulation T of the annulus obtained from a circular list
of k � 2 triangles t0; : : : ; tk� 1 by identifying some side oft i with some side oft i +1 for every
i , where indices are modulok.

Proof of Theorem 8.1. We shall extendT to a reducing triangulation without boundary T� ,
and then extendf to a drawing on T� . The construction of T� is as follows. First extend
T to a reducing triangulation T0 by attaching a crown to each boundary component ofT.
Choose the crowns so that ifx is a vertex of the boundary ofT, and if k � 0 vertices ofA
are mapped tox by f , then x is incident to at least k + 6 edges in the interior of its crown;
crucially, we make the observation (O) that the �rst three, and the last three edges incident
to x in the interior of the crown will not be used by the extended drawing. Now buildT�

from T0 as follows. See Figure 8.21. Consider a copyT1 of T0. Reverse the direction of
T1, and exchange the colors of its faces. Identify every edge of the boundary ofT0 with its
copy in T1. At this point the faces of T� are properly colored, butT� may not be a reducing
triangulation since vertices on the boundary ofT0 may have low degree. This is �xed by
cutting open in T� every edge of the boundary ofT0, and by identifying the two cut paths
with the two boundary paths of a 3-gadget (keeping the coloring of the faces proper).

Now extend G and f to a graph G� , and a simplicial mapf � : G� ! T� ; �rst extend G
and f to someG0 and f 0 : G0 ! T0, as follows. Consider every vertexx of the boundary
of T. Let v1; : : : ; vk for somek � 0 be the vertices ofA mapped to x by f , in order. Let
e1; : : : ; ek+6 be consecutive edges aroundx in the interior of the crown incident to x. For
every 1 � i � k, add in G0 an edgesi incident to vi , and let f 0(si ) := ei +3 . We say that the
newly created end-vertex ofsi is a tip vertex of G0, and that si is a tip edge ofG. Build G�

and f � from G0 and f 0 by considering a copyG1 of G0, and the mirror map f 1 : G1 ! T1
1 ,

and by identifying in G0 [ G1 and f 0 [ f 1 every tip vertex of G0 with its mirror vertex in G1.
To conclude, transformf � to a map f 0

� : G� ! T� with the algorithm of Theorem 3.5, and
return f 0 := f 0

� jG. Let us show why this is correct. LetT [ be the sub-triangulation ofT� that
is the union ofT and the mirror of T. Let G[ be the subgraph ofG� that is the union of the
two copies ofG. By the above observation (O), applying the moves described in Section 8.3
to f � does not modify the images of the stem edges, and preserves the fact thatf � (G[ ) � T [ .
In particular f 0 is homotopic to f rel. A. Moreover f � is homotopic to an embedding inT�

sincef can be untangled relatively toA in T. Thus f 0
� is a weak embedding by Theorem 3.4,

and f 0
� is not longer than f � . And so f 0 is a weak embedding relative toA, not longer than

f .
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Part II

Computing Delaunay Triangulations of
Surfaces
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In this part of the thesis

In this second part of the thesis we consider computing a Delaunay triangulation (or tes-
sellation) of a surface from an arbitrary triangulation of the surface. The review of the
background and related works is postponed to Chapter 9. In particular we refer to Chapter 9
for the de�nitions of Delaunay tessellations, Delaunay triangulations, and Delaunay �ips.
Here we present some important concepts, provide an informal account of our contributions,
and describe the organization of the chapters.

Computing the Delaunay tessellation. First we consider, on a closed piecewise-�at
surfaceS, a particular Delaunay tessellationD of S. It is the unique Delaunay tessellation
of S whose vertices are exactly the singularities ofS (the points of S that lie in the interior
of S and are surrounded by an angle di�erent from2� or lie on the boundary ofS and are
surrounded by an angle di�erent from� , see Chapter 3), with a single exception: ifS has no
singularity, then S is a �at torus and we let D be any of the Delaunay tessellations ofS that
have exactly one vertex, for one can be mapped to the other via an orientation-preserving
isometry of S anyway. In any case, we say thatD is the Delaunay tessellation of S, in a
slight abuse. We consider computingD from an arbitrary triangulation of S.

More precisely, recall from Chapter 3 that a portalgon is a disjoint collection of oriented
�at polygons together with a partial matching of the sides of the polygons. We are given a
triangular portalgon T whose surfaceS(T) is closed, and we consider computing the portalgon
of the Delaunay tessellation ofS(T). The aspect ratio of T is the maximum side length of
a triangle of T divided by the smallest height of a triangle ofT (possibly another triangle).
Note that the aspect ratio is always greater than

p
3=2 > 1, for it is easily seen that the

maximum side length of a triangle is always greater than or equal to
p

3=2 times its smallest
height. We prove that the portalgon of the Delaunay tessellation ofS(T) can be computed
from T in time polynomial in the number of triangles ofT and in the logarithm of the aspect
ratio of T:

Theorem 8.2. Let T be a portalgon ofn triangles, of aspect ratior , whose surfaceS(T) is
closed. One can compute the portalgon of the Delaunay tessellation ofS(T) in O(n3 log2(n) �
log4(r )) time.

The only two methods we are aware of for computing a Delaunay triangulation from an
arbitrary triangulation (not issued of a mesh) are greedily performing Delaunay �ips and
computing the dual Voronoi diagram by adapting shortest path algorithms. The time com-
plexities of these algorithms are not bounded by any polynomial inn and log(r ), contrarily to
the algorithm of Theorem 8.2. This follows from Theorem 8.3 below, and from the algorithm
of Proposition 10.3 in Chapter 10.
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As we shall see at the beginning of Chapter 10, our result has interesting applications.
In particular, the time complexity of computing shortest paths on the surface of a portal-
gon depends on a geometric parameter, thehappinessof the portalgon. As the portalgons
of Delaunay triangulations have bounded happiness, Theorem 8.2 enables to pre-process a
portalgon before computing shortest paths on its surface. Moreover, the Delaunay tessel-
lation of a closed piecewise-�at surface being unique by de�nition, Theorem 8.2 enables to
test whether the surfaces of two given portalgons are isometric, simply by computing and
comparing the portalgons of the associated Delaunay tessellations.

Bounding Delaunay �ip sequences. For our second contribution, we depart from look-
ing for an e�cient algorithm, and we consider instead the classical algorithm that greedily
performs Delaunay �ips on the edges of an input triangulation. On general piecewise-�at sur-
faces, the complexity of this algorithm is vastly open. We focus on the particular case where
the surface is a �at torus. We callsequence of Delaunay �ips any sequenceT0; : : : ; Tm

of triangulations, for somem � 0, such that for everyk 2 f 1; : : : ; mg the triangulation Tk

results from the Delaunay �ip of an edge in the triangulationTk� 1. We say that m is the
length of the sequence, and that the sequencestarts from the triangulation T0. We prove:

Theorem 8.3. Let T be a �at torus. Let T be a triangulation of T, with n vertices, of
maximum edge lengthL. Every sequence of Delaunay �ips starting fromT has length at
most C � n2 � L , whereC > 0 depends only onT. This bound is tight up to a constant factor.

An upper bound was already proved by Despré, Schlenker, and Teillaud [70, Theorem 16],
as a particular (easy) case of a more general result on triangulations of hyperbolic surfaces:

C � n2 � � 2

where� is a parameter measuring in some sense how �stretched�T is. The de�nition of � is
not used in this chapter. We just mention that to obtain their bound the authors showed that
the edges �ipped in a sequence of Delaunay �ips cannot be longer than2� [70, Lemma 10].
The upper bound follows from the observation that the number of segments no longer than
L > 0 between two given points ofT is at most quadratic inL. Our �rst (small) improvement
is to replace the parameter� by the maximum length L of an edge inT. The inequality
L � � is easily observed to be true. Moreover the de�nition of� is more intricate than the
de�nition of L and it is not obvious how to compute� while computingL is immediate. Our
second (main) improvement is to replace the quadratic dependency by a linear dependency
in L, obtaining a bound that is tight up to a constant factor.

Implementing Delaunay �ips. Our �nal contribution is an implementation of the �ip
algorithm on triangulations of closedhyperbolic surfaces, a fundamental building block for
computing with such surfaces. Our implementation is collected in a package of a standard
library of computational geometry, along with convenient generation and visualization tools.
In this setting, it is important and challenging to perform the arithmetic operations ex-
actly and e�ciently. To do so, we implemented a generation of triangulations of surfaces of
genus two that are described entirely by rational numbers. This generation process is also a
contribution of us.
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Organization of the chapters. We review the background and the related works in
Chapter 9. We prove Theorem 8.2 in Chapter 10. We prove Theorem 8.3 in Chapter 11. We
discuss our package in Chapter 12.

153





Chapter 9

Background and Related Works

In this chapter we brie�y review the background and works related to portalgons and Delau-
nay tessellations.

9.1 Portalgons versus meshes

We de�ned piecewise-�at surfaces and their tessellations from portalgons, polygons inR2

with matched sides (Chapter 3). These are more commonly obtained frommeshes, polygons
in R3 glued along their edges. Every (compact, orientable) piecewise-�at surface is isometric
to the surface of a mesh, as proved by Burago and Zalgaller [29], see also the discussion of
Lazarus and Tallerie [135, Introduction]. Moreover, cutting the edges of a mesh and placing
its polygons in the plane provides a portalgon. However portalgons are more general than
meshes as portalgons cannot in general be obtained from a mesh this way. To see that,
observe that every edgee of a mesh is a shortest path in the surface of the mesh, sincee
is already a shortest path inR3. On the other hand, given a portalgonT, the edges of the
tessellationT1 (Chapter 3) are in general not shortest paths in the surfaceS(T). Strikingly,
�at tori have portalgons with few polygons but their simplest meshes we are aware of have
80 polygons [157].

There is a recent development of algorithms that advantageously operate on triangula-
tions of piecewise-�at surfaces (equivalently, triangular portalgons) that are not issued of a
mesh. In this context the adjective �intrinsic� is sometimes placed before the name �trian-
gulation� to make the distinction with the particular triangulations issued of a mesh. For
example Sharp and Crane [172] �nd geodesics of a piecewise-�at surface quite simply by �ip-
ping edges of an intrinsic triangulation. The exact complexity of their algorithm is currently
open. Another algorithm of Takayama [179] constructs a low distortion homeomorphism
between two surfaces, and represents the homeomorphism by a correspondence between in-
trinsic triangulations. Also Liu et al [138] re-triangulate a surface to solve equations on it.
Considering intrinsic triangulations gives them freedom to re-triangulate the surface without
modifying it, an advantage over many mesh simpli�cation techniques that commonly modify
the surface [116].
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9.2 Measuring distances, and tracing shortest paths

A fundamental problem on piecewise-�at surfaces is compute the distance between two points,
or even to trace a shortest path between the two points. While there exist algorithm to
compute shortest paths insides a given planar polygon [148, 111, 188], other algorithms are
designed speci�cally for meshes. Recall that every edge of a meshM is a shortest path on the
surface ofM . Of course onM not every pair of points are the endpoints of an edge, but no
shortest path can cross an edge twice, for otherwise it could be shortened. And the number of
geodesic paths crossing at most once each edge ofM is bounded by a function of the number
n of edges ofM . So shortest paths on the surface ofM can be computed by exhaustive
search in time that depends only inn. In fact Mitchel, Mount, and Papadimitriou [149]
obtained the following result. They are given as input a source points in the surface of a
meshM and perform a preliminary computation in timeO(n2 logn) and spaceO(n2). Then
they can answer the following queries. Given a pointx in the surface ofM they compute
the distance betweens and x in O(log n) time, and they report a shortest path betweens
and x in O(k + log n) time, where k is the number of faces visited by the path. Roughly,
their algorithm propagates waves along the surface, starting from the source, in a discrete
manner. Their result has since been improved by Chen and Han [41, 42] who proved, using
a di�erent technique, that shortest paths can be computed inO(n2) time and �( n) space.

On a portalgon however, the number of times a shortest path in the surface visits the
image of a polygon is not bounded by any function of the number of polygons. This fact is
folklore, it was for example noted almost 20 years ago in a popular blog post by Erickson [85].
Recently, Lö�er, Ophelders, Staals, and Silveira [141, Section 3] coined the termhappiness
of a portalgon T, for the maximum number of times a shortest path inS(T) visits the
image of a polygon ofT. They adapted the single-source shortest paths algorithm from
meshes to portalgons [141, Section 3], whose running time now depends on the happiness of
the portalgon. They did not handle the case of multiple sources. We emphasize that their
algorithm is more e�cient on the portalgons of low happiness.

The fact that portalgons with low happiness are more suited to computations raises the
question of replacing a portalgonT by another portalgonT0 of the same surface whose hap-
piness is �low�. Lö�er, Ophelders, Staals, and Silveira [141, Section 5] provided a solution to
this problem, but only for a restricted class of inputs whose surfaces are all homeomorphic to
an annulus. Importantly, they also proved [141, Section 4.2] that the portalgons of Delaunay
triangulations have bounded happiness. So, as they observed, providing an e�cient algorithm
for replacingT by the portalgon of a Delaunay triangulation would solve the problem. This
will be our main contribution in Chapter 10.

9.3 Voronoi diagrams and Delaunay tessellations

In this section we review Voronoi diagrams and Delaunay tessellations, in the Euclidean plane
and on closed piecewise-�at surfaces. These classical objects have been extensively studied,
so we detail only the few de�nitions and results relevant to us, referring to textbooks [57, 99]
for details.
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9.3.1 Voronoi diagrams

Voronoi diagrams are mostly known in the Euclidean planeR2. In this particular setting, the
Voronoi diagram of a �nite non-empty V � R2 contains the pointsy 2 R2 whose distance
to V is realized by at least two distinct points ofV . In other words there exist at least two
distinct points of V whose distance toy is the minimum amongV. Informally, the Voronoi
diagram of V decomposesR2 according to which points ofV they are closer to.

Voronoi diagrams are de�ned one more spaces than the Euclidean plane. On a closed
piecewise-�at surfaceS, one further assumes thatV contains all the singularities ofS. In
this setting, the Voronoi diagram of (S; V) contains the pointsx 2 S such that the distance
betweenx and V is realized by at least two distinctpaths in S. Note that, contrarily to the
Euclidean plane setting, it is possible for the Voronoi diagram of(S; V) to contain a point
x such that all the shortest paths betweenx and V end at the same point ofV . This is for
example the case ifS is a �at torus and V contains exactly one point ofS.

9.3.2 Delaunay tessellations

Similarly to Voronoi diagrams, Delaunay tessellations are mostly known in the Euclidean
plane R2, and for a �nite V � R2. In this setting, they can be de�ned using the notion of
empty disk. Given x 2 R2 and r > 0, consider the points ofR2 whose Euclidean distance tox
is smaller thanr . This subset ofR2 is an empty disk if it contains no point ofV . Note that,
importantly, it is possible for the boundary circle@Dof an empty diskD to contain points
of V . As it turns out, there is a unique tessellationD of the convex hull ofV that satis�es
the following: for every empty diskD if @D\ V is not empty then the convex hull of@D\ V
is either a vertex, an edge, or the closure of a face ofD, and every vertex, edge, and face of
D can be obtained this way. This tessellationD is called the Delaunay tessellation ofV.

This �empty disk� de�nition of the Delaunay tessellation has been generalized from the
Euclidean planeR2 to closed piecewise-�at surfacesS by Bobenko and Springborn [22].
Empty disks are generalized by immersed empty disks. Animmersed empty disk is a pair
(D; ' ) whereD is an open metric disk ofR2, and ' : D ! S is a map de�ned on the closure
D of D that satis�es the following: the restriction of ' to D is an isometric immersion,
and ' (D) \ V = ; . Note that ' is not necessarily injective. Bobenko and Springborn [22,
Proposition 4] proved:

Lemma 9.1 (Bobenko and Springborn). There is a unique tessellationD of S such that for
every immersed disk(D; ' ), if ' � 1(V) is not empty, then the convex hull of' � 1(V) projects
via ' to either a vertex, an edge, or the closure of a face ofD, and such that every vertex,
edge, and face ofD can be obtained this way.

The tessellationD given by Lemma 9.1 is theDelaunay tessellation of (S; V). It is �in
general� a triangulation, but not always. A Delaunay triangulation is any triangulation
obtained by triangulating the faces of a Delaunay tessellation along vertex-to-vertex arcs.

Delaunay tessellations are classically related to Voronoi diagrams. In the �at planeR2

for example, given a �nite V � R2 of at least three points, any twov 6= v0 2 V are the
endpoints of an edge in the Delaunay tessellation ofV if and only if the Voronoi cells of
v and v0 share a side. In this sense the Delaunay tessellation ofV is dual to the Voronoi
diagram of V. This duality is folklore even on closed piecewise-�at surfaces, and has been
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explored for algorithmic purposes [77, 120]. However we could not �nd a detailed depiction
of it, so we provide details in the appendix of Chapter 10.

9.4 Computing Voronoi diagrams and Delaunay
tessellations

In this section we review algorithms computing Voronoi diagrams and Delaunay tessellations.
In the Euclidean plane there exist many algorithms to do so, but we do not review these
algorithms. Instead we review the only two approaches we are aware of that generalize to
closed piecewise-�at surfaces.

9.4.1 Approach by shortest paths

One approach computes a Voronoi diagram with a suitably adapated multiple-source shortest
path algorithm, and then derives from it a Delaunay tessellation. On meshes, the single-source
shortest path algorithm of Mitchel, Mount, and Papadimitriou [149] was adapted to compute
Voronoi diagrams by Mount [151], and by Liu, Chen, and Tang [139]. This was used by Liu,
Xu, Fan, and He [140] to compute Delaunay tessellations. To our knowledge, prior to this
thesis, this approach has not been extended from meshes to portalgons beyond the recent
single-source shortest path algorithm of Lö�er, Ophelders, Staals, and Silveira [141].

9.4.2 Approach by �ips

Another approach starts from an initial triangulation and �ips its edges. This approach is
mostly known in the Euclidean planeR2. In this setting, given a triangulation T, consider
two triangles t and t0 adjacent to a common edgee, and the two end-verticesv and v0 of
respectivelyt and t0 that do not belong to e. If v lies in the interior of the circumdisk oft0

then v0 lies in the interior of the circumdisk oft, and the edgee is saidDelaunay �ippable
in T. In this casee can be replaced inT by the geodesic segment betweenv and v0. This
operation is called aDelaunay �ip . Spectacularly, a triangulation is Delaunay if and only if
none of its edges are Delaunay �ippable. Moreover, on triangulations withn vertices, every
sequence of Delaunay �ips has lengthO(n2). This provides a simpleO(n2) time algorithm
to compute a Delaunay triangulation of a setV of n points in R2: construct an arbitrary
triangulation of V, then perform Delaunay �ips on it, greedily, as long as possible.

The notions of Delaunay �ips and Delaunay �ippable edges immediately extend to tri-
angulations of closed piecewise-�at surfaces. Bobenko and Springborn [22] proved that with
their de�nition a triangulation is Delaunay if and only if none of its edges are Delaunay
�ippable. Termination of the �ip algorithm was proved by Indermitte, Liebling, Troyanov,
and Clémençon [120]. The number of �ips is not anymore bounded by any function depend-
ing only on the number of vertices. The only upper bound we are aware of is by Despré,
Schlenker, and Teillaud [70, Theorem 16]. In the particular case where the surface is a �at
torus, they proved that every sequence of Delaunay �ips has lengthO(n2 � � 2), where n is
the number of vertices,� is a geometric parameter of the initial triangulationT that we do
not detail here, and theO() notation depends on the (geometry of) �at torus.

The notions of Delaunay triangulations and Delaunay �ips also extend to triangulations
of closedhyperbolic surfaces [70, De�nitions 4-5]. In this setting Despré, Schlenker, and
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Teillaud [70, Theorem 19] proved that every sequence of Delaunay �ips is �nite, and provided
an upper bound on the number of �ips.
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Chapter 10

Computing the Delaunay Tessellation of
a Closed Piecewise-Flat Surface

10.1 Introduction

In this chapter we prove Theorem 8.2, which we restate for convenience:

Theorem 8.2. Let T be a portalgon ofn triangles, of aspect ratior , whose surfaceS(T) is
closed. One can compute the portalgon of the Delaunay tessellation ofS(T) in O(n3 log2(n) �
log4(r )) time.

Throughout the chapter logarithms are in base two if not explicitly written otherwise.
We analyze all our results in the Real RAM model of computation. We denote bỳ(p) the
length of a geodesic pathp. We use the terminology and notations introduced in Chapter 3.
For example, we denote byT1 the 1-skeleton of a portalgonT.

10.1.1 Discussion of the aspect ratio

We brie�y discuss the choice of the aspect ratio as parameter of the triangular portalgonT
in Theorem 8.2. First observe that the aspect ratio ofT is a natural parameter that can
be read o� the triangles ofT. On the other hand there is no known algorithm to compute
the happiness ofT for example. Also, if the surfaceS(T) is connected the algorithm of
Theorem 8.2 remains polynomial inn and log(r ) when r is the local aspect ratio ofT: the
maximum, over the triangles� of T, of the maximum side length of� divided by the smallest
height of the sametriangle � . Indeed the aspect ratio and the local aspect ratio are related
by the following:

Lemma 10.1. Let T be a portalgon ofn triangles, of local aspect ratior , and of aspect ratio
r 0. If the surfaceS(T) is connected thenr � r 0 � r n .

Proof. Clearly r � r 0. For the other inequality let e be a side of a triangle ofT whose length
is the maximum possible over all the triangles ofT and all their sides. And let� be a triangle
such that the smallest height of� is the minimum d over all the triangles ofT and all their
heights. By de�nition r 0 = `(e)=d. SinceS(T) is connected there is a sequence of sides of
trianglese0; : : : ; e2k for some0 � k < n such that e0 belongs to� , e2k = e, for every0 � i < n
the sidee2i is matched with the sidee2i +1 , and the sidese2i +1 and e2i +2 belong to the same
triangle. Then `(e2i +2 ) � r � `(e2i +1 ) and `(e2i +1 ) = `(e2i ). So`(e)=d � `(e0)r n� 1=d � r n .
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We will not use Lemma 10.1 ever again.

10.1.2 Corollaries of Theorem 8.2

Our result, Theorem 8.2, has two interesting corollaries. First, Lö�er, Ophelders, Silveira,
and Staals proved that the portalgons of Delaunay triangulations have bounded happi-
ness [141, Section 4]. Combined with Theorem 8.2, we obtain:

Corollary 10.1. Let T be a portalgon ofn triangles, of aspect ratior , whose surfaceS(T)
is closed. One can compute inO(n3 log2(n) � log4(r )) time a portalgonT0 of O(n) triangles,
whose surface isS(T), and whose happiness isO(1).

Proof. Apply Theorem 8.2 to compute the portalgonT0 of the Delaunay tessellation ofS(T)
in O(n3 log2(n) � log4(r )) time. Some polygons ofT0 may not be triangles. Cut the polygons of
T0 that are not triangles (if any) along vertex-to-vertex arcs to obtain a triangular portalgon
T00. Then T00 is the portalgon of a Delaunay triangulation ofS(T), so T00 has bounded
happiness by the result of Lö�er, Ophelders, Silveira, and Staals [141, Section 4]. Moreover
the vertex set of its 1-skeletonT001 is exactly the set of singularities ofS(T), except if S(T) is
a �at torus in which caseT001 has exactly one vertex, so in any caseT00hasO(n) triangles.

On the portalgon T0 returned by Corollary 10.1 the single-source shortest path algorithm
of Lö�er, Ophelders, Silveira, and Staals [141, Section 3] would run in time quasi-quadratic
in n, in particular:

Observation 10.1. On T0 one can compute a shortest path between two given points in time
quasi-quadratic inn.

Second, the Delaunay tessellation of a closed piecewise-�at surface being unique by de�ni-
tion, Theorem 8.2 enables to test whether the surfaces of two given portalgons are isometric,
simply by computing and comparing the portalgons of the associated Delaunay tessellations:

Corollary 10.2. Let T and T0 be portalgons of less thann triangles, whose aspect ratios are
smaller than r , and whose surfacesS(T) and S(T0) are closed. One can determine whether
S(T) and S(T0) are isometric in O(n3 log2(n) � log4(r )) time.

Proof. Theorem 8.2 computes the portalgonsT and T 0 of the Delaunay tessellations of
respectivelyS(T) and S(T0) in O(n3 log2(n) � log4(r ) time. We claim that we can determine
whether T and T 0 are equal inO(n2) time. The claim immediately implies the corollary.

Let us prove the claim. We consider the sides of the polygons ofT and T 0. There areO(n)
such sides. Fix a sides of a polygon ofT . For every sides0 of a polygon ofT 0, determine in
O(n) time whether there exists a one-to-one correspondence' from the sides of the polygons
of T to the sides of the polygons ofT 0 that maps s to s0, the boundary closed walks of the
polygons ofT to the boundary closed walks of the polygons ofT 0, and the matching ofT
to the matching of T 0. If ' exists then ' is unique sinceS(T ) and S(T 0) are connected:
construct ' in O(n) time. Then determine in O(n) time if for every polygonP of T there
is an orientation-preserving isometry� P : R2 ! R2 such that ' (s) = � P (s) for every sides
of P. In which case return correctly thatT and T 0 are equal. In the end, if every polygon
sides0 of T 0 has been looped upon, and if no equality has been found, return correctly that
T and T 0 are distinct. This proves the claim, and the corollary.
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10.1.3 Overview and techniques for the proof of Theorem 8.2

Recall from Chapter 9 that Lö�er, Ophelders, Silveira, and Staals [141] de�ned thehappi-
ness of a portalgonT as the maximum number of times a shortest path in the surfaceS(T)
visits the image of a polygon ofT. We introduce a slight variation, more suitable to our
needs. On a piecewise-�at surfaceS, we de�ne the segment-happiness of a segmente of
S, denotedhS(e), as the maximum number of intersections betweene and a shortest path of
S, maximized over all the shortest paths ofS. The segment-happiness of a portalgonT is
then the maximum segment-happinesshS(T )(e), maximized over the edgese of its 1-skeleton
T1. A priori the segment-happiness ofT di�ers from the happiness ofT. Indeed a path
in S(T) may visit many times a face ofT1 without intersecting any edge ofT1 more than
once, if the face has high degree. However, ifT is triangular, then the happiness and the
segment-happiness ofT do not di�er by more than a constant factor.

To prove Theorem 8.2, the crux of the matter is to replace the input triangular portalgon
by another triangular portalgon of the same surface, whose segment-happiness is �low�.

For that our approach is to focus on portalgonsT whose surfaceS(T) is �at : the interior
of S(T) contains no singularity (as de�ned in Chapter 3). Note that here we allowS(T) to
be disconnected, and to have boundary. Also the boundary ofS(T) may have singularities.
The systole of S(T) is the smallest length of a non-contractible geodesic closed curve in
S(T), except in the particular case where every closed curve inS(T) is contractible, in which
case the systole is1 . The important thing is that for every positive real s smaller than the
systole ofS(T), any non-contractible closed curve inS(T) is longer thans. Our key technical
result is:

Proposition 10.1. Let T be a portalgon ofn triangles, whose sides are all smaller than
L > 0. Assume thatS(T) is �at. Let s > 0 be smaller than the systole ofS(T). One can
compute inO(n log2(n) � log2(2+ L=s)) time a portalgon ofO(n� log(2+ L=s)) triangles, whose
surface is isometric to that ofT, and whose segment-happiness isO(log(n) � log2(2 + L=s)).

Note that in Proposition 10.1 it is possible thatL < s , which is why we writelog(2+ L=s)
instead of log(L=s).

Sections 10.2, 10.3, 10.4, 10.5, 10.6 are devoted to the proof of Proposition 10.1. In Sec-
tion 10.2 we focus on particular triangular portalgons, whose surfaces are all homeomorphic
to an annulus; the de�nitions and results of this section are used by the algorithm of Propo-
sition 10.1. In Section 10.3 we describe the algorithm for Proposition 10.1. It is a �nely
tuned combination of elementary operations such as inserting and deleting edges and ver-
tices in graphs. While the algorithm itself is relatively simple, its analysis is more involved,
and occupies Sections 10.4, 10.5, 10.6. In Section 10.4 we provide a combinatorial analysis,
doing only things such as counting polygons, not measuring the lengths of their sides. In
Section 10.5 we prepare for the geometric analysis. For that we introduce a new parameter
on the segments of a �at surface,enclosure, possibly of independent interest. Informally, in
a surfaceS, a segmente is enclosed when a short non-contractible loop can be attached to
a point of e not too close to the endpoints ofe. In Section 10.6 we �nally use enclosure to
analyze the algorithm from a geometric point of view, proving Proposition 10.1.

In Section 10.7 we extend Proposition 10.1 from �at surfaces to surfaces having singu-
larities in their interior, essentially by cutting out caps around those singularities. Also, in
order to get a cleaner result, we replace2 + L=s by the aspect ratio ofT, and we replace
segment-happiness by happiness. We obtain:
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Proposition 10.2. Let T be a portalgon ofn triangles, of aspect ratior . One can compute
in O(n log2(n) � log2(r )) time a portalgon ofO(n � log(r )) triangles, whose surface isS(T),
and whose happiness isO(n log(n) � log2(r )) .

We have not discussed Delaunay tessellations yet. Still, we are almost ready to prove the
main result of the this chapter, Theorem 8.2, on computing the portalgon of the Delaunay
tessellation of the surface. Indeed once we have a portalgon of low happiness, we can compute
shortest paths on the surface. And shortest path algorithms classically extend to construct
Voronoi diagrams and then Delaunay tessellations. Formally:

Proposition 10.3. Let T be a portalgon ofn triangles, of happinessh, whose surfaceS(T) is
closed. One can compute the portalgon of the Delaunay tessellation ofS(T) in O(n2h log(nh))
time.

Constructing the Delaunay tessellation this way is folklore on meshes, and a single-source
shortest path algorithm has been brought from meshes to portalgons by Lö�er, Ophelders,
Silveira, and Staals [141] (Chapter 9), with the same linear dependency in the happiness.
However we could not �nd a statement equivalent to Proposition 10.3 in the literature, so
we provide a proof of Proposition 10.3 in Appendix 10.10 for completeness. We insist that
the proof of Proposition 10.3 is incidental to us, and Proposition 10.3 is not surprising at all.
Our contribution is really the proof of Proposition 10.2.

Theorem 8.2 is immediate from Proposition 10.2 and Proposition 10.3:

Proof of Theorem 8.2. Proposition 10.2 computes inO(n log2(n) � log2(r )) time a portalgon
T0 of O(n � log(r )) triangles, whose surface is that ofT, and whose happiness isO(n log(n) �
log2(r )) . Proposition 10.3 then computes the portalgon of the Delaunay tessellation fromT0

in O(n3 log2(n) � log4(r )) time.

10.2 Tubes and bifaces

In this section we focus on particular triangular portalgons. This is similar to but di�erent
from [141, Section 5]. See Figure 10.1. First we provide a few de�nitions.

A tube is a triangular portalgon X whose surfaceS(X ) is homeomorphic to an annulus
and has no singularity in its interior, and whose 1-skeletonX 1 has exactly one vertex on each
boundary component ofS(X ).

Among tubes, abiface is a portalgonB of two triangles whose respective sidess0; s1; s2

and s0
0; s0

1; s0
2, in order (clockwise say, but counter-clockwise would do to), are such thats0 is

matched with s0
0 and s1 is matched with s0

1. Its 1-skeletonB 1 has four edges: two loop edges
forming the two boundary components ofS(B), which we call boundary edges , and two
edges relatively included in the interior ofS(B), which we call interior edges .

We say that a bifaceB is good if the two interior edgese and f of B 1 satisfy both of
the following up to possibly exchanginge and f . First, e is a shortest path inS(B). Second,
cut S(B) along e, and consider the resulting quadrilateron. If this quadrilateron has two
diagonals thenf is smallest among the two diagonals: replacingf by the other diagonal
would not shorten f . We will distinguish good bifaces. A good bifaceB is thin if every
interior edge ofB 1 is longer than every boundary edge ofB 1. OtherwiseB is thick .

While tubes and bifaces have unbounded happiness and segment-happiness, good bifaces
on the other hand are designed to satisfy the following:
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Figure 10.1: (From left to right) A good biface, a biface not good, a thin biface, a thick
biface.

Lemma 10.2. Given a good bifaceB, let e be an interior edge ofB 1. Then hS(B )(e) � 6.

Proof. Among the two interior edges ofB 1, let f be a shortest one. Letg 6= f be the other
interior edge ofB 1. Let p be a shortest path inS(B). The relative interior �p of p cannot
intersect the relative interior of f twice for those intersections would be crossings andp and
f are both shortest paths sinceB is good. So�p intersects f less than four times. Then�p
cannot intersect the relative interior ofg �ve times, for those intersections would be crossings,
and �p would intersect f in-between any two consecutive crossings with the relative interior
of g. Altogether p intersectsf and g at most six times each.

We will use the elementary operation of replacing a tube by a good biface:

Proposition 10.4. Let X be a tube withn triangles, whose sides are smaller thanL > 0.
Let s > 0 be smaller than the systole ofS(X ). One can compute a good biface whose surface
is S(X ) in O(n logn � log(2 + L=s)) time.

Proposition 10.4 is similar to a result of Lö�er, Ophelders, Silveira, and Staals [141,
Theorem 45] (building upon a ray shooting algorithm of Erickson and Nayyeri [86]), so the
proof is deferred to Appendix 10.8.

10.3 Algorithm

In this section we describe the algorithm for Proposition 10.1. We �rst describe the elemen-
tary operations and the data structure, before giving the algorithm itself. Along the way, we
provide informal explanations of our choices, we do not prove anything yet.

165



10.3.1 Inserting vertices and edges

Informally, our goal is to improve the geometry of a triangular portalgonT, and the issue is
that the edges ofT1 that lie in the interior of S(T) can be arbitrarily long. A naive way of
shortening an edge is to cut the edge in two at its middle point. Formally:

InsertVertices : Given a triangular portalgon T, consider every edgee of T1 that lies
in the interior of S(T), and insert the middle point ofe as a vertex inT1.

To perform InsertVertices , recall that T is given as a disjoint collection of triangles in
the plane, together with a partial matching of their sides: we consider every triangleP of T,
and every sides of P that is matched in T, and we make the middle point ofs a new vertex
of P.

The problem is that applying InsertVertices to a triangular portalgon T produces a
portalgon T0 whose polygons are usually not triangles (they have more than three vertices).
We now consider transformingT0 into a triangular portalgon. To do that we repeatedly cut
the polygons ofT0. We need a de�nition.

In the plane consider a polygonP, two distinct vertices u and v of P, and the geodesic
segmenta betweenu and v. If the relative interior of a is included in the interior of P then a
is called a vertex-to-vertex arc ofP. It is easily seen that ifP has at least four vertices (is not
a triangle) then P admits at least one vertex-to-vertex arc. Among the vertex-to-vertex arcs
of P, the shortest ones are theshortcuts of P. We emphasize that we consider the shortest
ones among all the vertex-to-vertex arcs, without �xing the endpoints, but the endpoints are
chosen among the vertices ofP. For example the shortcuts of a square are its two diagonals,
but every other kite (a quadrilateral in which there are two incident sides of the same length)
has only one shortcut. In a portalgonT every polygonP corresponds to a faceF of T1, and
every shortcut ofP corresponds to a path relatively included inF : we say of this path that
it is a shortcut of F .

InsertEdges : Given a portalgonT, as long as there is a face ofT1 that is not a triangle,
insert a shortcut of this face as an edge inT1.

We perform InsertEdges as follows: as long as there is a polygonP of T that is not a
triangle, we cut P into two polygons along a shortcut. This creates two new polygon sides,
which we match inT.

We shall apply InsertVertices followed by InsertEdges to a triangular portalgon T
in order to produce another triangular portalgonT0, hopefully with a nicer geometry. The
problem is now thatT01 has more vertices thanT1. All the other operations of the algorithm
are devoted to keeping the number of vertices low.

10.3.2 Deleting vertices

From now on it is important that every surface considered is �at, there is no singularity in its
interior. Given a triangular portalgon T, assuming that the surfaceS(T) is �at, we consider
decreasing the number of vertices ofT1. To do that we naturally consider deleting some
vertices. Not all vertices can be deleted. For example a vertex incident to a loop edge cannot
be deleted. Also we will not delete vertices that lie on the boundary of the surfaceS(T). A

166



vertex of T1 is weak if it lies in the interior of S(T) and is not incident to any loop edge in
T1. It is strong otherwise.

DeleteVertices : Given a triangular portalgonT whose surfaceS(T) is �at, construct
a maximal independent setV of weak vertices ofT1 that have degree smaller than or equal
to six. For every vertexv 2 V deletev and its incident edges fromT1.

We perform DeleteVertices as follows. To delete a vertexv of T1, we consider the
vertices of the triangles ofT that correspond to v. No two of them belong to the same
triangle for otherwise there would be a loop ofT1 based atv, contradicting the assumption
that v is weak. We move their triangles in the plane so that these vertices are now placed at
the same point of the plane, and so that the triangles are placed in the correct cyclic order
around this point, without overlapping. This is possible sincev lies in the interior of S(T),
and since we assumed that every point in the interior ofS(T) is �at: it is surrounded by an
angle of2� . Now the union of the triangles is a polygon. InT, we replace all the triangles
by this single polygon.

Afterward the polygons ofT are usually not triangles anymore, but this will be solved by
applying InsertEdges after each application ofDeleteVertices .

Observe that inDeleteVertices we delete only vertices of degree smaller than or equal
to six. Informally, the reason is that deleting a weak vertex of degreed � 3 creates a face of
degreed around it. We then insertd� 3 edges in this face when applyingInsertEdges . The
problem is that only a constant number of edges can be inserted in each face without risking
to destroy our improvements on the geometry of the tessellation. This is why we make sure
that d = O(1) beforehand. The exact bound ond is not really important (although changing
it would change some constants of the algorithm), but it must be at least six so that we can
still remove a fraction of the excess vertices this way, at least when most of them are strong.
We will see that in due time. Similar ideas can be found in the literature, see for example
Kirkpatrick [128, Lemma 3.2].

10.3.3 Simplifying tubes

The operation DeleteVertices cannot delete strong vertices. Among them the vertices
that lie the interior of the surface and are incident to a loop edge. In this section we describe
an operation for deleting such vertices.

In order to grasp the intuition observe informally that it is possible that almost all the
vertices ofT1 lie in the interior of S(T) and are incident to a loop edge. Fortunately, we will
see that in this case there must be a sub-portalgonX of T such that X is a tube and such
that the interior of S(X ) contains loop edges ofX 1. The solution is to delete those loop
edges by replacingX by a good biface with Proposition 10.4. There is one subtlety though:
we must choose the tubeX carefully, so that we replace any concatenation of tubes by a
single biface whenever possible, in order to delete the loops in-between the tubes, instead
of replacing each one of the tubes individually. Taking that into consideration leads to the
following:

SimplifyTubes : In a triangular portalgon T whose surfaceS(T) is �at, do the following:

1. In T1 build a set J of loop edges that lie in the interior ofS(T) and are pairwise dis-
joint, as follows. There are two cases:
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Figure 10.2: (Top) Data structure forAlgorithm : a portalgonR whose polygons are parti-
tioned, here by color, inducing sub-portalgons ofR called regions, and one region singularized
as being active, here in red. (Bottom) The surfaceS(T) is here homeomorphic to an annulus.

a) If S(T) is homeomorphic to a torus, do the following. LetJ contain two disjoint
loop edges ofT1 if there exist two such edges, otherwise letJ = ; .

b) Otherwise, if S(T) is not homeomorphic to a torus, do the following. First
construct a setJ 0 of loop edges by considering every vertexv of T1 that lies
in the interior of S(T) and is incident to a loop edge, and by putting one (and
only one!) of the loop edges incident tov in J 0. Then build a subsetJ � J 0 by
removing fromJ 0 everye 2 J 0 that satis�es each of the following. First, cutting
S(T) along the loops inJ 0, and considering the resulting connected components,
two such components are adjacent toe (instead of only one). Second, letting
S0 and S1 be those two components, and considering the two sub-portalgons of
T whose surfaces areS0 and S1, each of these two portalgons is a tube.

2. Cut the surfaceS(T) along the loops inJ , and consider the resulting connected
components. Each such component is the surface of a sub-portalgonX of T. If X is
a tube replaceX by a good bifaceB.

The idea behind step 1b is to remove loops fromJ 0 so that step 2 replaces a concatenation
of tubes by a single good biface when possible, instead of replacing the tubes individually.

10.3.4 Data structure for marking bifaces as inactive

We are almost ready to give the algorithm, but there is still one important thing to under-
stand. For geometric reasons that we will detail in Section 10.6, in step 2 ofSimplifyTubes ,
if the good bifaceB is thin we will not just replaceX by B, but we will also make sure to not
modify B ever again. In this senseB becomes inactive. Doing so requires a data structure
remembering which parts of the portalgon are inactive, which we now describe.

See Figure 10.2. The data structure maintains a portalgonR together with a partition
of the polygons ofR. Each setX of polygons in the partition de�nes a sub-portalgon ofR
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that we call region . One region is singularized as theactive region RA . The other regions
are inactive . Note that the surface of the active region may be disconnected, and that the
surfaces of distinct inactive regions may be adjacent.

Let us now describe what the algorithm will do to the data structure. The data structure
will be initialized by setting RA = R, without inactive region. Then the algorithm will use
the data structure like the reader imagines: it will apply the routinesInsertVertices ,
InsertEdges , DeleteVertices , and SimplifyTubes to the active regionRA , and mark
as inactive every thin biface encountered in step 2 ofSimplifyTubes . Observe thatS(RA ),
the surface ofRA , will diminish over time as more and more regions are marked inactive. This
may increase the topological complexity ofS(RA ) (the numbers of connected components
and boundary components), ruining our e�orts to keep the combinatorial complexity ofRA

bounded. To counteract this, we introduce a small gardening routine:

Gardening : Consider every connected component ofS(RA ). Each such component is
the surface of a sub-portalgonX of RA . If X is a tube replaceX by a good bifaceB, and
mark B as inactive.

We emphasize that inGardening the good bifaceB is always marked as inactive, even
if B is thick.

We described everything that the algorithm can do to the data structure. This immedi-
ately implies three invariants maintained by the algorithm, that we give now in order to ease
the reading. The �rst two invariants are:

ˆ Every polygon of the active region has degree at most six.

ˆ Every inactive region is a good biface.

For the last invariant we need a de�nition. Recall that in R if two sides s and s0 of
polygons are matched thens and s0 correspond to an edgee of R1. If moreover s and s0

belong to di�erent polygons, and if their respective polygons belong to di�erent regions, we
say that e is separating . Then e is a loop, for it is a boundary edge of a biface by the �rst
invariant, and e belongs to the interior ofS(R). Then the third invariant maintained by the
algorithm is:

ˆ The separating loops are pairwise disjoint. Equivalently, no two of them are based at
the same vertex ofR1.

10.3.5 Algorithm

Finally, we give the algorithm. The algorithm consists in repeatedly applying two parts. In a
�rst part, we improve the geometry by applying InsertVertices and then InsertEdges .
However this increases the number of vertices. So in a second part we applySimplifyTubes ,
DeleteVertices , and InsertEdges , in combination with Gardening . The problem is
that this second part can only remove a fraction of the vertices at once, so it needs to be
repeated several times in order to counteract the increase of vertices in the �rst part. It turns
out that 350 repetitions su�ce, as we shall see.
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Algorithm : Given a triangular portalgon T whose surfaceS(T) is �at, and a positive
integerN , do the following. Initialize the data structure by letting R be the input portalgon
T, and the active regionRA be R itself, without inactive region. Then repeatN times the
following:

� Apply InsertVertices to RA . Then apply InsertEdges to RA .

� Repeat 350 times the following:

� Apply Gardening .

� Apply SimplifyTubes to RA but in step 2 whenever the good bifaceB is thin
mark B as inactive.

� Apply Gardening .

� Apply DeleteVertices to RA . Then apply InsertEdges to RA .

In the end return R.

Note that perhaps the algorithm would work too if it appliedGardening only once, but
applying Gardening twice will simplify our analysis. When proving Proposition 10.1, we
will apply the algorithm with N = dlog(2 + L=s)e, but we will see that in due time.

10.4 Combinatorial analysis of the algorithm: proof of
Proposition 10.5

In this section we provide the combinatorial analysis ofAlgorithm , by proving the follow-
ing:

Proposition 10.5. Apply Algorithm to a portalgonT of n triangles, whose surfaceS(T)
is �at. During the execution the number of polygons of the active regionRA is O(n).

We analyze each operation independently before proving Proposition 10.5. Our analysis
is on the number vertices ofR1

A , not the number of polygons ofRA , but bounding one
immediately bounds the other, as we shall see, and we �nd more convenient to argue on the
vertices ofR1

A .

10.4.1 Analysis of InsertVertices

We start by bounding the increase in vertices ofInsertVertices :

Lemma 10.3. Let T be a triangular portalgon. Letg be the genus ofS(T). Let m be the
number of vertices ofT1. Apply InsertVertices to T and consider the resulting portalgon
T0. Then T01 has less than7(g + m) vertices.

Lemma 10.3 relies on the following classical consequence of Euler's formula:

Lemma 10.4. There are less than6(g + m) edges inT1.
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Proof. Let m1 and m2 count respectively the edges and the faces ofT1, and let b count the
boundary components ofS(T). Double counting gives3m2 � 2m1. Euler's formula gives
m1 � m2 = m + 2g+ b� 2. And we haveb � m. Thereforem1 � 3m1 � 3m2 < 6(m + g).

Proof of Lemma 10.3. There are no more vertices inserted than there are edges inT1, and
there are less than6(g + m) edges inT1 by Lemma 10.4.

10.4.2 Analysis of DeleteVertices

For DeleteVertices to remove a fraction of the vertices, it su�ces that the number of
vertices exceeds the topology of the surface, and that almost all of the vertices are strong:

Lemma 10.5. Let T be triangular portalgon whose surfaceS(T) is �at. Let m be the number
of vertices ofT1. Let g be the genus ofS(T), and let �m be the number of strong vertices of
T1. Apply DeleteVertices to T and consider the resulting portalgonT0. If m > 24(g+ �m)
then T01 has less than167m=168 vertices.

Lemma 10.5 relies on the following simple consequence of Euler's formula:

Lemma 10.6. Let S a topological surface of genusg with b boundary components. LetY be
a topological triangulation ofS with m vertices. If m > 24(g+ b) then at leastm=12 vertices
of Y have degree smaller than or equal to 6.

Proof. Let m1 and m2 count respectively the edges and the faces ofY. Euler's formula gives
6m � 6m1 +6m2 = 12 � 12g� 6b. Double counting gives3m2 � 2m1 � band 2m1 =

P
v degv,

where the sum is over the vertices, and wheredegv denotes the degree of a vertexv. ThenP
v 6 � degv = 6m � 2m1 � 6m � 6m1 + 6m2 + 2b � 12� 12g � 4b > � m=2. Let a and b

count the number of vertices whose degree is respectively smaller than or equal to six, and
greater than six. Thenb < 5a + m=2. Assuming a < m=12, we get b < 11m=12, and so
a + b < m. This is a contradiction. This proves the lemma.

Proof of Lemma 10.5. Let b be the number of boundary components ofS(T). We have
m > 24(g + b). Indeed we assumedm > 24(g + �m), and we have�m � b as every boundary
component ofS(T) contains a strong vertex ofT1. So by Lemma 10.6 at leastm=12 vertices
of T1 have degree smaller than or equal to six. Moreover less thanm=24 vertices ofT1 are
strong by assumption. So more thanm=24 vertices ofT1 are weak and have degree smaller
than or equal to six. Any maximal independent set of such vertices contains more than
m=(24 � 7) = m=168vertices, soDeleteVertices deletes more thanm=168vertices.

10.4.3 Analysis of SimplifyTubes

Right after applying SimplifyTubes the number of vertices that lie in the interior of the
surface and are incident to a loop is bounded by the topology of the surface:

Lemma 10.7. Let T be a triangular portalgon whose surfaceS(T) is �at. Let g and b be
the genus and the number of boundary components ofS(T). Apply SimplifyTubes to T,
and consider the resulting portalgonT0. At most 9(g+ b) vertices ofT01 lie in the interior of
S(T0) and are incident to a loop inT01.

Lemma 10.7 relies on the following:
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Lemma 10.8. Let I be a set of loop edges ofT1 that lie in the interior of S(T) and are
pairwise disjoint. In I all but at most 9(g + b) loops e satisfy the following: there are two
connected components ofS(T) n I incident to e, and each of them is the surface of a sub-
triangulation of T that is a tube.

Proof. Cut S(T) along I , and consider the resulting connected components. Those compo-
nents are the surfaces of sub-portalgons ofT. Let Z contain those sub-portalgons ofT. Let
Z 0 � Z contain the sub-portalgons that are not tubes. Without loss of generalityI 6= ; .
Then every T0 2 Z is such that @S(T0) 6= ; sinceS(T) is connected. Let� (T0) and d(T0)
be respectively the Euler characteristic ofS(T0) and the number of boundary components of
S(T) that belong to S(T0). Let � (T0) = 2 d(T0) � � (T0).

We claim that everyT0 2 Z satis�es � (T0) � 0, and that if T0 2 Z 0 then � (T0) > 0. Indeed
we have� (T0) � 1 sinceS(T0) is not homeomorphic to a sphere. So assuming� (T0) � 0,
we get d(T0) = 0 . Then � (T0) 6= 1 for otherwiseS(T0) would be homeomorphic to a disk,
would have no curved point in its interior, and would be bounded by a single geodesic loop
issued ofI , contradicting the formula of Gauss�Bonnet. So� (T0) = 0 . Then T0 is a tube
sinceS(T0) is not homeomorphic to a torus. This proves the claim.

Now for everyT0 2 Z 0 let b(T0) be the number of boundary components ofS(T0). The
claim implies b(T0) � 2 � � (T0) � 2 + � (T0) � 3� (T0). So

P
T02 Z 0 b(T0) � 3

P
T02 Z 0 � (T0) �

3
P

T02 Z � (T0) � 9(g+ b). Therefore at most9(g+ b) loops in I are incident to the surface of
someT0 2 Z 0. If every other loop in I is incident to the surfaces of two distinctT0; T1 2 Z
then we are done. Otherwise there is a loope 2 I incident to the surface of only oneT0 2 Z .
SinceT0 is a tube,S(T) is a homeomorphic to a torus, ande is the only loop in I , so we are
done. This proves the lemma.

Proof of Lemma 10.7. We claim that in the application of SimplifyTubes the setJ contains
at most 9(g+ b) loops. This is true if step 1a is applied, for in this caseg = 1 and J contains
either zero or two loops. And if step 1b is applied all but9(g + b) loops in J 0 are incident to
two distinct connected component ofS(T) n J 0 whose corresponding sub-triangulations ofT
are tubes, by Lemma 10.8. Those loops are not retained inJ . This proves the claim.

In the particular case where the surfaceS(T) is homeomorphic to a torus, and whereT1

contains exactly one vertex incident to loop a edge, the application ofSimplifyTubes does
nothing and T = T0. In this case the lemma is proved. In all other cases if a vertexv of T01

lies in the interior of S(T0) and is incident to a loop edge inT01, then v is the base vertex
of some loop inJ . Indeed v would otherwise have been deleted bySimplifyTubes when
replacing a tube by a biface. There are at most9(g + b) such vertices by our claim. This
proves the lemma.

10.4.4 Analysis of Gardening

Right after applying Gardening the topology ofS(RA ), the surface of the active region, is
bounded by the topology ofS(R), the whole surface:

Lemma 10.9. Let g and b be the genus and the number of boundary components ofS(R).
The genus ofS(RA ) is smaller than or equal tog. And right after applying Gardening
S(RA ) has at most10(g + b) boundary components.

Proof. Of course the genus ofS(RA ) is smaller than or equal tog. It is the number of
boundary components that we must handle. Each boundary component ofS(RA ) is either a
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boundary component ofS(R), and there areb of them, or it is a separating loop. We bound
the the number of separating loops adjacent toS(RA ), so let I contain those loops. Each
e 2 I is incident to two connected components ofS(R) n I : one of them is inS(RA ), the
other is not. The component inS(RA ) is not the surface of a tube sinceGardening was
just applied. SoI contains at most9(g + b) loops by Lemma 10.8. We proved thatS(RA )
has at most10(g + b) boundary components.

10.4.5 Proof of Proposition 10.5

Proof of Proposition 10.5. We will prove that the number of vertices ofR1
A is O(n) through-

out the execution. This will prove the lemma for then the number of edges ofR1
A is also

O(n) by Lemma 10.4, since the genus ofS(RA ) is O(n), and so the number of polygons of
RA is alsoO(n).

Consider the input triangular portalgonT. Let m be the number of vertices ofT1. Let g
and b be the genus and the number of boundary components ofS(T). Observe thatm � 3n,
g � n, and b � n. We will argue usingm, g, and b instead ofn. There are two loops in the
algorithm: the main loop, which repeatsN times, and the interior loop, which repeats 350
times within each iteration of the main loop.

First we consider a single iteration of the interior loop. LetmA be the number of vertices
of R1

A at the begining of this iteration. Observe that the iteration does not insert any new
vertex in R1

A . We claim that if mA > 3000(g+ b+ m) then less than167mA =168vertices are
in R1

A at the end of the loop. To prove the claim �rst observe that after each application of
Gardening S(RA ) has at most10(g + b) boundary components by Lemma 10.9. And the
genus ofS(RA ) is smaller than or equal tog. Now after the application of SimplifyTubes
at most 9(g + 10(g + b)) � 99(g + b) vertices of R1

A lie in the interior of S(RA ) and are
incident to a loop by Lemma 10.7. This is still the case just before the application of
DeleteVertices . Moreover, at this point, at most m + 10(g + b) vertices of R1

A lie on
the boundary of S(RA ); indeed every such vertex is either a vertex ofT1, and there are at
most m, or it is the base vertex of a separating loop, in which case it is the unique vertex
in its boundary component ofS(RA ), and there are at most10(g + b). Altogether, just
before the application of DeleteVertices, the number�mA of strong vertices ofR1

A satis�es
�mA � m + 109(g + b). If at this point R1

A has at most24(g + �mA ) vertices then it already
has less than167mA =168 vertices since we assumedmA > 3000(g + b+ m). Otherwise less
than 167mA =168 vertices remain afterDeleteVertices by Lemma 10.5. In any case the
claim is proved.

Now we prove the lemma by considering a single iteration of the main loop. Assuming
that R1

A has more than3000(g + b+ m) vertices at the beginning of the iteration, we shall
prove that in the end of the iteration the number of vertices ofR1

A has decreased. To do so
�rst observe that the iteration starts with InsertVertices , and this is the only moment
where vertices are inserted. At this point the number of vertices ofR1

A is multiplied by
less than8 by Lemma 10.3. And by our claim, as long as the number of vertices exceeds
3000(g + b+ m) it is divided by more 168=167 by each iteration of the interior loop. There
are 348 iterations of the interior loop, and8 < (168=167)350. This proves the lemma.
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10.5 Enclosure

In this section we �x a �at surface S. We introduce a parameter on the segments ofS that
we call enclosure. Then we relate enclosure to segment-happiness and length, and we show
what the elementary operations used byAlgorithm do to the enclosure and the length of
the edges involved, preparing for the geometric analysis ofAlgorithm .

Figure 10.3: The red loop encloses the blue segment in the surface.

First we de�ne enclosure. See Figure 10.3. Consider a segmente of S. Informally, e is
enclosed inS when a short non-contractible loop can be attached to a point ofe not too
close to the endpoints ofe. Formally, consider a point x in the relative interior of e. We
denote by hxi e the minimum length of the two sub-segments ofe separated byx. Assume
that there exists a loop
 based atx in S, such that 
 is geodesic except possibly at its
basepoint. Further assume that̀ (
 ) < hxi e. In this case
 and e are necessarily ingeneral
position: Informally, they do not overlap, more formally, every su�ciently short sub-path of

 is either disjoint from e or its intersection with e is a single point. There are two cases:
either 
 crossese at x, or 
 meetsx on only one side ofe. If 
 crossese at x, then we say
that 
 encloses e in S. Also we say that 
 enclosese by a factor of hxi e=`(
 ) in S. The
enclosure cS(e) � 1 is the supremum of the ratioshxi e=`(
 ) over the loops
 enclosinge in
S, conventionally set to one if there is no loop enclosinge in S.

10.5.1 Enclosure of a sub-segment

Recall that, given an edgee of a tessellation ofS, the operationInsertVertices may insert
the middle point of e as a vertex in the tessellation. The following ensures that the two
resulting edges are not more enclosed inS than the initial edge. It is straightforward:

Lemma 10.10. Let e be a segment inS, and let f be a segment included ine. Then
cS(e) � cS(f ).

Proof of Lemma 10.10.Let t > 1. Assume that there is a loop
 , based at a pointx, that
enclosesf by a factor of t. Then 
 enclosese by a factor of t sincehxi f � h xi e.

10.5.2 Enclosure and length of a shortcut

Recall that, given a faceF of a tessellation ofS, the operation InsertEdges may insert
a shortcut of F as an edge in the tessellation. The following ensures that if the shortcut
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inserted is �very enclosed� inS, then it is �not much more enclosed� inS and �not much
longer� than the edges initially in the tessellation:

Proposition 10.6. Let F be a face of a tessellation ofS. Assume thatF has a shortcute such
that cS(e) > 6. Then F has a sidef such thatcS(f ) � cS(e) � 4 and `(f ) � (1� 4=cS(e)) �`(e).

In this section we prove Proposition 10.6. First we need a lemma:

Lemma 10.11. In S, let e and f be two relatively disjoint segments, and let
 be a geodesic
loop. Assume that
 enclosese by a factor of t > 2, and that 
 intersects f at a point y
such thathyi f > ` (
 ). Rebase
 at y, and let 
 0 be the geodesic loop homotopic to it. Then

 0 meetsy on both sides off .

Proof. We have`(
 0) � `(
 ) so`(
 0) < hyi f , and so
 0 is in general position withf . We prove
the lemma by contradiction, so assume that
 0 meetsy only on the right side off , for some
direction of f . In the universal covering spaceeS of S, consider a lift ef of f . Let ey be the
lift of y that belongs to ef . Since the interior of eS is �at, there is a geodesiceL, containing ef ,
such that on both endseL is either in�nite or reaches the boundary ofeS. Then eL separateseS
in two connected components. The two lifts of
 0 incident to ey meet ey on the right side of ef
by assumption, and they are otherwise disjoint fromeL. In particular, their other endpoints
lie on the right side of eL.

We have`(
 ) < hyi f so 
 is in general position withf . Direct 
 so that 
 crossesf from
right to left at y, and write 
 as the concatenation of two paths
 0 and 
 1 respectively before
and after its crossing aty. There is a lift e
 1 of 
 1 that leaves ey on the left of ef . And e
 1 is
otherwise disjoint from eL, since the interior of eS is �at. Thus the endpoint ex of e
 1 lies on the
left of eL. There is a lift e
 0 of 
 0 that starts at ex. And e
 0 is otherwise disjoint frome
 1 since

meetsx on both sides ofe, and since the interior ofeS is �at. By the previous paragraph, the
endpoint of e
 0 lies on the right side ofeL, so e
 0 intersects eL. Cut e
 0 at its �rst intersection
point ez with eL. Let eI be the sub-segment ofeL betweeney and ez. The concatenation of the
pre�x of e
 0 ending at ez, of eI , and of e
 1 is a simple closed curveeC. At ex, there is a portion
of ee that enters the bounded side ofeC, since
 meetsx on both sides ofe. This portion of
ee can be extended into a geodesicep that meets eC at some point ev, since the interior of eS
is �at. Then ev belongs to the relative interior ofeI . We claim that ev belongs to the relative
interiors of both ee and ef , which is a contradiction sincee and f are relatively disjoint. To
prove the claim, �rst observe that the distance betweeney and ez in eS is at most `(
 ), and
this distance is equal to the length ofeI , since the interior of eS is �at. So the sub-segment of
eI betweeney and ev is no longer than`(
 ) < hyi f , and is thus included in the relative interior
of ef . Also, the distance betweenev and ex is smaller than or equal to2`(
 ) � 2hxi e=t < hxi e,
so ep is included in the relative interior of ee.

The proof of Proposition 10.6 also relies on the following construction. See Figure 10.4.
In the Euclidean planeR2 let Q be a polygon with more than three vertices. Lete be a
shortcut of Q. Let f and f 0 be sides ofQ separated bye along the boundary ofQ. Let x be
a point in the relative interior of e. Let y and y0 be points that lie on respectivelyf and f 0

(possibly vertices ofQ), and do not lie one. Assume that the segmentsp and p0 betweenx
and respectivelyy and y0 are relatively included in the interior ofQ. Then:

Lemma 10.12. Let t > 6. If `(p) � h xi e=t and `(p0) � h xi e=t, then at least one off and f 0,
say f , is such thathyi f � (1 � 4=t) � hxi e and `(f ) � (1 � 4=t) � `(e).
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Figure 10.4: The setting of Lemma 10.12.

Proof. Assume without loss of generality thate is horizontal, that f lies abovee, and that
x is the origin (0; 0) 2 R2. Then x cuts e into two segmentse0 and e1, respectively the right
and left one. Let v0 and v1 be respectively the right and left endpoints ofe. Consider the
following algorithm in three phases. In the �rst phase consider the pointz = x and movez
alongp. Doing so, consider the segments fromz to v0 and v1. If moving z makes the relative
interior of one of those two segments intersect@Q, then stop: this is a break condition. Also
break if z reachedy and y is a vertex ofQ. Otherwise the algorithm enters its second phase.
Then y cuts f in two segmentsf 0 and f 1, wheref 0 is on the right of y as seen from the path
p directed from x to y. In phase two movez along f 0 or f 1, choosing carefully which segment
to move along so that the second coordinate ofz does not increase. We assume without loss
of generality that z moves alongf 0, by �ipping the �gure horizontally otherwise. Move along
f 0 by a distance of(1 � 4=t)`(e0), but break if z reaches the right end-vertex off , or if the
relative interior of the segment betweenz and v0 intersects @Q. If the algorithm did not
break, it enters its third and �nal phase. In this phase putz back on y, and move it along
the other sub-segment off , heref 1, by a distance of(1 � 4=t)`(e1), breaking if z reaches the
left end-vertex off , or if the relative interior of the segment betweenz and v1 intersects@Q.

If the algorithm did not break then `(f ) � (1 � 4=t)`(e) and hyi f � (1 � 4=t)hxi e and we
are done. Otherwise, if the algorithm broke, consider the triangle� betweenv0, v1, and z.
The break conditions ensure that the interior of� is included in the interior of Q, and that
there is a vertexw of Q that lies on @� and not on e. We claim that the inner-angles of
� at v0 and v1 are both strictly smaller than �= 4. We prove this claim by considering the
coordinates(�; � ) 2 R � [0; + 1 [ of z, and the coordinates(`(e0); 0) and (� `(e1); 0) of v0 and
v1 respectively, and by proving that the invariants`(e0) � � > � and � + `(e1) > � hold at any
time during the algorithm. Let m = min( `(e0); `(e1)) = hxi e. In the �rst phase j� j � m=t
and 0 � � � m=t, so the invariants hold sincet > 2. In the second phase� does not increase
and � does not decrease. Moreover� does not increase by more thaǹ(e0)(1 � 4=t) so the
invariants hold. If the second phase ends without breaking then the absolute slope� of the
line supporting f is smaller than or equal to1=(t � 5). Indeed during the second phase�
decreased by at mostm=t while z moved a distance`(e0)(1 � 4=t), so � increased by at
least `(e0)(1 � 4=t) � m=t, and so1=� � `(e0)(1 � 4=t)t=m � 1 � t � 5. In the third phase
� � � m=t � `(e1)(1 � 4=t) and � � m=t + �` (e1)(1 � 4=t) so � + `(e1) � 3`(e1)=t > � since
t > 6. Also � increases less than� decreases since� < 1=2, so `(e0) � � > � remains true.
This proves the claim.

Applying the algorithm to p0 and f 0 on the other side ofe, either the algorithm does
not break in which casè (f 0) � (1 � 4=t)`(e), hy0i f 0 � (1 � 4=t)hxi e, and we are done. Or
the algorithm breaks and we get similarly a triangle� 0 and a vertex w0 of P. The inner
angles of� 0 at v0 and v1 are also both strictly smaller than�= 4, so the segment between
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w and w0 is relatively included in the interior of the quadrilateron formed by� and � 0,
and is strictly shorter than e. This segment is a vertex-to-vertex arc ofQ shorter than e, a
contradiction.

Proof of Proposition 10.6. Let t > 6. Assume that there is a geodesic loop
 that enclosese
by a factor of t. Let x be the basepoint of
 . In the Euclidean plane, consider the polygon
Q corresponding toF . Let be and bx be the pre-images ofe and x in Q. Consider the
pre�x and the su�x of 
 that leave x on both sides ofe to meet @F, and their pre-image
paths in Q that meet two boundary edgesbf and bf 0 of Q, at respective pointsby and by0.
By Lemma 10.12, one of those two points, sayby without loss of generality, is such that
hbyi bf � (1 � 4=t)hbxi be and `( bf ) � (1 � 4=t)`(be). Also bf projects to a boundary edgef of F ,
and by projects to a point y in the relative interior of f . Now rebase
 at y, and consider the
geodesic loop
 0 homotopic to it (where the basepoint aty is �xed by the homotopy). Then
`(
 0) � `(
 ) = hxi e=t < hyi f =(t � 4). In particular `(
 0) < hyi f sincet > 5. And 
 0 meetsy
on both sides off by Lemma 10.11, sincet > 2.

10.5.3 Interior of a thick biface

Recall that, given a portalgonR whose surface isS, Algorithm may replace a sub-portalgon
of R by a good bifaceB. The following ensures that ifB is thick, and if an interior edge
of B 1 is �very enclosed� in the surfaceS, then it is �not much more enclosed� inS and �not
much longer� than the edges initially inR1, similarly to Proposition 10.6:

Proposition 10.7. Assume thatS contains the surface of a thick bifaceB, and let e be one
of the two interior edges ofB 1. Assume thatcS(e) > 6. Then there is a boundary edgef of
B 1 such thatcS(f ) � cS(e) � 5 and `(f ) � (1 � 4=cS(e)) � `(e).

In this section we prove Proposition 10.7. First we need a lemma:

Lemma 10.13. Let B be a good biface. Among the two interior edges ofB 1 let f be a longest
one. Let F be the face ofB 1 adjacent tof . Each corner ofF incident to f has angle smaller
than or equal to�= 2.

Proof. Among the two interior edges ofB 1 let e be a shortest one, and letg 6= e be the other
one. Thene, g, and f are the sides ofF . The angle at the corner ofF betweenf and g is
smaller than �= 2 since`(e) � `(g). Now consider the cornerc betweenf and e. Cut S(B)
open alonge and consider the resulting quadrilateronQ in the plane. The edgef of B 1

corresponds to a sidebf of Q, the edgee corresponds to two opposite sidesbe and be0, and the
edgeg corresponds to a vertex-to-vertex arcbg of Q. Also the other boundary edgef 0 6= f
of B 1 corresponds to the sidebf 0 of Q opposite to bf . And the corner c corresponds to the
corner bc of Q betweenbe and bf . Let bd be the corner ofQ opposite to bc, betweenbe0 and bf 0.
Assume by contradiction that the angle atbc is greater than �= 2. We have`(be) = `(be0) and
`( bf ) � `( bf 0) so the angle atbd is greater than or equal to the angle atbc, and in particular
is also greater than�= 2. The two other angles ofQ are smaller than� , so Q is convex and
admits a diagonalp 6= bg. Consider the unique circleC that admits bg as a diameter. Then
the two endpoints ofp lie in the interior of C. So p is shorter than bg. This contradicts the
assumption that B is good.
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Proof of Proposition 10.7. Among the two interior edges ofB 1 let g be a shortest one. Among
the two boundary edges ofB 1 let g0 be a longest one. Theǹ(g) � `(g0) sinceB is thick. We
claim that if cS(g) > 2, then cS(g0) � cS(g) � 1. To prove the claim let t > 2 and assume
that there is a loop 
 that enclosesg by a factor of t in S. Let x be the basepoint of
 . Let
F be the face ofB 1 adjacent to g0. Around x there is a portion of 
 that enters F . This
portion of 
 must leaveF by a point y of g0 since the angle ofF betweeng and g0 is smaller
than or equal to �= 2 by Lemma 10.13, sincè(g) � `(g0), and since`(
 ) = hxi g=t < hxi g=

p
2.

Then hyi g0 � h xi g � `(
 ) = (1 � 1=t)hxi g by triangular inequality and since `(g) � `(g0).
Rebase
 at y, and consider the geodesic loop
 0 homotopic to it (where the homotopy �xes
the basepoint at y). Then `(
 0) � `(
 ) = hxi g=t � h yi g0=(t � 1). And 
 0 enclosesg0 by
Lemma 10.11, sincet > 2. This proves the claim.

If e = g we are done by our claim, so assume thate is a longest interior edge ofB 1.
Deleting e merges the two faces ofB 1 into a single faceF 0 of which e is a shortcut, sinceB
is good. So Proposition 10.6 applies sincecS(e) > 6: there is a boundary edgef of F 0 such
that cS(f ) � cS(e) � 4 and `(f ) � (1 � 4=cS(e))`(e). If f is a boundary edge ofB 1 we are
done. Otherwisef = g so`(g0) � `(f ) � (1 � 4=cS(e))`(e) and cS(g0) � cS(f ) � 1 � cS(e) � 5
by our claim sincecS(e) > 6. This proves the proposition.

10.5.4 Boundary of a thin biface

Recall that Algorithm keeps some thin bifaces in the output portalgon by marking them
as inactive. The following enforces that their boundary edges are �not very enclosed� inS,
which is not surprising:

Proposition 10.8. Assume thatS contains the surface of a thin bifaceB, and let e be one
of the two boundary edges ofB 1. Then cS(e) � 2.

In this section we prove Proposition 10.8. First we need two lemmas:

Lemma 10.14. Let B be a thin biface. Among the two interior edges ofB 1 let e be a shortest
one. Each of the four corners betweene and the boundary ofS(B) has angle greater than
�= 4.

Proof. Assume by contradiction that there is a cornerc betweene and a boundary edgef
of B 1 whose angle is smaller than or equal to�= 4. Cut S(B) open alonge and embed the
resulting quadrilateronQ in the plane, isometrically. The edgee corresponds to two opposite
sidesbe and be0 of Q. The edgef corresponds to one of the other two sides ofQ, that we
call bf . The vertex v of the cornerc corresponds to the two end-vertices ofbf : let bv be the
one incident to be, and let bv0 be the one incident tobe0. Without loss of generality the corner
c corresponds to the corner ofQ at bv, whose angle is thus smaller than or equal to�= 4.
Consider the orthogonal projectionx of bv0 on the line containing be. Then x belongs tobe
sincebe is longer than bf , as B is thin. The segmentp betweenx and bv0 is shorter than the
portion of be betweenx and bv. Also p is included in Q sincebe and be0 are longer than bf . Thus
p projects to a path that shortcuts e, contradicting the fact that B is a good biface.

Lemma 10.15. In S(B) every pathp between the two boundary components ofS(B) is such
that `(p) � `(e)=2.
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Proof. Without loss of generality one of the two endpoints ofp (at least) is a vertexv of B 1.
Consider the other endpointx of p, and the vertexw 6= v of B 1. There is a pathq from x to
w in the boundary of S(B). Without loss of generality `(q) � `(e)=2 sinceB is thin. Also e
is a shortest path sinceB is good. Sò (p) + `(q) � `(e). We proved`(p) � `(e)=2.

Proof of Proposition 10.8. Among the two interior edges ofB 1 let e be a shortest one. Let
f be any one of the two boundary edges ofB 1. We have`(e) � `(f ) sinceB is thin. Assume
by contradiction that there is in S a loop 
 that enclosesf by a factor of t > 2. Let x be
the basepoint of
 . There is a portion of 
 that leaves x and enters the interior ofS(B).
This portion of 
 cannot leaveS(B) via the other boundary edge ofS(B), for otherwise
`(
 ) � `(e)=2 by Lemma 10.15, sò (
 ) > hxi f =t, a contradiction. Then 
 intersectse. And
f and e have a corner whose angle is smaller than�= 4 since`(
 ) < hxi f =2. This contradicts
Lemma 10.14.

10.5.5 Upper bound on segment-happiness and length

In this section, given a segmente of S, we bound from above the segment-happiness and the
length of e by the enclosure ofe. Our bounds depend on the surfaceS. More precisely, on
the systole ofS and the diameter ofS. But instead of the diameter ofS, we consider an
arbitrary triangulation of S, and we use its numbern of triangles together with the maximum
length L of its edges (it is easily seen that the diameter ofS is smaller than or equal tonL ).
This will be more convenient to us when analyzingAlgorithm in Section 10.6, for thenS
will be given by a triangular portalgon, whose 1-skeleton is a triangulation ofS. We prove:

Proposition 10.9. Let e be a segment ofS. Let s > 0 be smaller than the systole ofS.
Assume that there is a triangulation ofS with n � 1 triangles, whose edges are all smaller
than L > 0. Then hS(e) = O(cS(e) � (1 + log cS(e) + log n + logdL=se)) and `(e)=s =
O(cS(e) � n � dL=se2).

In Proposition 10.9 theO() notation does not depend onS, it involves a universal con-
stant. In the second inequality of Proposition 10.9 the exact powers abovedL=se and n, here
2 and 1, do not matter to us. We need only a polynomial indL=se and n. The rest of this
section is devoted to the proof of Proposition 10.9. First we need a few lemmas.

Lemma 10.16. Let t > 1. Assume that there is a shortest path whose relative interior crosses
the relative interior of e twice in the same direction, at pointsx and y. If the sub-segment
of e betweenx and y is shorter than hxi e=2t then cS(e) > t .

Proof. Consider the portionp of the shortest path that starts just before its crossing atx,
and ends just before its crossing aty. Consider also the geodesic pathq that runs parallel
to the sub-segment ofe from y to x, such that the concatenation ofp and q forms a loop
 .
Base
 at x. There is a unique geodesic loop
 0 homotopic to 
 (where the base-point atx is
�xed in the homotopy) since the interior of S is �at. We have that 
 0 is not the constant loop
based atx; for otherwise
 would be contractible, sop would be homotopic to the reversal
of q, and sop would actually be equal to the reversal ofq since the interior of S is �at, a
contradiction. Moreover
 0 is shorter than hxi e=t; indeed
 0 is not longer than
 , q is shorter
that hxi e=2t by assumption, andp is not longer thanq sincep is a shortest path. Then
 0 is
in general position withe. We shall prove that 
 0 meetsx on both sides ofe. This will prove
the lemma for then
 0 will enclosee by a factor of hxi e=`(
 0) > t .
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Let us prove that. Orient e so that 
 crossese from right to left. Consider the universal
covering spaceeS of S, and a lift ee of e in eS. The interior of eS being �at, there is a geodesic
eL, containing ee, such that on both endseL is either in�nite or reaches the boundary ofeS.
And eL separateseS in two connected components. Now letex be the lift of x in ee. There are
two lifts of 
 0 incident to ex: one lift e
 0

0 starts at ex, the other lift e
 0
1 ends atex. Let ea0 be the

endpoint of e
 0
0, and let ea1 be the startpoint of e
 0

1. We claim that ea0 lies strictly to the left of
eL, and that ea1 lies strictly to the right of eL. This claim implies that e
 0

0 meetsex on the left
of ee, and that e
 0

1 meetsex on the right of ee, which implies that 
 0 meetsx on both sides ofe.
Let us prove the claim. First we prove thatea0 lies strictly to the left of eL. To do so

consider also the lift ep of p that starts at ex, and the lift eq of q that starts at the endpoint
of ep. The endpoint of eq is ea0 since the concatenation ofep and eq is a lift of 
 , and since
 is
homotopic to 
 0. By de�nition ep leavesex on the left of eL. Also ep is disjoint from eL except for
its startpoint at ex, the interior of S being �at. Moreover eq is disjoint from eL. For otherwise
eq would intersect eL at a point ez whose distance toex would be smaller thanhxi e=t. But then
the sub-segment ofeL betweenez and ex would be no longer, and so would be included inee.
In particular eq and ee would intersect, a contradiction. This proves thatea0 lies strictly to the
left of eL.

To prove that ea1 lies strictly to the right of eL, consider the lift ey of y in ee, and the lift
ep1 of p that ends at ey. Then the startpoint of ep1 is ea1, and it lies strictly to the right of eL
sinceep1 meetsey on the right of eL, and sinceep1 is otherwise disjoint fromeL. This proves the
claim, and the lemma.

Lemma 10.17. We havehS(e) = O(cS(e) � (1 + logd̀ (e)=se)).

Proof. Let t > 1. AssumehS(e) > 12t � (3 + logd̀ (e)=se). We will prove cS(e) � t, and
this will prove the lemma. In S there is a shortest pathp that intersects e more than
12t � (3+ logd̀ (e)=se) times. Cut e at its middle point. One of the two resulting sub-segments
of e, say f , intersectsp more than 6t � (3 + logd̀ (e)=se) times. Partition f into sub-segments
f 0; f 1; : : : ; f n with n � 2 + logd̀ (e)=se, where the sub-segmentf 0 contains the pointsx 2 f
such that hxi e � s=4, and where for every1 � i � n the sub-segmentf i contains the points
x 2 f such that 2i � 3s � h xi e � 2i � 2s. There is0 � i � n such that p intersectsf i more than
6t times. Then the relative interior of p crossesf i twice (at least) in the same direction at
points x and y, such that the sub-segment off i betweenx and y is shorter than2i � 4s=t, since
`(f i ) � 2i � 3s. Also i � 1 as no shortest path crossesf 0 twice, since`(f 0) < s=2, and since
the interior of S is �at. In particular hxi e � 2i � 3s. Then cS(e) � t by Lemma 10.16.

Lemma 10.18. We have`(e) = O(cS(e) � ndL=seL).

Proof. Let t > 1. Assume`(e) � 600t � ndL=seL. We will prove that cS(e) � t, and this will
prove the proposition. To do so letd = 120ndL=seL. Cut e into three segments, a middle
segmente0 of length d, and two peripheral segments each longer than2t � d. We claim that
there is in S a shortest path crossing the relative interior ofe0 twice in the same direction.
This claim implies cS(e) � t by Lemma 10.16, which proves the proposition.

Let us prove the claim. Consider a triangulationT of S with n triangles, whose edges
are all smaller thanL > 0. Cut each edge ofT into 2dL=se equal-length segments, that we
shall call doors. Each door is smaller than or equal to half the systole ofS so it is a shortest
path. There are at most6ndL=se doors sinceT has at most3n edges. Each sub-segment
e1 of length 4L of e0 contains in its relative interior three pointsx0; x1; x2 in this order such
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that x0 =2 p, x1 2 p, and x2 =2 p for some doorp. The relative interior of e0 intersects at
least 30ndL=se times doors this way, so there is a doorp intersected at least5 times by the
relative interior of e0. Then each intersection is a single point (p and e0 do not overlap).
Two of those intersection points may be endpoints ofp, but otherwise the relative interior
of p crosses the relative interior ofe0 at least three times. Sop crossese0 twice in the same
direction, which proves the claim, and the proposition.

Proof of Proposition 10.9. We have hS(e) = O(cS(e) � (1 + logd̀ (e)=se)) by Lemma 10.17.
Also `(e)=s = O(cS(e) � n � dL=se2) by Lemma 10.18. Solog(d̀ (e)=se) = O(1 + log cS(e) +
log(n) + log dL=se). This proves the proposition.

10.6 Geometric analysis of the algorithm: proof of
Proposition 10.1

In this section we complete the analysis ofAlgorithm to prove Proposition 10.1, which we
restate for convenience:

Proposition 10.1. Let T be a portalgon ofn triangles, whose sides are all smaller than
L > 0. Assume thatS(T) is �at. Let s > 0 be smaller than the systole ofS(T). One can
compute inO(n log2(n) � log2(2+ L=s)) time a portalgon ofO(n� log(2+ L=s)) triangles, whose
surface is isometric to that ofT, and whose segment-happiness isO(log(n) � log2(2 + L=s)).

We consider the setting of Proposition 10.1: we �x a portalgonT of n triangles, whose
sides are smaller thanL > 0, and whose surfaceS(T) is �at. Then we apply Algorithm
to T, and we analyze the execution using the notion of enclosure introduced in Section 10.5.
In order to ease the reading, in the whole section we denote byS = S(T) the surface ofT.

10.6.1 The inactive loops are not very enclosed

First we prove that any time during the execution the separating loops are �not very enclosed�
in S:

Lemma 10.19. Any time during the execution every separating loope satis�es cS(e) � 2.

Proof. Only step 2 of SimplifyTubes may create a separating loop, by marking athin
biface B as inactive. ThenB is is never touched again by the algorithm. So the algorithm
maintains the invariant that every separating loope is adjacent to the surface of at least one
inactive region that is athin biface. SocS(e) � 2 by Proposition 10.8.

10.6.2 The geometry of the active region is simpli�ed

In this section we show that running the algorithm simpli�es the geometry of the active
region. More precisely the maximum length of the edges �very enclosed� inS (if any) scales
down exponentially:

Proposition 10.10. After i � 1 iterations of the main loop, lete be an edge ofR1
A . If

cS(e) > 22000� i then `(e) < 21� i L.
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Before proving Proposition 10.10 we analyze the operations performed independently with
three lemmas. Each application ofInsertVertices improves the geometry of the active
region:

Lemma 10.20. Consider the active regionsRA and R0
A respectively before and after some

application of InsertVertices . Assume that there is an edgee0 of R01
A such thatcS(e0) > 2.

Then there is an edgee of R1
A such thatcS(e) � cS(e0) and `(e) � 2`(e0).

Proof. First observe that e0 is not included in the boundary ofS(R0
A ) sincee0 is enclosed and

thus not included in the boundary ofS, and sincee0 is not a separating loop by Lemma 10.19.
So there is an edgee of R1

A such that e0 is one of the two half-segments obtained after the
insertion of the middle point of e as a vertex. Then`(e) = 2 `(e0). And cS(e) � cS(e0) by
Lemma 10.10.

The rest of the algorithm may deteriorate the geometry of the active region, but not too
much:

Lemma 10.21. Consider the active regionsRA and R0
A respectively before and after some

application of InsertEdges . Assume that there is an edgee0 of R01
A such thatcS(e0) > 14.

Then there is an edgee of R1
A such thatcS(e) � cS(e0) � 12 and `(e) � (1 � 12=cS(e0)) � `(e0).

Proof. Here we crucially use the fact that every polygon ofRA has degree at most six. so
that at most three edges are inserted within the polygon. Indeed eithere0 was already an
edge ofR1

A and there is nothing to do, ore0 has been inserted in some faceF of R1
A . At

most three edges were inserted inF , and Proposition 10.6 applied at most three times gives
a boundary edgee of F such that cS(e) � cS(e0) � 12 and `(e) � (1 � 12=cS(e0))`(e0).

Lemma 10.22. Consider the active regionsRA and R0
A respectively before and after some

application of SimplifyTubes . Assume that there is an edgee0 of R01
A such thatcS(e0) > 6.

Then there is an edgee of R1
A such thatcS(e) � cS(e0) � 5 and `(e) � (1 � 4=cS(e0)) � `(e0).

Proof. Assume that e0 was not already an edge ofR1
A for otherwise there is nothing to do.

Then there is a good bifaceB computed by step 2 ofSimplifyTubes such that e is one
of the two interior edges ofB 1. Also B is thick, for B has not been marked as inactive.
So by Proposition 10.7 there is a boundary edgee of B 1 such that cS(e) � cS(e0) � 5 and
`(e) � (1 � 4=cS(e0))`(e0).

Proof of Proposition 10.10. Consider the active regionsRA and R0
A respectively at the very

beginning of the algorithm, and afteri iterations of the main loop. Assume that there is
an edgee0 in R01

A such that cS(e0) > 22000� i . During those i iterations there has beeni
applications of InsertVertices , 351i applications of InsertEdges , and 350i applications
of SimplifyTubes . Also 12� 351i + 5 � 350i < 11000i . So Lemma 10.20, Lemma 10.21, and
Lemma 10.22 imply that there is an edgee in R1

A such that `(e) � 2i (1� 11000i=cS(e0))`(e0) >
2i � 1`(e0). And `(e) � L sincee belongs to the input triangulation T1.

10.6.3 Proof of Proposition 10.1

Finally, we complete the analysis ofAlgorithm and prove Proposition 10.1. We need a
last preliminary lemma:
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Lemma 10.23. Assume thatS contains the surface of a tubeX . Then the systole ofS(X )
is greater than or equal to systole ofS.

Proof. Otherwise one of the two loops ofX 1 that constitute the boundary of S(X ) is con-
tractible in S. So this loop bounds a topological disk inS by a result of Epstein [83,
Theorem 1.7]. The interior of the disk is �at, and its boundary is geodesic except possibly
at the basepoint of the loop. This contradicts the formula of Gauss�Bonnet.

Proof of Proposition 10.1. Apply Algorithm to T with N = dlog(2+ L=s)e, and return the
resulting triangular portalgon R. By Proposition 10.5 the number of polygons of the active
region isO(n) throughout the execution. So in the endR has O(n � log(2 + L=s)) triangles,
since each iteration of the main loop marksO(n) triangles as inactive, and since there are
dlog(2 + L=s)e iterations of the main loop. We have two claims that immediately imply the
proposition.

Our �rst claim is that the algorithm takes O(n log2(n) � log2(2 + L=s)) time. Let us prove
this �rst claim. Each application of InsertVertices or InsertEdges takes O(n) time.
And each application ofSimplifyTubes or Gardening takesO(n log(n)�log(2+� =s)) time
by Proposition 10.4 and Lemma 10.23, where� is the maximum length reached by an edge of
the 1-skeleton of the active region during the execution. Now let us bound� . If at some point
an edgee of the 1-skeleton of the active region is longer thanL then cS(e) = O(log(2 + L=s))
by Proposition 10.10. Moreover̀ (e)=s = O(cS(e) � ndL=se2) by Proposition 10.9. This proves
log(2 + � =s) = O(log(n) + log(2 + L=s)), which proves the claim.

Our second claim is that in the end every edgee of R1 satis�es hS(e) = O(log(n) �
log2(2 + L=s)). Let us prove this second claim. First observe that ife is in R1

A then cS(e) <
22000 log(2 +L=s), for otherwise Proposition 10.10 would implỳ (e) < 2s, implying that no
loop enclosese in S, a contradiction. In this casehS(e) = O(log(2 + L=s) � (log(n) + log(2 +
L=s))) by Proposition 10.9, and we are done. Every other edge ofR1 belongs to the 1-skeleton
of an inactive good bifaceB. Every boundary edgee of B 1 is either a boundary component of
S or a separating loop, socS(e) � 2 by Lemma 10.19, and sohS(e) = O(log(n)+log(2+ L=s))
by Proposition 10.9. Every interior edgef of B 1 then satis�es hS(f ) = O(log(n) + log(2 +
L=s)) by Lemma 10.2. This proves the second claim, and the proposition.

10.7 Extension to non-�at surfaces: proof of
Proposition 10.2

In this section we �nally prove Proposition 10.2, which we restate for convenience:

Proposition 10.2. Let T be a portalgon ofn triangles, of aspect ratior . One can compute
in O(n log2(n) � log2(r )) time a portalgon ofO(n � log(r )) triangles, whose surface isS(T),
and whose happiness isO(n log(n) � log2(r )) .

We deduce Proposition 10.2 from Proposition 10.1, essentially by cutting out caps around
the singularities in the interior of the surface, by applying Proposition 10.1 to the truncated
surface, and by putting the caps back afterward. See Figure 10.5.

Proof of Proposition 10.2. Let S := S(T) be the surface ofT. Let d be the minimum height
of the triangles ofT. Given a vertexv of T1 in the interior of S, we de�ne a region around
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Figure 10.5: Cutting out a cap in the proof of Proposition 10.2.

v in S, as follows. On every directed edgee of T1 whose tail isv, place a point at distance
d=6 from the tail of e along e. Link those k � 1 points in order around v, using geodesic
segments within the faces ofT1 incident to v. In each corner ofT1 incident to v there is a
newly created triangle incident tov. Thosek triangles de�ne a regionC around v, which we
call cap of v. Importantly, every point in the cap of v is at distance smaller than or equal to
d=6 from v in S. Also every segmentp tracing the boundary of C satis�es `(p) � d=6r . To
see that consider the faceF of T1 containing p, and the two sidese0 and e1 of F incident to
v. For eachi consider the point onei at distancem := min( `(e0); `(e1)) from v alongei . Join
those two points by a geodesic segmentq in F . Then q is at least as long as the minimum
height of the triangle corresponding toF , so `(q) � m=r. Moreover `(p)=`(q) = d=(6m) by
the theorem of Thales. This proves̀(p) � d=6r .

For the sake of analysis, given an arbitrary vertexv of T1 (possibly on the boundary of
S), we de�ne another kind of region aroundv. Link the middle points of the edges around
v in order around v. The resulting triangles aroundv constitute the protected regionof v.
Importantly, every path smaller than d=2 starting from v must lie in the protected region
of v. Indeed every geodesic pathp smaller than d starting from v is relatively included in
a single face or edge ofT1. Then every pre�x of p smaller than `(p)=2 lies in the protected
region ofv.

First construct in O(n) time a triangular portalgon T0 whose surface isS, as follows.
Consider every singularity in the interior ofS (if any). This singularity is a vertex v of T1.
Trace the boundary of the cap aroundv in the faces ofT1. Then cut those faces along the
trace, as in Figure 10.5. Afterward some polygons ofT0 may not be triangles, so cut each
polygon ofT0 into triangles along shortcuts. Now remove the triangles corresponding to the
caps fromT0, and let T1 be the resulting triangular portalgon. The surfaceS(T1) is �at.

Our �rst claim is that the systole of S(T1) is greater than or equal tod=6r . By contra-
diction assume that there is a non-contractible closed curve
 in S(T1) smaller than d=6r .
Without loss of generality 
 intersects a vertexw of T1

1 ; indeed if such a
 has minimum
length and does not intersect any vertex ofT1

1 then it can be slided along the surface, without
changing its length, until it intersects a vertex ofT1

1 . If w is a vertex ofT1, then 
 lies in
the protected region aroundw, and so
 is contractible in S(T1), a contradiction. If w is a
vertex on the boundary of some capC removed, then
 lies in the protected region around
the central vertex ofC. In that case 
 is at least as long as any edge of the boundary ofC,
so `(
 ) � d=6r . This proves the �rst claim.

The number of triangles and the maximum side length of a triangle ofT1 may be greater
than those ofT, but only by a constant factor. Using the �rst claim and Proposition 10.1,
replaceT1 by a portalgon of O(n log(r )) triangles, whose surface is that ofT1, and whose
segment-happiness isO(log(n) log2(r )) , all in O(n log2(n) log2(r )) time. Place back the caps

184



on S(T1), and return the resulting triangular portalgon T0.
The segment-happiness ofT0and the happiness ofT0do not di�er by more than a constant

factor since the polygons ofT0 are all triangles. Our second claim is that the segment-
happiness ofT0, and thus the happiness ofT0, is bounded byO(n log(n) log2(r )) . To prove
the second claim, we callcap path any shortest path in S that lies in the closure of some
cap. We call rogue pathany shortest path in S whose relative interior is disjoint from the
closures of the caps. Every rogue path intersects every edge ofT01 at most O(log(n) log2(r ))
times, since the segment-happiness ofT1 is O(log(n) log2(r )) . Also every cap path intersects
every edge ofT01 at most once. Now consider a shortest pathp in S. Then p uniquely
writes as a sequenceX of alternatively cap paths and rogue paths. Also, there cannot be
two distinct cap paths q0 and q1 in X that both lie in the same capC. For otherwise any
point of q0 would be at distance at mostd=3 from any point of q1. Also the subpath ofp
betweenq0 and q1 contains a rogue path that must leave the protected region around the
central vertex of C, and is thus longer thand=2 � d=6 = d=3. That contradicts the fact that
p is a shortest path. We proved that there are at mostO(n) paths in X , each intersecting
at most O(log(n) log2(r )) times any given edge ofT01. This proves the second claim, and the
proposition.

10.8 Appendix: proof of Proposition 10.4

In this section we prove Proposition 10.4, which we restate for convenience:

Proposition 10.4. Let X be a tube withn triangles, whose sides are smaller thanL > 0.
Let s > 0 be smaller than the systole ofS(X ). One can compute a good biface whose surface
is S(X ) in O(n logn � log(2 + L=s)) time.

Proposition 10.4 is similar to but di�erent from a result of Lö�er, Ophelders, Silveira,
and Staals [141, Theorem 45] (building upon a ray shooting algorithm of Erickson and Nayy-
eri [86]), in which the authors provide an algorithm to transform a biface into a portalgon
of bounded happiness, and of bounded combinatorial complexity. They extend their result
from bifaces to portalgonsX such that the dual graph ofX 1 in S(X ) has at most one simple
cycle, but unfortunately this does not include tubes. We extend their result to tubes to prove
Proposition 10.4, reusing some of ideas developed in the core of the paper.

We need a few lemmas. The following is a corollary of [141, Theorem 45]:

Lemma 10.24. Let B be a biface of happinessh. One can compute inO(1 + log h) time a
good biface whose surface is that ofB .

Proof. By the result of Lö�er, Ophelders, Silveira, and Staals [141, Theorem 45] we can
compute inO(1+ log h) time a portalgon T, whose surface isS(B), whose happiness isO(1),
and whose 1-skeletonT1 has O(1) edges. Without loss of generality the two verticesb0 and
b1 of B 1 are also vertices ofT1, and we know which vertices of the polygons ofT correspond
to b0 and b1.

We now describe how to compute, in constant time, fromT, a good biface ofS(T). The
key thing is that we can exploit the fact that T has O(1) combinatorial complexity and
happiness to compute by exhaustive search. First compute, in constant time, by exhaustive
search, a shortest pathq betweenb0 and b1 in S(T): representq by its pre-image in the
polygons ofT. Then cut the polygons ofT along the pre-image ofq: every time a polygon

185



is cut in two along a segmenta, the two edges issued ofa are not matched in the resulting
portalgon (the goal is to cut the surface ofT, not just changing T). Consider the resulting
portalgon D. Then S(D) is homeomorphic to a closed disk. The two endpointsb0 and b1 of
q become a setV of four vertices ofD 1 that lie on the boundary of S(D). Every singularity
of S(D) lies on the boundary ofS(D) and belongs toV. Now replaceD by a triangular
portalgon D 0, of the same surface, and such that the vertex set ofD 01 is exactly V. This can
be done for example by iteratively inserting vertex-to-vertex arcs in the faces ofD 1 to make
D 1 a triangulation, and by deleting a vertexv of D 1 and its incident edges. Whenv lies on
the boundary ofS(D), only the edges relatively included in the interior ofS(D) are deleted.
In the end, identify back the occurrences ofq on the boundary ofS(D 0), by matching the
two corresponding sides of polygons inD 0, thereby obtaining a bifaceB 0 of S(B) such that
q is an interior edge ofB 0. Change the other interior edge ofB 0 if necessary so thatB 0 is
good.

Considerk � 1 bifacesB1; : : : ; Bk . For every 1 � i � k let ei and f i be the two sides of
triangles of B i that correspond to the boundary ofS(B i ). If i < k , assumè (ei ) = `(f i +1 ),
and match ei with f i +1 . The resulting triangular portalgon T is a concatenation of the
bifacesB1; : : : ; Bk . Note that T is not necessarily a tube, for the vertices ofT1 in the interior
of S(T) may be singularities.

Lemma 10.25. Let T be the concatenation of two good bifaces. IfT is a tube, then one can
compute in constant time a good biface whose surface is that ofT.

Proof. Consider a shortest pathp in S(T), and the loop edgee of T1 that lies in the interior
of S(T), in-between the surfaces of the two bifaces. We claim that the relative interior of
p does not cross the relative interior ofe more than twice. By contradiction assume thatp
crosses the relative interior ofe three times. There is a connected componentS0 of S(T) n e
whose angle at the base vertex ofe is greater than or equal to� . Some portion p0 of p
entersS0 and then leavesS0 by two of the three crossings betweenp and e. One of the two
connected components ofS0 n p0, say S1, is homeomorphic to an open disk. By construction
S1 has at most three angles distinct from� : at the two points wherep crossese, and possibly
at the base vertex ofe. By the Gauss-Bonnet theorem, there are exactly three such angles,
not less, and they are all smaller than� . One of them is the incidence ofS0 and the base
vertex of e. This is a contradiction. This proves the claim.

Using the claim immediately the intersection ofp and e hasO(1) connected components,
sop writes as a concatenation ofk = O(1) paths p1; : : : ; pk such that for every1 � i � k the
path pi is either included ine or relatively disjoint from e. Every edgef 6= e of T1 intersects
pi less than 7 times: iff is included in the boundary ofS(T) then f intersectspi at most
once, otherwise Lemma 10.2 applies. Sof intersectsp less thanO(1) times. We proved that
the segment-happiness ofT is O(1). Then the happiness ofT is alsoO(1) since the polygons
of T are all triangles. So we can compute a good biface whose surface is that ofT in constant
time, exactly as in the proof of Lemma 10.24.

We will use the following simple consequence of Euler's formula, similar to Lemma 10.6:

Lemma 10.26. Let S be the topological annulus. LetY be a topological triangulation ofS
that has only one vertex on each boundary component ofS. Among the vertices ofY that lie
in the interior of S and are not incident to any loop edge, at least half have degree smaller
than or equal to ten.
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Proof. We may assume without loss of generality that no vertex ofY in the interior of S
is incident to a loop edge, by cuttingS open at an interior loop edge and recursing on the
resulting two triangulations otherwise. Euler's formula givesm � m1 + m2 = 0, where m,
m1, and m2 count respectively the vertices, edges, and faces ofY 1. Double counting gives
3m2 = 2m1 � 2 and

P
v degv = 2m1, where the sum is over the verticesv of Y. ThenP

v(6 � degv) = 4 . The two vertices ofY on the boundary ofS have degree greater than
or equal to four. So in the interior ofS every vertex of degree greater than ten must be
compensated by a vertex of degree smaller than or equal to ten.

Now we start proving Proposition 10.4. In particular we �x a tubeX with n triangles,
whose sides are all smaller than someL > 0.

Lemma 10.27. One can compute inO(n logn) time a concatenation of less than3n bifaces,
whose surface is that ofX , whose edges are all shorter than(3n)cL with c = log14=13(3) < 15.

Proof. Let us �rst describe the algorithm before analyzing it. As long as there are vertices
of X 1 in the interior of S(X ) that are not incident to any loop edge and have degree smaller
than or equal to ten, we consider a maximal independent setV of such vertices, and we do
the following. First we delete all the vertices inV along with their incident edges. Then we
insert arbitrary vertex-to-vertex arcs in the faces ofX 1 to make X 1 a triangulation again.

The algorithm terminates since the number of vertices ofX 1 decreases at each iteration.
In the end every vertex in the interior ofS(X ) is incident to a loop edge by Lemma 10.26, so
X is a concatenation of less thanm bifaces, wherem � 3n is the initial number of vertices
of X 1. Each iteration can be performed inO(n) time by maintaining a bucket with the
vertices of degree smaller than or equal to ten. And we claim that there less thanlog14=13 m
iterations. Before proving the claim, observe that it implies the lemma. Indeed the algorithm
then terminates inO(n logn) time. Also no edge can get longer than3log14=13 mL = mcL since
the maximum edge length ofX 1 cannot be multiplied by more than 3 at each iteration.

Let us now prove the claim. Consider the numberm0 of vertices ofX 1 not incident to
any loop edge that lie in the interior ofS(X ). By Lemma 10.26, ifm0 > 0 before an iteration
of the algorithm, then at leastm0=2 such vertices have degree smaller than or equal to ten.
So V contains at least m0=14 vertices, which are deleted. Every non-deleted vertex that
was incident to a loop edge before the iteration remains incident to a loop edge after the
iteration. We proved that m0 is divided by at least14=13 during the iteration, which proves
the claim.

Proof of Proposition 10.4. Apply Lemma 10.27, and replaceX in O(n logn) time by a con-
catenation of less than3n bifaces whose edges are smaller than(3n)cL for some constantc > 0.
Each bifaceB has segment-happinessO(1 + (3 n)cL=s); indeed the systole ofS(B) is greater
than or equal to the systole ofX , so every segmente in S(B) satis�es hS(B )(e) = O(1+ `(e)=s).
ReplaceB by a good biface whose surface is that ofB in O(log(n) + log(2 + L=s)) time with
Lemma 10.24. Doing so for all bifaces takesO(n � (log(n) + log(2 + L=s))) time in total. We
crudely bound this running time from above byO(n log(n) � log(2 + L=s)). In the end apply
Lemma 10.25 repeatedly to merge thoseO(n) good bifaces into a single good biface, inO(n)
total time.

s
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10.9 Appendix: Voronoi diagram and Delaunay
tessellation

In this section we provide elementary properties of Voronoi diagrams and Delaunay tessel-
lations, for use in Appendix 10.10. This is all folklore, but we could not �nd the exact
statements in the literature, so we provide proofs for completeness.

Given a closed piecewise-�at surfaceS, and a �nite non-empty V � S containing all
singularities of S, recall that the Voronoi diagram of (S; V) contains the points ofS whose
distance toV is realized by at least two distinct paths inS (see Chapter 9). Moreover, we use
the de�nition of Bobenko and Springborn [22] of theDelaunay tessellationof (S; V), based
on immersed disks(Chapter 9).

Additionally, we will use the following de�nition. For every point x 2 S there is an
immersed empty disk(D; ' ) such that ' maps the center ofD to x, and such that' � 1(V) 6= ; .
And (D; ' ) is unique to x in the sense that if(D 0; ' 0) is another such immersed empty disk
then there is a plane isometry : R2 ! R2 satisfying D 0 =  (D) and ' = ' 0 �  . We say
that (D; ' ) is the maxi-disk of the point x.

10.9.1 Voronoi diagram

In this section we prove the following:

Lemma 10.28. Let S be a closed piecewise-�at surface. LetV � S be �nite, non-empty,
and containing all singularities ofS. The Voronoi diagram of (S; V) is a graph with �nitely
many vertices in which every vertex has degree greater than or equal to three, every edge is
geodesic, every face is homeomorphic to an open disk and contains exactly one point ofV ,
and every angle at a corner of a face is smaller than or equal to� .

Note that in Lemma 10.28, without the assumption thatV contains all the singularities
of S, it would be possible for the Voronoi diagram of(S; V) to not be a graph with geodesic
edges.

Proof of Lemma 10.28.Consider the Voronoi diagramV of (S; V). We have three claims
that immediately imply the lemma. Our �rst claim is that V is a graph with �nitely many
vertices, in which every vertex has degree greater than or equal to three, and in which every
edge is geodesic. To prove the �rst claim consider a pointx 2 S, and the maxi-disk(D; ' ) of
x. Let x? be the center ofD. The geodesic paths betweenx? and ' � 1(V) in R2 correspond
via ' to the shortest paths betweenx and V in S. So x belongs toV if and only if ' � 1(V)
contains several points. Assume thatx belongs toV, and let m � 2 be the number of points
in ' � 1(V). Consider, inR2, the Voronoi diagram of' � 1(V), which we denote byX . Then
X consists inm geodesic rays emanating fromx?. There is an open ballO � D on which
' is injective, containing x?, and such that ' (X \ O) = V \ ' (O). There are two cases. If
m = 2 then V is locally a geodesic path aroundx. If m � 3 then V is locally a geodesic star
whose central vertex isx. In particular V is a graph whose minimum degree is greater than
or equal to three, and whose edges are geodesic segments. AndV has �nitely many vertices
sinceS is compact. That proves the �rst claim.

Now consider a faceF of V. Our second claim is thatF is simply connected, and thatF
contains exactly one point ofV . This implies that F is homeomorphic to an open disk since
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F is not homeomorphic to a sphere. To prove the second claim �rst consider a pointx 2 F .
There is a unique shortest pathp from x to V. Then p is disjoint from V. So the endpoint
of p belongs toF . That proves F \ V 6= ; . Now consider the universal covering spaceeF of
F . Then eF does not contain two distinct lifts of points ofV . For otherwise let eV contain
the lifts of the points of V in eF . There is a point ex 2 eF whose distance toeV is realized by
two distinct paths. And ex lifts a point of V, a contradiction. That proves the second claim.

Finally, consider a vertexv of V. Our third claim is that around v the angles between
consecutive edges ofV are all smaller than or equal to� . To prove the claim consider the
maxi-disk (D; ' ) of v. Let v? be the center ofD. Let X be the Voronoi diagram of' � 1(V)
in the plane. The faces ofX are all convex, being intersections of half-planes. So the angles
between consecutive rays ofX around v? are all smaller than or equal to� . There is an open
disk O on which ' is injective, containingv?, such that ' (X \ O) = V \ ' (O). That proves
the third claim, and the lemma.

10.9.2 Voronoi diagram and Delaunay tessellation

In this section, given a closed surfaceS, and given two graphsG and H cellularly embedded
on S, we say thatG and H are isomorphic if there is a graph isomorphism betweenG and
H that respects the rotation systems induced onG and H by a common orientation ofS.
This does not depend on the orientation ofS. Also, note that G and H are isomorphic if
and only if there is an orientation-preserving homeomorphism ofS that maps G to H . We
prove the following:

Lemma 10.29. Let S be a closed piecewise-�at surface. LetV � S be �nite, non-empty,
and containing all singularities ofS. The Voronoi diagram of (S; V) is isomorphic to the
dual of the Delaunay tessellation of(S; V).

(Recall that in Lemma 10.29 the Voronoi diagram of(S; V) is a graph cellularly embedded
on S by Lemma 10.28.)

Proof of Lemma 10.29.Consider the Voronoi diagramV of (S; V), and the Delaunay tessel-
lation D of (S; V). Consider a point x of S, and its maxi-disk (D; ' ). We already proved
that x is a vertex of V is and only if ' � 1(V) contains at least three points. This is the
case if and only if the convex hull of' � 1(V) projects via ' to the closure of a facef of D
(Lemma 9.1). Every face ofD can be obtained this way (Lemma 9.1), and distinct vertices
of V are clearly mapped to distinct faces ofD. So this de�nes a one-to-one correspondence
between the vertices ofV and the faces ofD. When a vertexv of V corresponds to a facef
of D this way we say thatv is dual to f .

Now �x a vertex v of V, and its dual facef of D. We call side of f any directed edge of
D that seesf on its left. We now relate the directed edges based atv in V to the sides off .
Again, let (D; ' ) be the maxi-disk ofv. Let v? be the center ofD, and let y0; : : : ; ym� 1 be
the m � 3 points of ' � 1(V). In R2 the Voronoi diagram of ' � 1(V) consists inm geodesic
rays r0; : : : ; rm� 1 emanating from v?, so that r0; y0; : : : ; rm� 1; ym� 1 are in clockwise order
around v?. There is an open ballO � D on which ' is injective, containing v?, such that
within O the rays r0; : : : ; rm� 1 correspond via' to the directed edgese0; : : : ; em� 1 emanating
from v in V. For every i the geodesic path fromyi to yi +1 corresponds via' to a side e0

i
of f , indices are modulom. We say that ei and e0

i are dual . This duality is a one-to-one
correspondence between the directed edges based atv and the sides off . The former are

189



cyclically ordered aroundv, the latter are cyclically ordered along the boundary off , and
the duality correspondence respects these cyclic orders.

We claim that if a directed edgee0 of V is dual to a directed edgee0
0 of D, then the

reversal ofe0 is dual to the reversal ofe0
0. The claim immediately implies the lemma, for

then the duality correspondences de�ne the desired graph isomorphism betweenV and D.
Let us prove the claim. Lete0

1 be the reversal ofe0
0, and let e1 be the dual ofe0

1. We shall
prove that e1 is the reversal ofe0. Consider the maxi-disks(D0; ' 0) and (D1; ' 1) of the base
vertices ofe0 and e1, and realize them so that they agree on the geodesic segmentp that is
the pre-image of the common edge ofe0

0 and e0
1. Then ' 0 and ' 1 agree onD 0 \ D 1, so they

agree with a common map' 0 [ ' 1 : D 0 [ D 1 ! S. Let q be the geodesic segment between
the centers ofD0 and D1. Then q is contained inD 0 [ D 1, and projects via ' 0 [ ' 1 to the
common edge ofe0 and e1 in V. Indeed for every pointx? in the relative interior of q the
maxi-disk (D; ' ) of ' (x?) can be realized so thatx? is the center ofD, and so that ' agrees
with ' 0 [ ' 1 on D \ (D 0 [ D 1). Then ' � 1(V) contains exactly the two endpoints ofp, and
so ' (x?) belongs to the relative interior of an edge ofV. This proves the claim, and the
lemma.

10.10 Appendix: Computing the Delaunay tessellation

In this section we prove Proposition 10.3, which we restate for convenience:

Proposition 10.3. Let T be a portalgon ofn triangles, of happinessh, whose surfaceS(T) is
closed. One can compute the portalgon of the Delaunay tessellation ofS(T) in O(n2h log(nh))
time.

Proposition 10.3 slightly extends known results, and is not surprising at all, but we provide
proofs for completeness. Our strategy for computing the Delaunay tessellation is, classically,
to �rst compute the Voronoi diagram:

Proposition 10.11. Let T be a portalgon ofn triangles, of happinessh. Let V be a set of
vertices ofT1. Assume thatV is not empty and contains all singularities ofS(T). We can
compute in O(n2h log(nh)) time a portalgonT0 of O(n2h) triangles, whose surface isS(T),
and a subgraphV of T01, such thatV is the Voronoi diagram of(S(T); V).

We will then derive the Delaunay tessellation of from the Voronoi diagram:

Proposition 10.12. Let T be a portalgon ofn triangles. Let V be a set of vertices ofT1.
Let V be a subgraph ofT1. Assume thatV is not empty and contains all singularities of
S(T), and that V is the Voronoi diagram of(S(T); V). We can compute the portalgon of the
Delaunay tessellation of(S(T); V) in O(n) time.

Proposition 10.11 and Proposition 10.12 will immediately imply Proposition 10.3:

Proof of Proposition 10.3, assuming Propositions 10.11 and 10.12.Let V contain the singu-
larities of S(T), except if S(T) is a �at torus in which case let V contain a single arbitrary
vertex of T1. Apply Proposition 10.11 to replaceT by a portalgon T0 of O(n2h) triangles,
and to compute a subgraphV of T 01 that is also the Voronoi diagram of(S(T); V), all in
O(n2h log(nh)) time. Apply Proposition 10.12 to derive fromT0 and V the portalgon of the
Delaunay tessellation of(S(T); V) in O(n2h) time.
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All there remains to do is to prove Proposition 10.11 and Proposition 10.12. We prove
Proposition 10.12 in Section 10.10.1, and we prove Proposition 10.11 in Section 10.10.2.

10.10.1 Computing the Delaunay tessellation from the Voronoi
diagram

In this section we prove Proposition 10.12, which we restate for convenience:

Proposition 10.12. Let T be a portalgon ofn triangles. Let V be a set of vertices ofT1.
Let V be a subgraph ofT1. Assume thatV is not empty and contains all singularities of
S(T), and that V is the Voronoi diagram of(S(T); V). We can compute the portalgon of the
Delaunay tessellation of(S(T); V) in O(n) time.

In the setting of Proposition 10.12, our goal is to compute the portalgon of the Delaunay
tessellation D of (S(T); V). If we do not care about the shapes of the polygons in the
portalgon, then we can easily compute this portalgon from the embedded graphV, due to
the duality between D and V (Lemma 10.29). All there remains to do is to compute the
shape of each polygon in the portalgon. First we need a de�nition and a lemma. Consider
a walk W in the dual of T1. To ease the reading assume that every edge ofT1 is incident
to two distinct faces ofT1; the following de�nition extends in a straightforward manner to
general triangulations. In the planeR2 realize thek � 1 faces visited byW isometrically,
and respecting their orientation, by respective triangles� 1; : : : ; � k . Make sure that for every
1 � i < k the triangles � i and � i +1 agree on the placement of thei -th edge ofT1 crossed by
W. The resulting sequence� = (� 1; : : : ; � k) is an unfolding of W. In general a vertexw
of T1 may occur several times among the vertices of the triangles in� , and those occurrences
may be at distinct points in the plane. Nevertheless:

Lemma 10.30. If the faces ofT1 visited byW are all included in the same face ofV, and
if w 2 V, then all the occurrences ofw in � are at the same point ofR2.

Proof. Let F be the face ofV containing the faces ofT1 visited by W. By Lemma 10.28
the faceF is homeomorphic to an open disk, andw is the unique point ofV \ F . Let bF be
the surface homeomorphic to a closed disk obtained by cutting the closure ofF along the
boundary ofF . The angles at the corners ofbF are smaller than or equal to� by Lemma 10.28.
So the shortest paths between those corners andw are, together with the boundary edges of
bF , the edges of a triangulationY of bF . The dual of Y is a cycle, andw is the central vertex
of Y. If � is an unfolding of a walk in the dual ofY, then all occurrences ofw in � are at
the same point in the plane. This easily extends to every other triangulationY 0 of bF , by
considering a triangulation of bF that contains both Y and Y 0.

In the portalgon of D, consider a polygonP. We describe how to compute the positions
of the vertices ofP. Note that these positions are only de�ned up to translating and rotating
P in the plane. As a preliminary, consider the vertexv of the Voronoi diagram V that is
dual to P. Embed a neighborhood ofv in the plane R2, isometrically and respecting the
orientation, by embedding the faces ofT1 incident to v. This is possible sincev is �at.

Assign to each vertexx of P a point � P (x) 2 R2 as follows. The vertexx of P is dual to
an incidencec between the vertexv of V and some faceF of V. In this incidencec, consider
one of the facesW0 of T1 that we embedded in the plane, and its embeddingW �

0 . Consider
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the unique point w 2 V \ F (Lemma 10.28). Consider a walkW in the dual of T1 that
starts with W0, remains in F , and visits at least one face ofT1 incident to w. Unfold the
faces visited byW in the plane, starting from W �

0 . Let � P (x) be any occurrence ofw in the
unfolding.

Lemma 10.31. Up to translating and rotatingP, the assignment� P maps each vertex ofP
to its position.

Proof of Lemma 10.31.Consider the maxi-disk(D; ' ) of v. Without loss of generality '
agrees with the embedding of the neighborhood ofv that we �xed as a preliminary. Recall
from the de�nition of the Delaunay tessellation that P is the convex hull of' � 1(V). Let v?

be the middle point of D (the embedding ofv). The points in ' � 1(V) correspond to the
incidences betweenv and the faces ofV around v. Consider such an incidencec, and its
corresponding pointy 2 ' � 1(V). Consider also the faceF of V that contains c. The geodesic
path p from v? to y projects via ' to a shortest path' � p from v to V. And ' � p immediately
enters F after leaving v. So ' � p is relatively included in F , and thus ends at the unique
point w 2 V \ F . By slightly perturbing p without changing its endpoints we may ensure
that ' � p corresponds to a walk in the dual ofT1. Then y = � P (x) by Lemma 10.30. This
proves the lemma.

Proof of Proposition 10.12. We must compute the portalgon of the Delaunay tessellationD
of (S; V). We immediately compute the combinatorics of the portalgon fromV, sinceV is
isomorphic to the dual ofD by Lemma 10.29.

Now, by Lemma 10.31, all there remains to do is to compute, for each polygonP of the
portalgon, the assignment� P of positions for the vertices ofP. Achieving the claimed linear
running time when doing so requires a slight technicality. Consider a faceF of V, and the
point w 2 V \ F . Recall that for some facesW0 of T1 included in F we need to construct
a walk W from W0 to w in the dual of T1, unfold W, and retain the relative positions of
some occurrences ofW0 and w in the unfolding. Doing so independently for every faceW0

may take too long as we would visit faces ofT1 several times. Instead we consider a single
spanning treeY in the dual of T1 within F , we unfold the faces ofT1 that are included in
F along Y, and we retrieve all the required information from this unfolding. Note that the
choice ofY does not matter, and that the unfolding may overlap. Doing so for all facesF of
V takes linear time.

10.10.2 Computing the Voronoi diagram

In this section we prove Proposition 10.11, which we restate for convenience:

Proposition 10.11. Let T be a portalgon ofn triangles, of happinessh. Let V be a set of
vertices ofT1. Assume thatV is not empty and contains all singularities ofS(T). We can
compute in O(n2h log(nh)) time a portalgonT0 of O(n2h) triangles, whose surface isS(T),
and a subgraphV of T01, such thatV is the Voronoi diagram of(S(T); V).

To prove Proposition 10.11 we revisit the single source shortest path algorithm described
by Lö�er, Ophelders, Silveira, and Staals [141]. In particular we extend their algorithm
to multiple sources. The authors consider a triangulated surface, and compute the shortest
paths emanating from a pointx0 on the surface by decomposing the surface according to
how those paths visit the faces of the triangulation. They describe a discrete process that
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simulates the propagation of some waves on the surface. Their waves all start from the point
x0. In the setting of Proposition 10.11, we adapt this strategy to simulate waves onS(T)
that start from all the points in V, so that the waves meet along the Voronoi diagramV of
(S(T); V). That simpli�es the algorithm since waves now meet along a graph with geodesic
edges (Lemma 10.28) and do not go through singularities. We now provide a formalization of
this wave algorithm. The continuous propagation of waves is discretized by a propagation of
events. A crucial feature of our formalization of the algorithm is that it operates on triangles,
point sets, and Voronoi diagramsin the planeR2, never in the surfaceS(T). Only the proofs
of correctness will argue on the surfaceS(T). We will insist on that.

Recall that the triangles of the input portalgonT lie in the Euclidean planeR2, and they
are disjoint. The reader can think of them as being very far away from each other if this
helps the reading. The data structure maintains, for every triangle� of T, a setX � of points
in R2. We insist, again, that all these objects liein the plane R2, not in the surfaceS(T).

We need a de�nition. GivenX � R2 �nite and x 2 X we denote by Vor(x; X ) the closed
cell of x in the Voronoi diagram ofX in R2. Formally, Vor(x; X ) contains the pointsy 2 R2

such that the distance betweenx and y is smaller than or equal to the distance betweenx0

and y for every x0 2 X .
Central to the wave algorithm is the notion of candidate event that we now de�ne. Con-

sider a triangle� of T, a sides of � , a point x 2 R2, and somet > 0. The surfaceS(T) being
closed, there are a triangle� 0 of T and a sides0 of � 0 such that s is matched tos0. Consider
the orientation-preserving isometry ofR2 that maps s to s0 and puts � side-by-side with� 0,
apply this isometry to x, and consider the resulting pointx0 2 R2. The tuple (t; � ; s; x) is a
candidate event if it satis�es each of the following. First, x =2 X � and x0 2 X � 0. Second,
the intersection between Vor(x0; X � 0) and s0 is not empty, and its distance tox0 is equal tot.
In other words, t is equal to the smallest distance betweenx0 and a point of Vor(x0; X � 0) \ s0.
We say that t is the date of the candidate event(t; � ; s; x).

The data structure additionally maintains a list of the candidate events sorted by date.

Wave algorithm : Initialize for each triangle � of T the setX � with the vertices of �
that correspond to points inV, if any. Then, as long as possible, consider any candidate
event (t; � ; s; x) of smallest datet, add x to X � , and repeat. In the end return the sets
(X � )� .

Again, we insist that the wave algorithm operatesin the plane R2. In particular the
setsX � are subsets ofR2. Nevertheless, their Voronoi diagrams are related to the Voronoi
diagram of V on the surfaceS(T), and more strongly:

Proposition 10.13. The wave algorithm terminates afterO(n2h) iterations. In the end, for
every triangle � of T, the intersection with � of the Voronoi diagram ofX � in R2 is the
pre-image in � of the Voronoi diagram ofV in S(T).

It is easy to compute the list of the candidate events from the sets(X � )� in polynomial
time. More strongly:

Proposition 10.14. We can maintain the list of candidate events sorted by date throughk
insertions of points in the sets(X � )� in O(k logk) total time.

Proposition 10.11 is immediate from Proposition 10.13 and Proposition 10.14:
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Proof of Proposition 10.11. Proposition 10.13 and Proposition 10.14 imply that the wave
algorithm can be performed inO(n2 � h � log(nh)) time. Consider the returned sets(X � )� .
The sum of the cardinalities of the setsX � , summed over all the triangles� of T, is O(n2h) by
Proposition 10.13. Also, for every triangle� , the intersection with � of the Voronoi diagram
of X � in R2 is the pre-image in� of the Voronoi diagram ofV in S(T), by Proposition 10.13.
Cutting each triangle � along the Voronoi diagram ofX � , and cutting the resulting polygons
into triangles along vertex-to-vertex arcs, provides the desired triangular portalgonT0, along
with V.

The rest of this section is dedicated to the proofs of Proposition 10.13 and Proposi-
tion 10.14.

10.10.2.1 Proof of Proposition 10.13

In this section we prove Proposition 10.13. Recall that the triangles of the portalgonT are
realized dis-jointly in the Euclidean planeR2, and that we think of these triangles as being
very far away from each other, this will help the reading. It is now convenient to introduce
a notation for the projection of this disjoint union of triangles onto the surfaceS(T), so we
let � be this projection.

Given a triangle � of T, we consider the immersed disks(D; ' ) such that the center ofD
belongs to� , and such that ' agrees with� on D \ � . We say that (D; ' ) is an immersed
disk attached to � . We further consider the union of the sets' � 1(V) over the immersed
disks (D; ' ) attached to � . We call this union the constellation of � , and we denote it
by V� . We will show that the sets X � computed by the wave algorithm are exactly the
constellationsV� . Before that, we have two preliminary lemmas on constellations.

First, the constellations, while lying in the plane R2, are related to the Voronoi diagram
of V in the surfaceS(T):

Lemma 10.32. For every triangle � of T the intersection with � of the Voronoi diagram
of the constellationV� is the pre-image in� of the Voronoi diagram ofV in S(T).

The proof of Lemma 10.32 relies on the following, which will be used again:

Lemma 10.33. Let (D; ' ) be an immersed disk attached to a triangle� of T. Then V� \ D =
' � 1(V). In particular V� \ D = ; .

Proof. We haveV� \ D � ' � 1(V) by de�nition of the constellation V� . The other inclusion
is immediate from the fact that if two immersed disks(D; ' ) and (D 0; ' 0) are attached to�
then ' and ' 0 agree onD \ D

0
. Finally ' � 1(V) \ D = ; by de�nition of an immersed disk

(recall that D is open).

Proof of Lemma 10.32.Consider a point x 2 � . There is a unique immersed disk(D; ' )
attached to � such that the center orD is x, and such that the radius ofD is maximum.
Then ' � 1(V) 6= ; since the radius ofD is maximum. And ' � 1(V) = V� \ D by Lemma 10.33.
The geodesic path(s) betweenx and the point(s) in ' � 1(V) corresponds via' to the shortest
path(s) between� (x) and V. So � (x) belongs to the Voronoi diagram ofV in S(T) if and
only if ' � 1(V) contains several points, equivalentlyV� \ D , which is the case if and only if
x belongs to the Voronoi diagram ofV� in R2.
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Second, the cardinalities of the constellations are bounded by the numbern of triangles
and the happinessh of the portalgon T:

Lemma 10.34. For every triangle � of T the constellationV� has cardinality O(nh).

Proof. Given a triangle � of T, and a point x in the constellation V� , there is by de�nition
an immersed disk(D; ' ) attached to � such that x 2 ' � 1(V). And the centery of D belongs
to � . Then the geodesic segment betweeny and x projects via � to a path between� (y) and
� (x), and the length of this path is the smallest possible among all the paths between� (y)
and a point of V (possibly another point ofV than � (x)). We will argue on such shortest
paths between a point ofS(T) and the setV.

We call regions the following subsets ofS(T): a vertex of T1, the relative interior of an
edge ofT1, and a face ofT1. The regions partitionS(T). For every shortest pathp between a
point x 2 S(T) and the setV, record the sequence of regions intersected byp when directed
from V to x. If two such pathsp and p0 end in � (�) and have the same sequence then they
correspond to the same point in the constellationV� . We claim that for every regionR there
are O(nh) sequences ending withR. This claim implies the lemma. Let us prove the claim.
We say that a sequence is maximal if it is not a strict pre�x of another sequence. And we
say that a sequence is critical if it is the maximal common pre�x of two distinct maximal
sequences. Every critical sequence ends with a face ofT1. For every faceR0 of T1 there is
at most one critical sequence ending withR0. Indeed every critical sequence is realized by
two distinct paths. If two distinct critical sequences were to end withR0, then at least two
of the four associated paths would cross, and thus could be shortened, a contradiction. We
proved that there areO(n) critical sequences. So there areO(n) maximal sequences. And
every sequence containsO(h) occurrences ofR since the happiness ofT is equal toh. This
proves the claim, and the lemma.

We will now show that the wave algorithm computes the constellations. To do so, we
introduce an invariant. We need a de�nition. Fix a point x 2 V� , and consider all the
immersed disks(D; ' ) attached to � such that x 2 ' � 1(V). Among all these immersed disks
(D; ' ), the smallest radius ofD is the depth of x in V� .

Invariant : There is � > 0 such that both of the following hold for every triangle� of
T. Every point of X � belongs to the constellationV� . And every point of V� n X � has
depth greater than or equal to� in V� .

It is not clear a priori that the invariant is maintained by the wave algorithm, and this
will be proved only at the very end, when proving Proposition 10.13. Before that we need
some lemmas.

Lemma 10.35. Assume that the invariant holds for some� > 0, and that there is a candidate
event (t; � ; s; x) such that t � � . Then t = � , x belongs toV� , and the depth ofx in V� is
equal to� .

Proof. We claim that x 2 V� , and that the depth of x in V� is smaller than or equal tot. The
claim implies the lemma. Indeed we assumedt � � . And, if x 2 V� , then the depth of x in
V� cannot be smaller than� , for otherwise the invariant would imply x 2 X � , contradicting
the fact that (t; � ; s; x) is a candidate event. All there remains to do is to prove the claim.
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To do so consider the triangle� 0 of T and the sides0 of � 0 such that s is matched to
s0. Consider the orientation-preserving isometry ofR2 that maps s to s0 and puts � side-by-
side with � 0, apply this isometry to x, and consider the resulting pointx0 2 R2. Using the
assumption that (t; � ; s; x) is a candidate event, the pointx0 belongs toX � 0, while x does
not belong to X � . Moreover there is a pointz0 along s0 such that x0 is at distancet from z0,
and such that no point of X � 0 is closer toz0 than x0. Consider the immersed disk(D 0; ' 0)
attached to � 0 such that the center ofD 0 is z0, and such that the radius ofD 0 is maximum.

By contradiction, assume that the radius ofD 0 is smaller than t. There is a point v 2
' 0� 1(V) since the radius ofD 0 is maximum. We havev 2 V� 0, and the depth ofv in V� 0 is
smaller than or equal to the radius ofD 0, which is smaller than� . So v belongs toX � 0 by
the invariant. But then v is a point of X � 0 closer toz0 than x0, a contradiction.

We proved that the radius of D 0 is greater than or equal tot. Then x0 belongs toD.
Moreoverx0belongs toX � 0, and thus to V� 0 by the invariant. Thereforex0belongs to' 0� 1(V)
by Lemma 10.33. In particular the radius ofD 0 is equal to t.

It is now convenient to name the orientation-preserving isometry ofR2 that maps s to s0

and puts � side-by-side with� 0, so let � : R2 ! R2 be this isometry. Consider the point
z = � � 1(z0), and the immersed disk(D; ' ) attached to � such that the center ofD is z,
and such that the radius ofD is maximum. Observe that� (D) = D 0, and that ' 0 � � = ' .
In particular the radius of D is alsot. And, crucially, x 2 ' � 1(V), since we already proved
x0 2 ' 0� 1(V). This proves that x 2 V� . And the depth of x in V� is smaller than or equal to
the radius of D, which is t. The claim is proved, along with the lemma.

Lemma 10.36. Assume that the invariant holds for some� > 0. Further assume that there
is a triangle � of T such thatV� n X � contains a point whose depth inV� is � . Then there
is a candidate event whose date is smaller than or equal to� .

The proof of Lemma 10.36 relies on the following:

Lemma 10.37. Let (D; ' ) be an immersed disk attached to a triangle� of T. Assume that
there is x 2 ' � 1(V), and let y be the center ofD. If the geodesic segment betweenx and y
intersect � in any other point than y then the depth ofx in V� is smaller than the radius of
D.

Proof. Assuming that the geodesic segment betweenx and y intersects� in a point y0 6= y
(at least), consider the open diskD 0 whose center isy0 and whose boundary circle contains
x0. Then D 0 � D . Let ' 0 be the restriction of ' to D

0
. Then (D 0; ' 0) is an immersed disk,' 0

agrees with� on � \ D
0
, and x 2 ' 0� 1(V). So the depth ofx in V� is smaller than or equal

to the radius of D 0, which is smaller than the radius ofD.

Proof of Lemma 10.36.Consider a pointx 2 V� n X � that has depth � in V� . There is an
immersed disk(D; ' ) that satis�es each of the following. Lety be the center ofD. Then y
belongs to� , the radius ofD is � , ' agrees with� on D \ � , and x 2 ' � 1(V). In top of that
we can add thaty belongs to the boundary of� , for otherwise the depth ofx in V� would
be smaller than� by Lemma 10.37, a contradiction. There are two cases: eithery lies in the
relative interior of a side of� , or y is a vertex of� .

First case First consider the case wherey lies in the relative interior of a sides of � . In
this case we shall prove that there ist � � such that (t; � ; s; x) is a candidate event. The
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surfaceS(T) being closed, there are a triangle� 0 of T, and a sides0 of � 0, such that s is
matched to s0. Consider the orientation-preserving isometry� : R2 ! R2 that maps s to
s0 and puts � side-by-side with � 0. We consider the pointsx0 = � (x) and y0 = � (y), the
open diskD 0 = � (D), and the map' 0 = ' � � � 1. Observe that (D 0; ' 0) is an immersed disk
attached to � 0, that the center of D 0 is y0, and that x0 belongs to the boundary circle ofD 0.
Informally, x0, y0, and (D 0; ' 0) correspond tox, y, and (D; ' ), but in the reference frame of
� 0.

We claim that x0belongs toX � 0. To prove the claim consider the geodesic lineL supported
by s, and direct L so that � is on the right of L. Similarly, consider the geodesic line
L0 = � (L). Then L0 is supported by s0, and � 0 is on the left of L0. We have that x lies
strictly on the left of L, for otherwise the depth ofx in V� would be smaller than� by
Lemma 10.37, a contradiction. Sox0 lies (strictly) on the left of L0. And so the depth ofx0

in V� 0 is smaller than� by Lemma 10.37. Thereforex0 2 X � 0 by the invariant. The claim is
proved.

We use the claim immediately,x0 belongs toX � 0. No point of X � 0 is closer toy0 than x0,
sinceX � 0 � V� 0 by the invariant, and sinceD 0 \ V� 0 = ; by Lemma 10.33. So Vor(x0; X � 0)
intersectss0 (at least in y0), and its intersection with s0 is at distance a distancet � � from
x0 (since the distance betweeny0 and x0 is � ). The tuple (t; � ; s; x) is a candidate event. We
are done in this case.

Second case. Now consider the case wherey is a vertex of � . Then � (y) is a vertex of
the graph T1 embedded onS(T). Note also that � (y) lies in the interior of S(T) sinceS(T)
has no boundary. And� (y) is �at as it does not belong toV. We assume that no face of
T1 appears twice aroundy, for this eases the reading, and the proof trivially extends to the
general case. Consider thek � 3 faces ofT1 incident to � (y), in order around� (y) (clockwise
say, but counter-clockwise would do too), and the corresponding triangles� 0; : : : ; � k� 1 of
T, with � 0 = � . We �x � 0, and we place copies of the triangles� 1; : : : ; � k� 1 around y,
in order. This is possibly since� (y) is �at. For each i we record the orientation-preserving
isometry � i : R2 ! R2 that maps the copy of� i around y to the original triangle � i . We
consider the pointsx i = � i (x) and yi = � i (y). Also we consider the open diskD i = � i (D)
and the map ' i = ' � � � 1

i . Observe that (D i ; ' i ) is an immersed disk attached to� i , that
the center ofD i is yi , and that x i belongs to the boundary circle ofD i . Informally, x i , yi ,
and (D i ; ' i ) correspond tox, y, and (D; ' ), but in the reference frame of� i .

We claim that there is i such that x i 2 X � i . Indeed there isi such that the geodesic
segment betweeny and x intersects the copied triangle� � 1

i (� i ) in another point than y.
Then the geodesic segment betweenyi and x i intersects � i in another point than y. So x i

belongs toV� i and has depth smaller than� in V� i , by Lemma 10.37 applied to� i , (D i ; ' i ),
x i , and yi . And so x i 2 X � i by the invariant. The claim is proved.

Using the claim immediately, and sincex0 =2 X � 0 , there is i such that x i 2 X � i and
x i +1 =2 X � i +1 , indices are modulok. Consider the sidesi of � i that is matched to a side of
� i +1 . We shall prove that there ist � � such that (�; � i ; si ; x i ) is a candidate event. To do
so �rst observe that no point of X � i is closer toyi than x i sinceX � i � V� i by the invariant,
and sinceD i \ V� i = ; by Lemma 10.33. So Vor(x i ; X � i ) intersectssi (at least in yi ), and
its intersection with si is at a distancet � � from x i (since the distance betweenyi and x i

is � ). The tuple (t; � i ; si ; x) is a candidate event. We are done in this case. The lemma is
proved.
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Proposition 10.13. First we prove that the invariant holds throughout the execution of the
wave algorithm. To prove the claim �rst observe that the invariant holds after the initializa-
tion phase. Now assume that it holds at the beginning of an iteration of the loop, for some
� > 0, and that there is a candidate event(t; � ; s; x), of smallest datet. If every triangle �
of T satis�es X � = V� then the invariant holds for every � > 0 anyway. Otherwise there
are without loss of generality a triangle� and a point in V� n X � whose depth inV� is � ,
so there is a candidate event whose date is smaller than or equal to� by Lemma 10.36. In
any caset � � holds without loss of generality. Thent = � , x belongs toV� , and the depth
of x in V� is equal to� by Lemma 10.35. So, after addingx to X � , the invariant still holds.
This proves that the invariant holds throughout the execution of the wave algorithm.

The wave algorithm never adds twice the same point in a setX � of a triangle � of T.
Moreover X � � V� by the invariant. And the cardinality of V� is O(nh) by Lemma 10.34.
So the wave algorithm terminates afterO(n2h) iterations. The algorithm does not stop until
X � = V� for every triangle � of T, by Lemma 10.36. And the sets(V� )� are as desired by
Lemma 10.32. The lemma is proved.

10.10.2.2 Proof of Proposition 10.14

In this section we prove Proposition 10.14, that during the wave algorithm the list of the
candidate events sorted by date can be maintained in amortizedO(log(nh)) time per insertion
of a point in the set X � of a triangle � .

The crux of the matter is to maintain the intersection of a Voronoi diagram inR2 with
a closed segment ofR2 in a dynamic manner while adding the sources one-by-one to the
Voronoi diagram. To do that we consider a game that we play with Alice. Informally, Alice
sends us the sources of the Voronoi diagram one-by-one, and we tell her what is changed
after each insertion of a source. Formally, Alice initially sends us a closed segmentI of R2.
Then Alice sends usk � 1 pairwise distinct points z1; : : : ; zk 2 R2 in this order. We do not
know the points before they are sent to us by Alice, nor the number of points to be sent. For
eachi 2 [k], after the i -th point zi is sent to us by Alice, and beforei + 1-th point zi +1 is
sent to us, we must send two things to Alice. First, we must send the setUi � [i ] containing
the index i together with the indicesj 2 [i � 1] such that Vor(zj ; Z i ) \ I 6= Vor(zj ; Z i � 1) \ I .
Second, for each indexj 2 Ui , we must send the (possibly empty) set Vor(zj ; Z i ) \ I . Note
that each set Vor(zj ; Z i ) \ I is a closed segment ofR2, so it is either empty, a single point,
or has two distinct endpoints by which it is uniquely determined. We have two lemmas:

Lemma 10.38. The sum over1 � i � k of the cardinality of the setUi is smaller than or
equal to5k.

Proof. Consideri 2 [k]. We claim that at most four indicesj 2 Ui are such that Vor(zj ; Z i )
intersectsI . The claim immediately implies the lemma.

To prove the claim we consider the subsetY of I that contains the points that are strictly
closer to zi than to any point of Z i � 1. And we consider the closureX of Y. Then X is a
closed segment ofR2 and, assuming thatUi is not empty, we have thatY is not empty, soX
is not empty, and X is not a single point either. Informally, we now consider the two �ends�
of X . Formally, we consider the two endpointsx0 and x1 of X , and for each" 2 f 0; 1g, we
consider an arbitrarily short closed segmentX " � X , not a single point, that containsx" .
Provided X " is short enough, there are no more than two indicesj 2 Ui such that the relative
interior of X " is included in Vor(zj ; Z i � 1) .
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On the other hand if j 2 Ui is such that Vor(zj ; Z i ) intersectsI , then not only Vor(zj ; Z i � 1)
also intersectsI , but Vor (zj ; Z i � 1)\ I contains a point inY and a point not in Y, so it contains
the relative interior of X " for some" 2 f 0; 1g. This proves the claim, and the lemma.

Lemma 10.39. There is an algorithm that receivesI and z1; : : : ; zk in this order, and that,
after receiving zi , i 2 [k], returns Ui together with the closed segments Vor(zj ; Z i ) \ I for all
j 2 Ui , and runs in O(k logk) total time.

Proof. Consider i 2 [k], and assume that the pointzi has just been sent by Alice. We
must return to Alice. The crux of the matter is to have maintained at this point the list
of tuples (j; Vor(zj ; Z i � 1) \ I ) over j 2 [i � 1], ordered by the position of Vor(zj ; Z i � 1) \ I
along I (for some direction ofI , and resolving any ambiguity arbitrarily). Now we can use
the list to answer Alice, and update the list, as follows. Given a tuple(j; Vor(zj ; Z i � 1) \ I )
we can determine in constant time whetherj 2 Ui by checking whether there is a point of
Vor(j; Z i � 1) \ I that is strictly closer to zi than to zj . If j =2 Ui , then either all the tuples
(j 0; Vor(zj 0; Z i � 1) \ I ) before(j; Vor(zj ; Z i � 1) \ I ) in the list are such that j 0 =2 Ui , or all the
tuples after (j; Vor(zj ; Z i � 1) \ I ) are like that, and we can �nd out which case it is in constant
time. So we can list by dichotomy thek0 � 0 tuples (j; Vor(zj ; Z i � 1) \ I ) such that j 2 Ui

in O(k0 + log k) time. For each such tuple(j; Vor(zj ; Z i � 1) \ I ), we derive Vor(zj ; Z i ) \ I
from Vor(zj ; Z i � 1), zj , and zi in constant time. In the end we compute Vor(zi ; Z i ) \ I in
O(log k) time by �nding by dichotomy the �rst and last tuples (j; Vor(zj ; Z i � 1) such that
Vor(zj ; Z i � 1) \ I contains a point that is at least as close tozi than to zj , if any. This way we
can return to Alice, and update the list of tuples, inO(k0+ log k) total time. Lemma 10.38
concludes.

In the following, when maintaining the list of candidate events, we also maintain appro-
priate search trees in which we store the candidate events, so that the candidate events can
be accessed by date or position in logarithmic time.

Proof of Proposition 10.14. When inserting a point x in the set X � of a triangle � , we
maintain the list of candidate events sorted by date as follows. First, we �nd the candidate
events of the form(�; � ; �; x), and we remove these candidate events from the list. All but
O(log k) of the time spent here is amortized by the fact that every event deleted here was
created earlier in the execution of the algorithm.

Second, for every sides of � , we consider the triangle� 0 and the sides0 of � 0 such that s
is matched tos, along with the orientation-preserving isometry� : R2 ! R2 that maps s to
s0 and puts � (�) and � 0 side by side. Among the candidate events of the form(�; � 0; s0; � (y)) ,
y 2 X � , those for which Vor(y; X � [ f xg) \ s 6= Vor(y; X � ) \ s may have to updated. If
Vor(y; X � [ f xg) \ s = ; , then the event must be deleted. Otherwise, only the date of the
event may change. This is done in amortizedO(log k) time using Lemma 10.39.

Finally, Lemma 10.39 also provides us with the set Vor(x; X � [ f xg) \ s. If this set is not
empty, and if � (x) =2 X � 0, then we consider the distancet betweenx and Vor(x; X � [f xg) \ s,
and we create the event(t; s0; � 0; � (x)) , in O(log k) time.
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Chapter 11

Bounds for Delaunay Flips on Flat Tori

In this chapter we prove Theorem 8.3, which we restate for convenience:

Theorem 8.3. Let T be a �at torus. Let T be a triangulation of T, with n vertices, of
maximum edge lengthL. Every sequence of Delaunay �ips starting fromT has length at
most C � n2 � L , whereC > 0 depends only onT. This bound is tight up to a constant factor.

We provide some background in Section 11.1, prove the lower bound in Section 11.2, and
prove the upper bound in Setion 11.3, thereby obtaining Theorem 8.3.

11.1 Background: stereographic projection

In this chapter we denote bỳ (p) the length of a geodesic pathp. Given d � 1, we denote by
Rd the usuald-dimensional Euclidean space. We will use the following classical construction.
We identify R2 with the plane of R3 containing the points whose third coordinate is1. In
R3 we consider the 2-dimensional sphereS2 of radius 1 centered at (0; 0; 0). The point
P = (0 ; 0; � 1) belongs toS2. Given ep 2 R2 we denote byI ep the unique geodesic line ofR3

containing the points ep and P (Figure 11.2). The correspondence� : R2 ! S2 n f Pg that
maps every pointep 2 R2 to the unique intersection of the lineI ep with S2 n f Pg is called the
stereographic projection , it is one-to-one.

Figure 11.1: A portion of the lift of a Delaunay triangulation of a �at torus in the Euclidean
plane R2. (Gray) Six lifts of a single face.

We identify every �at torus with a quotient T � of R2 by the action of a group� generated
by two linearly independent translations. We associate to every triangulationT of T � a
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Figure 11.2: Mapping a triangulation of a �at torus to a stereographic surface.

surfaceS � R3 as follows. We consider the in�nite triangulation eT that lifts T in R2. For
every triangleet of eT, we consider the three verticesev1; ev2 and ev3 of et, and the convex hull in
R3 of their image points� ( ev1); � ( ev2), and � ( ev3). The union of those convex hulls, over all the
triangles of eT, is the surfaceS. We say that S is the stereographic surface associated to
T. We emphasize thatS shares no point withS2 other than the image points of the vertices
of eT. There is a one-to-one correspondence� S : R2 ! S sending everyep 2 R2 to the unique
intersection with S of the line I ep. Given two stereographic surfacesS and S0 (possibly with
S = S0) we say that S is above S0 if for every ep 2 R2 the point � S0(ep) lies on the closed
segment[P; � S(ep)] of R3, on the line I ep. The above-below relation is a partial order on the
set of stereographic surfaces. We will use the following:

Lemma 11.1. Assume that a triangulationT of a �at torus T � results from the Delaunay
�ip of an edge e0 in a triangulation T0 of T � and let e be the edge ofT resulting from the
�ip. Let S and S0 be the stereographic surfaces associated toT and T0, respectively. ThenS
is aboveS0. Let also p 2 T � be the intersection point of the relative interiors ofe and e0 and
ep 2 R2 be any lift of p. Then � S(ep) 6= � S0(ep).

Lemma 11.1 is folklore and follows from the fact that every circle onR2 is mapped under
the stereographic projection to a circle onS2 n P: the intersection ofS2 n P and a plane of
R3.

11.2 Lower bound

In this section we provide our lower bound. Beforehand, observe that on a �at torusT �

the length of a sequence of Delaunay �ips ending at a Delaunay triangulation cannot be
bounded from above by a function depending only on the number of vertices of the starting
triangulation. This fact follows from two observations. The �rst observation is that it is easy
to construct an in�nite set of triangulations of T � all having a single common vertex, sayv,
as their vertex set (Figure 11.3). The second observation is that there can only be a �nite
number of Delaunay triangulations ofT � having v as their unique vertex1.

1The theorem of Pick [156] implies the existence ofD > 0 depending only onT � such that in R2 every
disk of diameter D intersects a lift of v. It follows that the edges of any Delaunay triangulation of T � with
vertex set f vg are not longer than D. There can only be a �nite number of such edges.
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To understand this phenomenon more precisely, we consider a second parameter of the
starting triangulation T: the maximum lengthL of an edge inT. We will exhibit a particular
family of starting triangulations T and prove a lower bound on the length of every sequence
of Delaunay �ips starting from T and ending at a Delaunay triangulation.

Figure 11.3: On a �at torus, three portions of the lifts of three triangulations with a single
common vertex.

We are interested in a particular �at torus. Consider the two linearly independent trans-
lations by the vectors(1; 0) and (0; 1) respectively. We are interested in the �at torusT �

that is the quotient of R2 under the action of the group generated by those two translations.
We denote by � � the projection map R2 ! T � . We say that T � is the unit �at torus .
Then:

Proposition 11.1. For every n � 1 and everyL0 > 0 there is a triangulation T of the unit
�at torus T � such that every sequence of Delaunay �ips starting fromT and ending at a
Delaunay triangulation is longer than

c � n2 � L

whereL > L 0 is the maximum length of an edge inT, n is the number of vertices ofT, and
c > 0 is a constant.

The quadratic dependency in the number of vertices is also a consequence of a more general
fact about �ips (not necessarily Delaunay �ips) of triangulated polygons in the plane [119,
Theorem 3.8]. Our construction is inspired from one previously known in that setting [119].

Proof. We �x n � 1 and L0 > 0. See Figure 11.4.

Figure 11.4: A portion of the lift of a triangulation belonging toF in the proof of Proposi-
tion 11.1. The �xed edges are in gray.

For every z 2 Z and every� 2 f 0; 1g we de�ne the point ep�
z = ( z

n ; � ) in R2 and the point
pz of T � by pz = � � (ep0

z). Observe that if z; z0 2 Z are such thatz � z0 mod n then pz = pz0

and the points ep0
z; ep1

z; ep0
z0, and ep1

z0 are all lifts of pz. For everyz; z0 2 Z, we de�ne the segment
sz;z0 of T � as � � ([ep0

z; ep1
z0]).
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We are interested in the setF of the triangulations of T � satisfying the following. The
vertices of every triangulation T 2 F are p1; : : : ; pn and the edges ofT are partitioned
as follows: T contains n edges that we call�xed and 2n edges that we callfree. For
k 2 f 1; : : : ; ng the kth �xed edge ofT is � � (

�
ep0

k� 1; ep0
k

�
). The only restriction on the free edges

of T is that they must belong to f sz;z0 : z; z0 2 Zg.

Claim 1. For every T 2 F the following holds:

(a) The �xed edges ofT are not Delaunay-�ippable.

(b) The Delaunay �ip of a free edgee in T results in a triangulation T0 2 F .

(c) Such a Delaunay �ip replaces the edgee in T by an edgee0 in T0 such that l(e0) �
l (e) � 2=n.

(d) The lengths of two free edges ofT cannot di�er by more than 2.

Claim 2. There is a triangulation in F having a free edge longer thanL0.

Claim 3. There is a constantL1 > 0 such that the edges of every Delaunay triangulation
in F are not longer thanL1.

Claims 2 and 3 are straightforward. We will prove Claim 1 in the end. We �rst show that
those claims imply the result. By Claim 2 there is a triangulationT0 2 F having a free edge
longer than L0. Let L denote the maximum length of an edge inT0; L is the length of a free
edge ofT0. Indeed the free edges ofT0 have length at least1 while the �xed edges ofT0 have
length 1=n.

We assign to every triangulationT 2 F a weight ! (T) that is the sum of the lengths of
its edges. By Claim 1.d,! (T0) � 1 + 2n(L � 2). Indeed T0 has n �xed edges of length1=n
and 2n free edges of length at leastL � 2.

Consider a sequenceT0; : : : ; Tm of Delaunay �ips for somem � 0 that starts from T0 and
ends at a Delaunay triangulationTm . By Claims 1.a and 1.b all the triangulationsT0; : : : ; Tm

belong to F . By Claim 1.c, holds! (Tm ) � ! (T0) � 2m=n. By Claim 3 there is a constant
L1 > 0 such that ! (Tm ) � 3nL 1. Thus

2m � n(! (T0) � ! (Tm )) � n + (2 L � 3L1 � 4)n2:

That proves the result. Now we prove Claim 1.

Proof of Claim 1. To prove (a) consider a �xed edgee of the triangulation T. There
is somek 2 f 1; : : : ; ng such that the segmentee of R2 betweenep0

k� 1 = ( k� 1
n ; 0) and ep0

k = ( k
n ; 0)

is a lift of e. Consider the two faceset1 and et2 of the lift eT of T that are incident to ee. Let
ev1 be the vertex ofet1 that is not a vertex of et2 and let ev2 be the vertex ofet2 that is not a
vertex of et1. Up to renaming ev1 and ev2 there arez; z0 2 Z such that ev1 = ep1

z = ( z
n ; 1) and

ev2 = ( z0

n ; � 1). It is straightforward to check that the open disk whose boundary contains
ep0

k� 1,ep0
k , and ev1 does not containev2.

To prove (b) and (c) consider a free edgee of the triangulation T and assume thate is
Delaunay-�ippable. There arez; z0 2 Z such that e = sz;z0. The segmentee = [ ep0

z; ep1
z0] is a lift

of e so it is incident to two faceset1 and et2 of the lift eT of T. Let ev1 be the vertex ofet1 that
is not a vertex ofet2 and let ev2 be the vertex ofet2 that is not a vertex of et1. Up to renaming
ev1 and ev2 there is � 2 f 1; � 1g such that ev1 = ep0

z� � and ev2 = ep1
z0+ � : every other case would
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