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Abstract

In this thesis we provide algorithms for geometric and topological problems. This line of
research, computational geometry, emerged in the 1970s with the advent of computers.

We consider the problem of untangling graphs on surfaces: given a drawing of a graph on a
surface, possibly with crossings, remove all crossings by deforming the drawing continuously,
or correctly assert that this is not possible. We give the first polynomial time algorithms for
this problem. To do so we introduce a new kind of triangulations of surfaces that discretize
negative-curvature surfaces in a better way than the state of the art. On these triangulations,
we provide a combinatorial analog of the celebrated barycentric embeddings of Tutte.

In a more geometric setting, we give a new efficient algorithm for computing a Delaunay
triangulation of an abstract piecewise-flat surface (a generalization of meshes). We also study
the classical Delaunay flip algorithm, and prove, when the surface is a flat torus, the first
worst-case bound that is tight up to a constant factor. On hyperbolic surfaces, we provide an
implementation of the Delaunay flip algorithm, collected in a package of the standard library
of computational geometry CGAL, along with convenient generation and visualization tools.

Keywords: computational geometry, computational topology, surface, graph, homotopy,
Delaunay triangulation.



Résumé

Dans cette thése, nous fournissons des algorithmes pour des problémes géométriques et
topologiques. Cette ligne de recherche, la géométrie algorithmique, a émergé dans les années
1970 avec I'avénement des ordinateurs.

Nous considérons le probléme du démélage de graphes sur les surfaces : étant donné
un dessin d’un graphe sur une surface, éventuellement avec des croisements, nous devons
supprimer tous les croisements en déformant le dessin continuement, ou affirmer correctement
que ce n’est pas possible. Nous donnons les premiers algorithmes en temps polynomial pour
ce probléme. Pour ce faire, nous introduisons un nouveau type de triangulations de surfaces
qui discrétisent les surfaces a courbure négative d’une fagon meilleure que I'état de 'art.
Sur ces triangulations, nous fournissons un analogue combinatoire des célébres plongements
barycentriques de Tutte.

Dans un cadre plus géométrique, nous donnons un nouvel algorithme efficace pour calculer
une triangulation de Delaunay d’une surface abstraite plate par morceaux (une généralisation
des maillages). Nous étudions également I'algorithme classique de bascule de Delaunay et
prouvons, lorsque la surface est un tore plat, la premiére borne dans le pire cas qui soit opti-
male a facteur constant prés. Sur les surfaces hyperboliques, nous fournissons une implémen-
tation de l'algorithme de bascule de Delaunay, collectée dans un package de la bibliothéque
standard de géométrie algorithmique CGAL, et accompagnée d’outils de génération et de
visualisation pratiques.

Mots clefs: géomeétrie algorithmique, topologie algorithmique, surface, graphe, homotopie,
triangulation de Delaunay.
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Chapter 1

Introduction

This thesis grew out of a fascination for surfaces. Surfaces appear in many contexts. They
occur naturally in the physical word, and are represented in computer softwares and video
games. Mathematicians have studied surfaces for centuries, from various points of view
re ected by famous results: the Gauss Bonnet formula, the uniformization theorem, the
topological classi cation of surfaces, the Dehn Thurston classi cation of their homeomor-
phisms, or more recently the spectacular geometric study of Mirzakhani. Tools have been
developed on surfaces before being transposed to other contexts, by Dehn and Gromov in
group theory, or by Thurston in the study of 3-manifolds and knots. In theoretical computer
science, mixing surfaces with graphs led to structural results like the graph minor theory of
Robertson and Seymour, and to a very active line of research concerned with the design of
algorithms for graphs embedded on surfaces.

Strikingly, surfaces take various forms, from their topological abstractions to their geo-
metric realizations. In this thesis we navigate between di erent types of surfaces to provide
e cient algorithms for discrete problems. For example we consider a problem stated on
topological surfaces which admits a non-algorithmic solution on hyperbolic surfaces, and we
transform this solution into an algorithm on a more combinatorial notion of surfaces.

The design and analysis of e cient algorithms for geometric problems crystallized in the
1970s as a line of research, computational geometry, in response to the needs of computer
graphics, computer-aided design, robotics, and geographic information systems. Populated
by traditional geometric notions, the eld has equipped itself with unique algorithms and
paradigms, and has developed interactions with other areas of computer science.

Even though most of our contributions are theoretical results, we also implemented a
package in the standard library of computational geometryCGAL . Our implementation
can be used by mathematicians for exploring conjectures on hyperbolic surfaces. Moreover,
CGAL is widely used, not only by academics, but also in the industry, and this package is a
good way to disseminate algorithms on surfaces more broadly.

We provide some background in Chapter 3, and a conclusion in Chapter 13. The other
chapters are divided into two parts, concerned with two di erent problems on surfaces: un-
tangling graphs, and computing Delaunay triangulations. We now provide a brief account of
the problems and contributions of each part. More detailed introductions are given at the
beginning of each part.



1.1 Untangling graphs on surfaces

The rst part of the thesis is concerned with the problem of untangling graphs on surfaces.
In this problem we are given a drawing of a graph on a surface, possibly with crossings. We
have to remove all these crossings by deforming the drawing continuously, or correctly assert
that this is not possible. To illustrate, consider Figure 1.1. Here the surface is the usual
Euclidean plane, minus a nite set of obstacle points. Two graphs are drawn. By deforming
the drawing on the left continuously, avoiding the obstacle points, we can remove all its
crossings. Observe, informally, how the edges and vertices of the drawing can go through
each other while deforming the drawing. Is it possible to untangle the drawing on the right
this way? For a drawing on a surface more general than the plane, consider Figure 1.2.

Figure 1.1: In the Euclidean plane, obstacle points are represented by crosses, and graphs
are drawn in blue. The drawing on the left can be untangled while avoiding the obstacle
points. What about the drawing on the right?

Figure 1.2: A drawing of a graph on a surface that cannot be untangled.

This problem is a variation of the problem of drawing a graph on a surface with few,
if not zero, crossings, which has been extensively studied. The novelty is the constraint of
having to deform an input drawing continuously.

This constraint, in addition to being very natural, stems from the topological study of
curves on surfaces, which has been an important eld of study in the mathematical communi-
ties for more than hundred years. As early as 1911, Dehn obtained combinatorial characteri-
zations of whether a closed curve on a surface is contractible (can be continuously moved to a
point), or whether two closed curves are homotopic (can be continuously deformed into each
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other). Even earlier, in 1904, Poincaré described a characterization of whether a closed curve
can be untangled. Such questions have since been considered by numerous mathematicians,
and have been extensively revisited under a more algorithmic lens since the 1990s. Many
of them extend from curves to drawings of graphs, but surprisingly the literature studying
them on graphs is rather scarce, in stark contrast with the central importance of graphs in
computer science.

We provide the rst polynomial time algorithms for the untangling problem, in a natural
discrete model. To do so we crucially introduce a new kind of triangulations of surfaces
that build upon many previous works for discretizing properties of negatively curved sur-
faces. They are likely of independent interest. On those triangulations, we also provide a
combinatorial analog of the celebrated barycentric embedding theorem of Tutte from 1963,
and its polynomial time algorithmic counterpart. This allows us to produce many di erent
untangled versions of a drawing, and even allows vertices of the graph to be attached to the
boundary of the surface in the drawing. Incidentally, we provide algorithms to minimize the
crossings of a collection of closed curves that generalize, improve, and simplify the state of
the art.

This section corresponds to the three papers [1], [2], and [5]. The rst two papers are
co-authored with Eric Colin de Verdiére and Vincent Despré.

1.2 Computing Delaunay triangulations of surfaces

Figure 1.3: (Left) The mesh is cut along a red edge, and the resulting triangles are laid out
in the plane. (Right) It is not possible to form a mesh by cutting out the three triangles
from the plane and identifying the three pairs of matched sides, since the angles , and
satisfy + <

The second part of the thesis is concerned mainly with piecewise- at surfaces, and more
speci cally with their triangulations. Such surfaces are commonly obtained fromeshes
namely at triangles in R® glued along their edges. And every mesh carries a triangulation
of its surface. However triangulations are far more general, they are generically not issued of
a mesh this way. To see that consider Figure 1.3. On the left, a mesh with two triangles is
cut along its interior red edge, and the two resulting triangles are laid out in the plane. On
the right, cutting out the triangles from the plane and identifying the matched sides de nes
a triangulation of a piecewise- at surface, but this triangulation is not issued of any mesh,
as is easily observed.

11



There is a recent development of algorithms that advantageously operate on triangulations
without the assumption that they are issued of a mesh. On the other hand, triangulations
are so general that not all of them are suited to computation, compared to meshes. Promi-
nently, algorithms for such a fundamental problem as measuring the distance between two
points on the surface are a ected by théhappinessof the triangulation, a natural parameter
which is unbounded on triangulations while bounded on meshes. This raises the problem of
computing, from an input triangulation, another triangulation representing the same surface,
but whose happiness is bounded. This problem has been observed, in this form or another,
by several computational geometers over the last few decades.

Speci cally, we consider computing a Delaunay triangulation, for those triangulations
not only have bounded happiness, but they also enjoy some level of unicity, and they are
naturally related to distances and shortest paths on the surface.

We have several contributions. First, we provide an e cient algorithm for computing a
Delaunay triangulation of a closed piecewise- at surface from any other triangulation of the
surface. Then, we depart from looking for an e cient algorithm, and we consider instead
a classical algorithm that computes a Delaunay triangulation simply by ipping the edges
of an input triangulation. The asymptotics of the number of ips are vastly open. In the
particular case where the surface is a at torus, we provide the rst worst-case bound that
is tight up to a constant factor. Finally, our third contribution is an implementation of
the Delaunay ip algorithm on triangulations of closedhyperbolic surfaces, a fundamental
building block for computing with such surfaces. Our implementation is collected in a package
of the standard library of computational geometryCGAL , along with convenient generation
and visualization tools.

This section corresponds to the two papers [6] and [4], and to the package [3] to appear
in the next release ofCGAL . At the time of writing this thesis, the rst paper is a preprint.

The package is co-authored with Vincent Despré, Marc Pouget, and Monique Teillaud.
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Chapter 2

Introduction en Francais

Ce chapitre est une traduction en francais de l'introduction de la these, a savoir du Chapitre 1.

Cette thése est née d'une fascination pour les surfaces. Les surfaces apparaissent dans de
nombreux contextes. Elles se produisent naturellement dans le monde physique et sont
représentées dans les logiciels informatiques et les jeux vidéo. Les mathématiciens ont étudié
les surfaces pendant des siécles, sous des angles divers re étés par des résultats célebres :
la formule de Gauss-Bonnet, le théoréme d'uniformisation, la classi cation topologique des
surfaces, la classi cation de Dehn-Thurston de leurs homéomorphismes, ou plus récemment
la spectaculaire étude géométrique de Mirzakhani. Des outils ont été développés sur des
surfaces avant d'étre transposés a d'autres contextes, par Dehn et Gromov dans la théorie
des groupes, ou par Thurston dans I'étude des 3-variétés et des noeuds. En informatique
théorique, le mélange de surfaces et de graphes a conduit a des résultats structurels comme
la théorie des graphes mineurs de Robertson et Seymour, et a une ligne de recherche trés
active concernée par la conception d'algorithmes pour les graphes plongés sur les surfaces.

Il est frappant de constater que les surfaces prennent des formes diverses, de leurs ab-
stractions topologiques a leurs réalisations géomeétriques. Dans cette thése, nous naviguons
entre di érents types de surfaces a n de fournir des algorithmes e caces pour des problemes
discrets. Par exemple, nous considérons un probléme énoncé sur des surfaces topologiques qui
admet une solution non algorithmique sur des surfaces hyperboliques, et nous transformons
cette solution en un algorithme sur une notion plus combinatoire de surfaces.

La conception et I'analyse d'algorithmes e caces pour des probléemes géométriques se
sont cristallisées dans les années 70 en une ligne de recherche, la géométrie algorithmique, en
réponse aux besoins de l'infographie, de la conception assistée par ordinateur, de la robotique
et des systemes d'information géographique. Peuplé de notions géométriques traditionnelles,
le domaine s'est doté d'algorithmes et de paradigmes uniques, et a développé des interactions
avec d'autres domaines de l'informatique.

Méme si la plupart de nos contributions sont des résultats théoriques, nous avons égale-
ment implémenté un package dans la bibliothéque standard de géométrie algorithmigL@AL .
Notre implémentation peut étre utilisée par les mathématiciens pour explorer des conjectures
sur les surfaces hyperboliques. De pluSGAL est largement utilisée, non seulement par les
universitaires, mais aussi dans l'industrie, et ce package est un bon moyen de di user des
algorithmes sur des surfaces plus largement.

Nous fournissons un peu de contexte dans le Chapitre 3, et une conclusion dans le
Chapitre 13. Les autres chapitres sont divisés en deux parties, qui s'intéressent a deux
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problémes di érents sur les surfaces : déméler des graphes et calculer des triangulations de
Delaunay. Nous présentons maintenant un bref compte rendu des problémes et contributions
de chaque partie. Des introductions plus détaillées sont données au début de chaque partie.

2.1 Deéméler des graphes sur les surfaces

La premiére partie de la thése s'intéresse au probléeme du démélage de graphes sur les sur-
faces. Dans ce probleme, on nous donne un dessin d'un graphe sur une surface, éventuellement
avec des croisements. Nous devons supprimer tous ces croisements en déformant le dessin
continuement, ou a rmer correctement que ce n'est pas possible. Pour illustrer, regardez
Figure 2.1. Ici, la surface est le plan Euclidien habituel, moins un ensemble ni de points
servant d'obstacles. Deux graphes sont dessinés. En déformant le dessin de gauche continue-
ment, tout en évitant les points d'obstacle, on peut supprimer tous les croisements. Observez,
de maniere informelle, comment les arétes et les sommets du dessin peuvent se passer au
travers durant la déformation du dessin. Est-il possible de déméler le dessin de droite de
cette facon? Pour un dessin sur une surface plus générale que le plan, regardez Figure 2.2.

Figure 2.1: Dans le plan Euclidien, des points servant d'obstacles sont représentés par des
croix et des graphes sont dessinés en bleu. Le dessin sur la gauche peut étre démélé tout en
évitant les points d'obstacle. Qu'en est-il du dessin de droite?

Figure 2.2: Un dessin d'un graphe sur une surface qui ne peut pas étre démélé.

Ce probleme est une variante du probleme de dessiner un graphe sur une surface avec
peu, voire aucun, croisements, qui a été largement étudié. La nouveauté est la contrainte de
devoir déformer continuement un dessin donné en entrée.
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Cette contrainte, en plus d'étre trés naturelle, découle de I'étude topologique des courbes
sur les surfaces, qui est un domaine d'étude important dans les communautés mathématiques
depuis plus de cent ans. Dés 1911, Dehn a obtenu des caractérisations combinatoires per-
mettant de savoir si une courbe fermée sur une surface est contractible (peut étre déplacée
continuement vers un point), ou si deux courbes fermées sont homotopes (peuvent étre con-
tinuellement transformées l'une en l'autre). Encore plus tot, en 1904, Poincaré a décrit une
caractérisation des courbes fermée démélables. De telles question ont depuis été considérées
par de nombreux mathématiciens, et on été largement réexaminées sous une lentille plus
algorithmique depuis les années 1990. Beaucoup d'entre elles s'étendent des courbes aux
dessins de graphes, mais étonnamment, la littérature qui les étudie sur les graphes est plutét
éparse, en contraste frappant avec l'importance centrale des graphes en informatique.

Nous fournissons les premiers algorithmes en temps polynomial pour le probleme de
déemélage, dans un modele discret naturel. Pour ce faire, nous introduisons de maniere
cruciale un nouveau type de triangulations de surfaces, s'appuyant sur de nombreux travaux
antérieurs pour discrétiser les propriétés des surfaces a courbure négative. Ces triangulations
sont probablement d'intérét indépendant. Sur ces triangulations, nous fournissons également
un analogue combinatoire du célébre théoréme de plongement barycentrique de Tutte de
1963, et de sa contre-partie algorithmique. Cela nous permet de produire de nombreuses
versions démélées di érentes d'un dessin, et permet méme d'attacher les sommets du graphe
au bord de la surface dans le dessin. Au passage, nous fournissons des algorithmes pour
minimiser les croisements d'un ensemble de courbes fermées qui généralisent, améliorent et
simpli ent I'état de l'art.

Cette section correspond aux trois articles [1], [2], et [5]. Les deux premiers articles ont
pour co-auteurs Eric Colin de Verdiére et Vincent Despré.

2.2 Calculer des triangulations de Delaunay de surfaces

Figure 2.3: (A gauche) Le maillage est coupé le long d'une arréte rouge et les triangles
résultants sont disposés dans le plan. (A droite) Il n'est pas possible de former un maillage
en découpant les trois triangles du plan et en identi ant les cotés apparié€s, car les angles

, et satisfont + <

La deuxieme partie de la these s'intéresse principalement aux surfaces plates par morceaux,
et plus particulierement a leurstriangulations. De telles surfaces sont couramment obtenues
a partir de maillages a savoir des triangles plats dan&?® collés le long de leurs bords. Et
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chaque maillage porte une triangulation de sa surface. Cependant, les triangulations sont
beaucoup plus générales, elles ne sont généralement pas issues d'un maillage. Pour voir cela,
regardez Figure 2.3. Sur la gauche, un maillage comportant deux triangles est coupé le long
de son arréte rouge intérieure, et les deux triangles résultants sont disposés dans le plan. Sur
la droite, découper les triangles dans le plan et identi er les c6tés appariés dé nit bien une
triangulation d'une surface plate par morceaux, mais cette triangulation n'est issue d'aucun
maillage, comme on peut facilement I'observer.

Il'y a un développement récent d'algorithmes opérant avantageusement sur des trian-
gulations qui ne sont pas issues d'un maillage. D'un autre c6té, les triangulations sont si
générales qu'elles ne sont pas toutes adaptées au calcul, par rapport aux maillages. En parti-
culier, les algorithmes pour un probléme aussi fondamental que la mesure de la distance entre
deux points sur la surface sont a ectés par lhappinessde la triangulation, un paramétre
naturel qui n'est pas borné sur les triangulations alors qu'il est borné sur les maillages. Cela
pose le probleme de calculer, a partir d'une triangulation d'entrée, une autre triangulation
représentant la méme surface, mais dont la happiness est bornée. Ce probleme a été observe,
sous une forme ou une autre, par plusieurs géomeétres algorithmiciens au cours des derniéres
décennies.

Plus spéci quement, nous voulons calculer une triangulation de Delaunay, car ces triangu-
lations ont non seulement une happiness bornée, mais elles jouissent également d'un certain
niveau d'unicité, et elles sont naturellement liées aux distances et aux plus courts chemins
sur la surface.

Nous avons plusieurs contributions. Tout d'abord, nous fournissons un algorithme e cace
pour calculer une triangulation de Delaunay d'une surface fermée plate par morceaux a partir
de toute autre triangulation de la surface. Ensuite, nous laissons de c6té la recherche d'un al-
gorithme e cace, et considérons plutdt un algorithme classique qui calcule une triangulation
de Delaunay simplement en basculant les arétes d'une triangulation d'entrée. Le comporten-
ement asymptotigue du nombre de bascules est une question vastement ouverte. Dans le
cas particulier ou la surface est un tore plat, nous fournissons la premiére borne dans le pire
cas qui soit optimale a facteur constant prés. Enn, notre troisieme contribution est une
implémentation de I'algorithme de bascule sur les triangulations de surfaces fermégper-
boliques un outil fondamental pour caluler avec de telles surfaces. Notre implémentation est
regroupée dans un package de la bibliothéque standard de géométrie algorithmiQ@zAL |,
accompagné d'outils de génération et de visualisation pratiques.

Cette section correspond aux deux articles [6] et [4], et au package [3] qui doit apparaitre
dans la prochaine version d€GAL . Au moment ou cette thése est écrite, le premier article
est une prépublication. Le package a pour co-auteurs Vincent Despré, Marc Pouget, et
Monique Teillaud.
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Chapter 3

Geometric and Topological Background

In this chapter we present some of the main notions of this thesis. We focus on the geometric
and topological background, assuming without review some basic algorithmic knowledge. We
keep the presentation short and simple, referencing to textbooks for the details.

3.1 Topology of graphs on surfaces

The main characters of this thesis are surfaces, graphs, and drawings of graphs on surfaces. In
this section we present these geometric objects from a coarse point of view, that of topology.
Topology is the branch of mathematics concerned with the properties of geometric objects
that are preserved under continuous deformations such as stretching, twisting, or bending;
that is without tearing or gluing. A common example is the deformation of a rubber band.
An introduction to topology is provided by Armstrong [16]. See also Stillwell [177] and
Hatcher [115].

A topology is a structure that allows to de ne the notion of continuous deformation by
relating spatially the points of a set. Formally, on a seX, a topology can be de ned as
a collection of subsets oK, called open sets, such that (1) the empty set is an open set,
(2) every union of open sets is an open set, and (3) every nite intersection of open sets is
an open set. A setX equipped with a topology is atopological space . We illustrate this
de nition with a classical topology. Givend 1, x 2 RY, and r > 0, the set of points of
RY whose Euclidean distance ta is strictly smaller than r is an open metric ball of RC.
The arbitrary unions of open metric balls are the open sets of a topology Bf. This is the
smallest topology in which every open metric ball is an open set. It is the only topology of
RY considered in this thesis. We mention that there are di erent but equivalent formulations
of the notion of topology, for example whose axioms are the properties of thised sets,
the complements of the open sets.

A function f : X ! Y between topological spaceX and Y is continuous if for every
open setO of Y, f 1(O) is an open set ofX. A continuous function is also called anap.
An injective map is anembedding . A bijective map whose inverse is also a map isheome-
omorphism . Two topological spaces related by a homeomorphism amemeomorphic , in
which case they are often regarded as equal.

We use without review standard operations on topological spaces such as taking a sub-
space or a quotient. For example we equip every subspaceR8fwith the subspace topology.
We also use notions such as compactness and connectedness. All the connected spaces con-
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sidered in this thesis are also path-connected, meaning that every two points are related by
a path. And every topological space considered is Hausdor , meaning that for every two
distinct points x 6 x° there exist two disjoint open setsO and O° such that x 2 O and
x%2 O°

3.1.1 Surfaces

The rst characters of this thesis are surfaces. Typical surfaces are tipdane R? and the
(closed)half plane R [0;+1 ). In general a topological spacé& is a surface if S locally
resembles the plane or the half plane. Formally, if each point & has a neighborhood
homeomorphic to the plane or to the half plane. By de nition a surfac& can have two types
of points. The interior of S contains the points having a neighborhood homeomaorphic to
the plane, while theboundary of S, denoted@ $contains the points having a neighborhood
heomeomorphic to the half plane. The interior and the boundary o% are disjoint. For
example the interior of the half plane iR (0;+1 ), its boundary isR f Og.

Figure 3.1: (Top, from left to right) The sphere, the handle, the M&bius strip, and the torus.
(Bottom) Construction of the surface S,.; by cutting holes from the sphere and attaching
handles.

So what are all the possible surfaces? Of course, there are other surfaces than the plane
and the half plane. For example thesphere and the handle depicted in Figure 3.1. Already,
the sphere and the handle su ce to construct an entire family of surfaceS,., for every
g;b 0, by cutting holes from the sphere and attaching handles. See Figure 3.1. To
construct Sy, considerg copies of the handle and one copy of the sphere, remove the interiors
of g+ b disjoint closed disks from the sphere, and identifg of their boundary circles with
the boundaries of the handles. Some of the resulting surfaces have names, likettines
Si.0 (Figure 3.1), thedisk Sp.1, and the annulus Sp,. In general the numbersy and b are
respectively thegenus of Sy, and its number of boundary components. Andsyy, is said
closed if it has no boundary, that is if b = 0. There are other surfaces, for example the
Mobius strip  depicted in Figure 3.1. However in this thesis we consider ontyientable
surfaces, which can be de ned as those not containing a Mobius strip. Among them the
surfacesSy, are quite generic:

Theorem 3.1 (Classi cation of orientable surfaces) Every connected, compact, and ori-
entable surface is homeomorphic t8y, for someg Oandb 0. No two of these surfaces
are homeomorphic.
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In this thesis most surfaces are connected and compact, in addition of being orientable, so
this is assumed unless explicitly stated otherwise. Yet we occasionally consider disconnected
surfaces, and even non-compact surfaces obtained from a compact surfad® removing a
discrete subseX S. The points in X are calledpunctures in this context, and SnX is a
punctured surface . For example the plane is a punctured surface, obtained by removing a
single puncture from the sphere. The interior of a surface with boundary is also a punctured
surface.

3.1.2 Obtaining surfaces by gluing polygons

We saw that complicated surfaces can be constructed from simpler ones by cutting and gluing.
While using the sphere and the handle as the basic surfaces helps to grasp the classi cation
theorem, surfaces can more simply be obtained by gluing polygons. See Figure 3.2.

Figure 3.2: (Left) Construction of the annulus by gluing sides of two topological triangles.
(Right) Construction of the torus from its canonical polygonal schema. In both gures the
pairs of sides with the same label are glued.

From the point of view of topology apolygon is a surfaceS homeomorphic to a disk,
together withn 1 points on the boundary ofS. Technically a topological polygon can have
only one or two vertices but the reader can assumre 3 if this helps the reading. Consider
a disjoint collection of oriented polygons together with a partial matching of the sides of
the polygons. ldentifying the matched sidesvhile respecting the orientationf the polygons
provides a surfaceS. Observe thatS is oriented but not necessarily connected. Als§ may
not be compact if in nitely many polygons are glued, but it is compact otherwise. Andb
may have boundary. Every (orientable) surface can be obtained by gluing polygons this way.

Some of these gluings of polygons are particularly important. For example a (oriented)
polygonal schema consists in a single polygon whose sides are all matched. The corre-
sponding surface is closed. Theanonical polygonal schema of the closed surface of genus
g 1isthe one in which the sides of the polygon can be labelagya; b, : : : aghyagh, in order
in such a way that two sides are matched when they have the same label. For example, the
canonical polygonal schema of the torus is depicted in Figure 3.2.

3.1.3 Graphs

The second characters of this thesis are graphs. There are several notions of graphs. A
graph is commonly a set, whose elements are called vertices, together with a set of unordered
pairs of distinct vertices, called edges. In this thesis however, we consider a related but more
topological notion of graph. See Figure 3.3.

Roughly, we obtain our graphs by considering a set of points for the vertices and a set of
strings for the edges, and by attaching the ends of the strings to vertices. There are in nitely
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Figure 3.3: Construction of a graph from points and closed intervals.

many points in a string, so an edge is more than just a pair or vertices. It is possible, but
unnecessary, to think of each graph as a subsetRf, so that a vertex is a point ofR® and
an edge a path inR3. Formally, a graph is any topological spacé obtained from a discrete
setV and a collection of closed intervals by identifying each endpoint of each interval with a
point in V. Note that a single point ofV can be identi ed with several endpoints of intervals.
The points of V become thevertices of G. The intervals become theadges of G.

It is important to understand that this de nition of graph is rather permissive. For
example an edge can be incident to only one vertex, in which case it is calledbap. To
illustrate consider the graph with a single vertex to which is attached a single loop edge.
This graph is homeomorphic to a circle. In fact it may be convenient to think of the circle
itself as a graph without any vertex, but this is incidental for the circle can be turned into a
graph by inserting a vertex anyway. In a graph several edges can have the same end-vertices,
in which case they are callegharallel edges (or multiple edges). A graph issimple if it has
no loops nor parallel edges.

Also graphs can have in nitely many vertices or edges. However the graphs considered
in this thesis havecountably many vertices and edges, and every vertex hasite degree.
Those with nitely many vertices and edges are callechite .

We will use standard notions of graph theory such asalks . We refer to the textbook of
Diestel [74]. We will repeatedly use the notion o$pur, a walk of length two that takes an
edgee and then the reversal ofe.

3.1.4 Curves

Before drawing graphs on a surfac® we draw curves orf. In this section the surfaces can be
replaced by any topological space, but thinking db as a surface may help the intuition. There
are several topological types of curves. Among the simplest ones are gahs , the maps
p:[0;1]! S. The points p(0) and p(1) are the endpoints of p. Paths can be concatenated
and reversed. Importantly, we do not care too much about the parameterization of the curves.
For example we usually consider two pathg and g equal if there is an orientation-preserving
homeomorphism :[0;1]! [0;1] suchthatp= q . With this de nition a path is distinct
from its reversal, the direction of the path matters. When the direction of the path is of no
matter to us we allow to be orientation-reversing. A pathp for which p(0) = p(1) is called
aloop, p(0) is the basepoint of p.

Some curves do not have endpoints. For example tle-in nite paths  are the maps
R ! S. More important to us are the closed curves . Informally, closed curves are like
loops but without basepoint, they are drawings of a circle o8. Formally, they are the maps
R=Z ! S, whereR=Z is the quotient of R by the equivalence relation such thatx  x°
if and only if x x°2 Z. Note that R=Z is homeomorphic to a circle. Closed curves are
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related to loops since, informally, forgetting the basepoint of a loopprovides a closed curve
c. Formally c is the composition of the natural mapR=Z ! [0;1) by . We say that c is
obtained by closing .

Of particular importance are the curves that are also embeddings, equivalently are in-
jective. These curves are commonly callesimple , with the exception of pathsp which are
simple when their restriction to the interval (0; 1) is an embedding, so that it is possible for
a loop to be simple. Then the image of0; 1) by p is the relative interior  of p. Sometimes
we identify a simple curve with its image, when the direction of the curve is of no matter to
us.

3.1.5 Drawings of graphs on surfaces

The third characters of this thesis are drawings of graphs on surfaces. From the point of view
of topology, a drawing of a graphG on a surfaceS is just a mapf : G! S. Observe thatf
maps each vertex of5 to a point of S, and each edge to a path between the image points of
its end-vertices.

Figure 3.4: (Left) A graph cellularly embedded on the surfac8y3. (Right) A loop system
of the surfaceSy.

If adrawingf : G! S is an embedding then the imagél = f (G) is a graphembedded
on S, a graph that is also a subspace d&. The fact that H is embedded onS provides
additional information. For example, any orientation ofS induces arotation system on
H: the data, for each vertexv of H, of a cyclic ordering of the ends of edges incident to
v in H. Also, the connected components dd nH are the faces of H. Observe that faces
can be quite complicated topologically. If every face dfi is homeomorphic to the interior
of a disk thenH is cellularly embedded onS, see Figure 3.4 (Left). Note thatH then
contains the boundary ofS. And H is a triangulation if every face ofH is a triangle :
it has three incidences with edges dfi. Importantly, each graph cellularly embedded ors
can be represented uniquely by nite data, provided that we regard two such graphs as equal
whenever one can be obtained by applying an orientation-preserving homeomorphisn® @b
the other. We mention the combinatorial map, the doubly-connected edge list, the half-edge
data structure, or the gem representation [82, 127].

The graphs embedded on xed surface have strong properties. For example, the numbers
n, e, and f of respectively vertices, edges, and faces of a graph embedded on the surface of
genusg with b boundary components are related via the classical Euler formuta e+ f =
2 29 b
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The graphs embedded on a surface can be modi ed with folklore operations. For example
any edge that is not a loop can be contracted. Also, given two graphsand H°embedded on
the same surfacé, in general position, theoverlay of H and H?is the graphH ®embedded
on S that is the union of H and H® The vertices ofH ®are exactly the vertices ofH, the
vertices ofH? and the intersection points betweerd and H°

We provide two important examples of graphs embedded on surfaces, in order to x the
intuition. On a closed surfaceS, a system of loops is a graph cellularly embedded ors
that has exactly one vertex and exactly one face. On a surfaBewith boundary, while it is
possible to embed a graph cellularly, it is usually impossible for this graph to have only one
face and only vertex at the same time. Instead, lmop system is a setY of pairwise-disjoint
simple loops with a common basepoirth on S, such that each face o¥ has genus zero and
contains exactly one component of the boundary &, see Figure 3.4 (Right). This is very
di erent from a system of loops. Here the surfac& deform-retractsto Y. One can think of
S as a thickening ofY.

Figure 3.5: A graphG, a graphH embedded on a surface, and a drawirfg: G! H.

Assume that we have a grapiH embedded on a surfac&. Then we can draw other
graphsG on S in a discrete way. See Figure 3.5. Heredrawing is a mapf : G! H that
sends each vertex oG to a vertex of H, and each edge o6 to a walk (possibly a single
vertex) in H. Observe the overlaps thatf may have along the edges dfl, and the entire
subgraphs ofG that may be mapped to a single vertex oH. The size of f is the number of
edges and vertices o& plus the sum of the lengths of the walk$ (€) over the edges of G.
The depth of f is the maximum length of the image walks (e) over the edge<s of G.

3.2 Homotopy

In this section we introduce a topological notion central to this thesis: homotopy.

3.2.1 Homotopy and fundamental group

Homotopy formalizes the intuitive notion of continuous deformation. Formally, given topo-
logical spacesX and Y, a homotopy is a sequence of maps : X ! Y that varies contin-
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uously with t 2 [0; 1]. It is a continuous deformation off o into ;. Equivalently, it is a map
H:[01 X ! Y,with H(t;x) = f¢(x) forall t 2 [0;1] and x 2 X. We emphasize that
homotopy is a general conceptX and Y can be any topological spaces.

Figure 3.6: Continuous deformation of a drawing of a graph.

Of particular importance to us are the homotopies; : G! S of drawings of a graphG
on a surfaceS. See Figure 3.6. Observe that the images of the vertices and edgeSaire
free to move and overlap during the homotopy. A homotopy that xes a subgrap&, G is
relative to Go. Two more classical cases are the homotopies of closed curyesR=Z! S
and pathsp : [0;1] ! S. The case of paths is particular for we usually require of the
homotopy that it xes the endpoints: p;(0) and p;(1) are constant overt. Equivalently, we
consider homotopies relative td 0; 1g, without further mention. In contrast the homotopies
of closed curves are sometimes called free for they are not required to x any point.

A particular case of the homotopy of paths is that of loops. I'§ consider a pointxg
and the loops based a,. The loops are classi ed by homotopy. For example a loop is
contractible if it is homotopic to the constant loop. More generally the equivalence relation
is homotopic to partitions the loops into homotopy classes : two loops belong to the same
homotopy class if and only if they are homotopic. We already saw the homotopy class of the
constant loop. In general denote by ((S; Xo) the set of homotopy classes of loops. Ifand
*0are homotopic loops, and if is a loop, then the concatenation of and is homotopic
to the concatenation of'®and . So concatenation de nes an operation on,(S; X). With
this operation 1(S;Xp) is a group whose unit element is the homotopy class of the constant
loop. If S is connected this group does not depend o up to group isomorphism. In this
case it is abbreviated 1(S), and called thefundamental group of S. From there we use
standard notions of group theory. For example an elemet2 (S) is primitive if there
is no integern 2andb2 4(S) such thata = B (this implies a 6 1). Then a loop is
primitive if its homotopy class is primitive.

On S paths and closed curves are also classi ed by homotopy. For example a closed curve
is contractible if it is freely homotopic to a constant closed curve. And it is primitive if it is
not freely homotopic to a power of another closed curve. There is a relation between loops
and closed curves. Indeed recall that closing a loopbased atxq provides a closed curve.
Then " is contractible if and only if c is contractible, and * is primitive if and only if c is
primitive. More generally closing the loops de nes a correspondence between the conjugacy
classes of 1(S) and the free homotopy classes of closed curves. Indeed every closed curve
is freely homotopic to a closed curve intersectingo, which is then the closing of a loop.
Moreover, given a loop ° based atx,, and the closed curve® obtained by closing'®, the two
closed curves and c® are freely homotopic if and only if there is a loop based atx, such
that ~ 1=7°

Finally, we mention that there are connected surfaceS in which all the loops and closed
curves are contractible, for example the sphere and the disk. These surfaces are called
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simply connected . Equivalently there is a unique homotopy class of paths connecting any
two points of S.

3.2.2 Isotopy

If two maps fo and f, satisfy some property we may ask for a homotopy betwedrg and
f1 whose intermediate maps all satisfy this property. Typically, ansotopy is a homotopy
whose intermediate maps are ambeddings Two embeddings aresotopic if they are related
by an isotopy. Of particular importance are the isotopies of homeomorphismsg : S! S
for a surfaceS. Such isotopy is called amrambient isotopy . Informally, because it is a
deformation of theambient space, the surfac&. Ambient isotopies are often applied to the
drawings of graphs inS, so that two drawingsfy;f, : G! S areambient isotopic if there
is an ambient isotopy'  : S! S such that' g is the identity map S! Sand'; fo=f;.
Observe thatfy and f; need not be embeddings.

If two embeddingsfq;f, : G ! S are ambient isotopic, then they are isotopic, and if
they are isotopic then they are homotopic. The reader should be careful with the converse
however, which is usually false, even for curves. For example in a surf&# a simple closed
curve c is contractible then ¢ bounds a disk [83, Theorem 1.7]. In that caseis isotopic to
an arbitrarily small curve. In the particular case wherec is disjoint from the boundary of S,
it is also ambient isotopic to an arbitrarily small curve. However this is false it intersects
two distinct boundary components ofS. In that case no ambient isotopy can detacte from
any of the two boundary components.

3.2.3 Universal cover

Homotopy is strongly related to theuniversal cover a construction that we now present on
surfaces. It is possible tacover the torus with the plane. See Figure 3.7. First wrap the
plane around an in nite tube. Then wrap the tube around the torus. Note that the plane
wraps in nitely many times around the torus. Now, this is perhaps di cult to imagine, but
it is possible to wrap the plane around every closed surface of higher genus. In all these cases,
the plane and its wrapping around the surface constitute aniversal cover of the surface.

Formally, a universal cover of a surfac& is a simply connected surfac&, together with
a covering map , a surjective map :$§! S that satis es the following. There is a cover
of S by open sets(U;); such that for everyi, (U;) is a disjoint union of open sets i,
each of which is is mapped by homeomorphically ontoS;. By a slight abuse, we may call
§ a universal cover ofS, when is unambiguous. It turns out that S has a unique universal
cover, up to some trivial changes that are irrelevant here.

Each point in S has representatives in the universal cover &. To grasp this intuition
think of the cover of the torus by the plane. For each poink of the torus there are in nitely
many points g of the plane that are sent tox by the covering map. Formally, a pointe of §
lifts (or is a lift of) a point x of S'if (®) = x. It is not just points that can be lifted, but
also paths and more generally maps: amdp: X ! Sliftsamapf : X! Sif f=+1.

The universal cover has a general property called thHdting property . This property
describes how the homotopies i are lifted by homotopies inS: for any topological space
X, homotopy f; : X ! S, and mapfg : X ! $ lifting fg, there exists a uniqgue homotopy
& : X ! §of f§ that lifts f,. Let us give two important cases of this property to illustrate.
The rst case is whenX is a single point. In this case the property says that for every path
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Figure 3.7: (Top) The plane is wrapped around an in nite tube, itself wrapped around a
torus. (Bottom) The plane is wrapped around the closed surface of genus two.

pin S, and for every pointg, 2 § that lifts the starting point of p, there is a unique path
pin § that starts at g, and lifts p. The second case is wheX = [0;1], each mapf, is a
path. In this case the property says that for every pattp in S, every lift pof pin §, and
every continuous deformation op, there is a unique continuous deformation og that lifts

the continuous deformation ofp.

Figure 3.8: Two paths in a surfaces are homotopic if and only if they admit lifts with the
same endpoints in the universal cover @&.

The universal cover is strongly related to homotopy in several ways, in particular by
the lifting property, but also because it is simply connected by de nition. This has useful
consequences. For example a loopf S is contractible if and only if some lift of ™ in $is a
loop, in which case all the lifts are loops. Also two pathp and q are homotopic if and only
if they admit respective lifts with the same endpoints: liftsp and g such that p(0) = (0)
and p(1) = g(1) (Figure 3.8).
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Figure 3.9: (Left) Drawing of a graph in the torus. (Right) Lift of the drawing in the universal
cover of the torus.

We mention here that it is possible to de ne more covers of a surfac without the
requirement that § be simply connected. With this de nition every surface is a cover of
itself. Another example is the in nite-tube in the previous construction, which is a cover of
the torus. There is even a classi cation of the covers but in this thesis we mostly consider the
universal cover, the simply connected one. Also, the notion of universal cover immediately
generalizes from surfaces to topological spaces. For example the universal cover of a connected
graph is an in nite tree.

Importantly, lifting maps in general is slightly more delicate than lifting paths. This is
for example the case when lifting a closed curnee R=Z! S. The reason is that ifc is non-
contractible there is no closed curve lifting properly speaking: thereisn@: R=Z! S such
that e= c. So instead one considers the bi-in nite pattp: R! S that wraps around
c in nitely many times, formally the composition of ¢ and the natural mapR ! R=Z, and
considers a liftp: R! $ of p. This idea can be re ned to lift drawings of graphs; we will
not need the exact de nition, and the concept is the one the reader has in mind, illustrated
in Figure 3.9.

3.3 Geometry of surfaces

In this section we focus on surfaces and re ne our presentation from the ner point of view of
geometry. Geometry is concerned in particular with the measure of distances. This requires
additional structure on a surface, other than the topology. We use the notion of Riemannian
2-manifold, or Riemannian surface (not to be confused with the related but dierent
notion of Riemann surface). We cannot reasonably attempt a review of the foundations of
Riemannian geometry, so instead we refer to the textbook of do Carmo [76]. In a nutshell,
a Riemannian surface is a smooth surface together with an object calledR&mannian
metric which allows to measure area, angle, and length for example.

It is tempting to think of surfaces as smoothly embedded iR3, and to measure the length
of a path on a surface as its usual length iR3. However the reference tdR® disappears in
the de nition of a Riemannian surfaceS, and in fact this de nition is so general that it is
possible forS to have no such embedding irR3. It is possible however to think ofsmall
portions of S in R3.

In this thesis we focus on a very patrticular, yet important, class of Riemannian surfaces
S that locally look the same everywhere , more formally, in which every two points admit
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Figure 3.10: (Left) Spherical surface. (Middle) Flat surface. (Right) Hyperbolic surface.

respective neighborhoods that are isometric. Up to rescaling the Riemannian metric $f
(multiplying all distances by a positive real), there is for every poinix a neighborhood of

X isometric to one of the three Riemannian surfaces depicted in Figure 3.10. This classi es
S into spherical, at, and hyperbolic. Spherical surfaces are incidental in this thesis, we
are mostly concerned with at and hyperbolic surfaces. In particular the at plane and
the hyperbolic plane, which we will see in a moment. Technically some of the surfaces we
consider will not locally look the same everywhere, for example because a boundary point and
an interior point cannot have isometric neighborhoods. Nevertheless they are all obtained by
cutting and pasting portions of the at plane and the hyperbolic plane.

We use standard notions of Riemannian geometry without review. We only mention
that a curve is geodesic if it is locally distance minimizing. Technically, for a curve to be
geodesic it should also have constant speed , but the exact parameterization of the curve is
of no matter to us. Importantly, geodesics are not necessarily shortest paths, even though
all shortest paths are geodesic.

3.3.1 Piecewise- at surfaces

The simplest at surface is the at plane . This is the usual plane, also called Euclidean
plane, whose point set is often identi ed withR?. Some surfaces can be obtained as subsets
of the at plane. Typically, a at polygon is a topological polygon (Section 3.1.2) that lies
in the at plane and whose sides are geodesic. We use folklore facts on at polygons. For
example the classical Gauss Bonnet formula implies that the numbar of vertices of a at
polygon and the suma of its angles satisfy(n 2) = a.

We construct other surfaces from the at plane by gluing polygons with the construction
described in Section 3.1.2. Here instead of using arbitrary topological polygons we use at
polygons. The gluing of polygons is encoded by a data structure, and it will be convenient
for us to have a name for this data structure. We could not nd a consistent name in the
literature. We chose the nameportalgon, introduced by L6 er, Ophelders, Silveira, and
Staals [141]. See Figure 3.11. portalgon T is a disjoint collection of oriented at polygons
together with a partial matching of the sides of the polygons. It isriangular if all polygons
are triangles. Given a portalgonT, any subset of the polygons de nes aub-portalgon T°
of T: two sides of polygons are matched im?if and only if they are matched inT.

In a portalgon T, identifying the matched sides while respecting the orientations of the
polygons providesthe surface of T, denoted S(T). It is a Riemannian surface but the
Riemannian metric may have singularities, we will see that in a moment. The sides of the
polygons ofT correspond to a grapfT* cellularly embedded or5(T), called thel-skeleton of
T. In general apiecewise- at surface is any Riemannian surfacé isometric to the surface
of a portalgon. And when we say that a portalgo is a portalgon of S, we implicitly x
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Figure 3.11: (Left) A portalgonT: two at polygons with two sides matched, in red. (Right)
The surfaceS(T).

an isometry betweenS(T) and S. A tessellation of S is the 1-skeleton of a portalgon o8.

It is a triangulation if the portalgon is triangular. Such a geometric triangulation is also
a topological triangulation as de ned in Section 3.1.5, but the converse does not hold in
general. There should be no confusion between the two notions of triangulation in the thesis.

Figure 3.12: (Left) The surfaceS(T) of a portalgonT, on which is represented the 1-skeleton
T! of T. The vertex of T? in the interior of S(T), represented by a black disk, is a singularity
of S(T). (Middle) The vertex is a at point. (Right) The vertex is a singularity.

Let us detail the singularities that a piecewise- at surfaceé can have. Consider a trian-
gulation T of S, a vertex x of T, and the suma of the angles of faces of around x. The
point x is asingularity if x lies in the boundary ofS anda 6 , orif x lies in the interior
of Sanda6 2 . Every other point of S if at . Equivalently, a point x 2 S is at if there
is a neighborhood ofx isometric to a plane disk, or half-disk ifx lies on the boundary of
S. This does not depend on any particular triangulation ofs. To help the intuition observe
that on S a geodesi@ is straight outside of the singularities and does the following at each
singularity x. If x lies in the interior of S, then p forms at x an angle greater than or equal
to on both sides. Otherwise, ik lies on the boundary ofS, p forms an angle greater than
or equal to on the side that does not contain the boundary o6. In S, a segment is a
simple geodesic path, usually not a single point, whose relative interior is disjoint from any
singularity of S.

A piecewise- at surface isat if its interior has no singularity. The closed at surfaces
are called at tori . They are all homeomorphic to a torus but there are in nitely many of
them. They are obtained by identifying the opposite sides of a at parallelogram.
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3.3.2 Hyperbolic surfaces

We have just described at surfaces, starting o from the at plane. The metric of the at

plane is de ned by the equationds? = dx? + dy?, whereds is the length of an in nitesimally

small line segment anddx and dy are the in nitesimal variations of its coordinates. We
now describe hyperbolic surfaces, starting o from thenyperbolic plane . A model of
the hyperbolic plane is thePoincaré disk . It is the open unit disk of the complex plane
D= fu+iv2 Cju?+ v?< 1g with the metric de ned by

_4du? + dv?)
I TR TRV )ER

In the Poincaré disk the geodesics are the circle arcs and rectilinear paths meet@yat right
angle. See Figure 3.13. We refer to the textbook of Buser [30]. Similarly to at polygons, a
hyperbolic polygon is a topological polygon that lies in the hyperbolic plane and whose
sides are geodesic. Here the Gauss-Bonnet formula implies that the numheof vertices of

a hyperbolic polygon and the suna of its angles satisfy(n  2) a.

It is no surprise that we construct other surfaces by gluing hyperbolic polygons. Impor-
tantly, in this thesis we only consider the case where the resulting surface has no singularity
in its interior: every vertex point in the interior of the surface is surrounded by an angle
of 2 . Such a Riemannian surface is hyperbolic surface . The sides of the hyperbolic
polygons de ne a (hyperbolic)tessellation of S. It is a (hyperbolic) triangulation if all
polygons are triangles.

Figure 3.13: (Left) In the Poincaré disk, two geodesic lines. (Middle) A triangle with geodesic
sides of nite length. (Right) An ideal quadrilateron with geodesic sides of in nite length.

Every closed hyperbolic surface has genus at least two. For evgry 2there are in nitely
many closed hyperbolic surfaces of gengs

We will also consider a construction of non-compact hyperbolic surfaces frodeal hy-
perbolic polygons, the sides of which are geodesics of in nite length (Figure 3.13). Such
polygons do not exist in the at plane, they are speci c to the hyperbolic plane. Pair the
sides of a collection of ideal hyperbolic polygons, and identify the two sides in each pair in a
way that respects the orientations of the polygons. The result is a hyperbolic surface whose
topological type is that of a punctured surface, but punctures are relegated to in nity.
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In this part of the thesis

In this part of the thesis we consider the problem of untangling a drawing of a graph on a
surface. The review of the related works is postponed to Chapter 4. Here we provide an
informal account of our contributions, then we describe the organization of the chapters.

Curves. Our problem naturally generalizes to graphs another problem on curves, which
we revisit as a starting point. In this problem we are given a collection of closed curv€s
on a surfaceS. The curves may cross themselves and each other. We must minimize the
number of crossings by continuously deforming the curves, or at least compute the minimum
number of crossingss(C). The case we consider is when the surfaeis obtained from a
closed surface by removing the interiors of nitely many (possibly zero) disjoint closed disks.
Then S is topologically determined by its genus and its number of boundary components.
This problem on curves has been extensively studied for more than a century by numerous
mathematicians, see for example Poincaré [155, Section 4]. From these works emerges the
following key insight. Generally, the most di cult case is when the surfac& has no boundary,
and has genus at least two. In this casg can be endowed with a hyperbolic metric, in which
all the curves inC can be made geodesic by continuous deformation. Afterward, roughly but
not exactly, the number of crossings o€ is the minimum of its homotopy class. This is a
solution to our problem, but it is not discrete so it does not immediately give an algorithm.
In order to obtain an algorithm, we must rst discretize the problem. To do so, as is done
classically, we decompos8 along a graphH (cellularly) embedded onS (Chapter 3), part
of the input, and we require that each curve irC be given as a closed walk if. We output
another collection of closed walk€®in H. It is possible that the walks in C° overlap by
using several times an edge &f. We make sure thatC°is in minimal position: there is an
in nitesimal perturbation of CPafter which C°does not overlap and the number of crossings
of C%is the minimum of its homotopy class. One could then construct such a perturbation
of C® using a recent algorithm of Fulek and To6th [101]. Their work allows for this neat
decomposition of our problem. In detail we prove:

Theorem 3.2. Let S be a surface of genus smaller thas) with less thans boundary compo-
nents. LetH be a graph of sizen cellularly embedded ors. Let C be a collection of closed
walks of total lengtm in H. One can computéds(C) in O(m+ s?+ snlog(sn)) time. One can

construct in additional O(s?mn) time a collection of closed walk€°in H, freely homotopic

to C in S, in minimal position.

To obtain Theorem 3.2, we provide a discrete analog of the hyperbolic construction.
Assuming that S has no boundary, and has genus at least two, we replace the hyperbolic
metric by a carefully chosen triangulationT of S, which we callreducing triangulation, and
we replace the geodesics in the hyperbolic metric by particular walks and closed walkS in
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which we callreduced (closed) walks. Then we prove that every collection of reduced closed
walks is in minimal position.

To de ne the reduced walks (and closed walks), informally, we are inspired by the fact
that on a hyperbolic surface a curve is geodesic if and only if evesgnall portion of the curve
is geodesic, this property isocal. Analogously, we de ne reduced walks in such a way that a
walk is reduced if and only if all itslength two subwalksre reduced. We are also inspired by
the fact that on a hyperbolic surface a curve can be made geodesic homotopically (albeit not
in nite time) by straightening portions of the curve greedily. Analogously, we show that a
walk can be turned into a reduced walk homotopically by straightening portions of the walk
greedily. Reducedwalks are the results of thigeduction process, andeducing triangulations
are the object on which the process happens.

In general, the input walks are in a graptH that is not a reducing triangulation, so (1)
we construct a reducing triangulationT on S, (2) we push the walks inH by homotopy into
walks in T, (3) we reduce the walks inT, and (4) we push the result back intoH. At this
point we only handled the surfaces without boundary of genus at least two. Fortunately, the
techniques we developed for those surfaces extend similarly to the other surfaces, leading to
Theorem 3.2.

The strategy of greedily reducing walks originates in a classical algorithm of Dehn from
1912 [64], since re ned by Erickson and Whittlesey [88] for testing curves for homotopy,
and by Despré and Lazarus [69] for minimizing the crossings of curves by homotopy. The
latter reduce walks in particular graphs embedded 08, called systems of quadsreviously
introduced by Lazarus and Rivaud [134], which inspired reducing triangulations. On systems
of quads the reduced walks are close to being in minimal position, but an in nitesimal
perturbation of the walks may not su ce to realize the minimum number of crossings. In
this way the systems of quads and their reduced walks do not allow for a neat decomposition
with the algorithm of Fulek, and Téth [101]. Despré and Lazarus [69], who obtained their
results before Fulek, and Téth [101], deployed considerable e orts due to this de ciency
of the systems of quads. On the other hand, by introducing reducing triangulations, we
easily obtain Theorem 3.2, improving, generalizing, and simplifying the results of Despré and
Lazarus [69]. This is due to very strong properties of reducing triangulations that previous
models did not have all at once. For example, in a reducing triangulation, the reduced walks
are stable upon taking a subwalk and reversing the walk, and each homotopy class of walks
contains exactly one reduced walk.

Graphs. More importantly, reducing triangulations allow us to pivot from closed curves to
general drawings of graphs, which is our main concern in this thesis. Again, the surf&e
decomposed along a grapH cellularly embedded onS. This time we are given a graphG,
and a mapf : G! S, and we require thatf maps each vertex ofs to a vertex of H, and
each edge ofs to a walk in H. Determining, given an integerk, whether there is a drawing
homotopic tof in S with less than k of crossings is NP-hard, for this contains the classical
crossing numberproblem. So instead we ask whether there is ambeddinghomotopic tof,
a drawing without any crossing. If so, we output aveak embeddinga drawingf®: G! H,
not necessarily an embedding, but such that there is an in nitesimal perturbation df° after
which f %is an embedding. One could then construct such a perturbation 6f using a recent
algorithm of Akitaya, Fulek and Toth [10], similar to the algorithm of Fulek and Toth [101]
for curves. In detail we prove:
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Theorem 3.3. Let S be a surface of genus smaller thag) with less thans boundary com-
ponents. LetH be a graph of sizen cellularly embedded ors. Let G be a graph, and let
f :G! H be adrawing of sizex. One can determine inO(m + sn log(sn)) time whetherf
can be untangled irS5. If so, one can construct in additionalO(s?mn?) time a weak embedding
f0:G! H, homotopic tof in S, of depthO(s?mn).

In order to obtain Theorem 3.3, we rst provide an algorithm for untangling the drawings
of very simple graphs in a reducing triangulation. Basically, the algorithm reduces walks and
closed walks. We then provide a rather generic framework to reduce the untangling problem
to those particular graphs.

Tutte embeddings. In the end, we move away from the design of the most e cient and
complete algorithms, to obtain our most involved and insightful results, on reducing trian-
gulations. We consider a classical theorem of Tutte [184] from 1963, generalized by Yves
Colin de Verdiere [52] in 1991. As far as we are concerned, the essence of those results is
roughly that, on non-positively curved surfaces, straightening a drawing su ces to untan-

gle the drawing, at least if it can be untangled. In other words, a straightened drawing

is homotopic to an embedding if and only if it is itself an embedding. Analogously, we de-
ne straightened drawings of graphs in reducing triangulations, which we calarmonious
drawings and prove:

Theorem 3.4. Let S be a surface of genug 2 without boundary. LetT be a reducing
triangulation of S. Let G be a graph, and lef : G! T be a harmonious drawing. There is
an embedding homotopic tb in S if and only if f is a weak embedding.

We emphasize surfaces without boundary, as they constitute the hardest cases, but we
also obtain results for surfaces with boundary, allowing vertices of the graph to be attached
to the boundary of the surface in the drawing. In contrast, the case of the sphere is not
relevant in this context, and our results are not valid on the torus.

We also provide an algorithm for transforming an arbitrary drawing into a harmonious
drawing, without increasing the length of any edge in the drawing, which allows us to build
many harmonious drawings:

Theorem 3.5. Let S be a surface of genug 2 without boundary. LetT be a reducing
triangulation of S, with m edges. LetG be a graph, and lef : G! T be a drawing of size
n. We can compute inO((m+ n)?n?) time a drawingf °: G! T, harmonious, homotopic to
f in S, such that for every edge of G, the image ofe under f °is not longer than underf .

Theorem 3.5 gives another algorithm for untangling graphs, less e cient, but with the
advantage of being exible concerning the choice of the output embedding, making it a
powerful tool. The algorithm mimics the reduction of walks and closed walks by straightening
portions of the drawing, but in a carefully chosen order this time, not greedily.

Organization of the chapters. We review the related works in Chapter 4, and detail

some preliminary results in Chapter 5. We introduce reducing triangulations, reduced walks,
and their properties in Chapter 6. In the same chapter we show, on reducing triangulations,
how to put closed walks in minimal position, and how to untangle drawings of graphs. In
Chapter 7 we extend our results from drawings in reducing triangulations to drawings in
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cellularly embedded graphs, obtaining Theorem 3.2 and Theorem 3.3. In the same chapter,
we also describe an application of our results in the particular case where the surface is
the Euclidean plane minus a nite set of obstacle points, and the drawing is piecewise-
linear. Finally, in Chapter 8, we go back to reducing triangulations, on which we introduce
harmonious drawings and prove Theorem 3.4 and Theorem 3.5.
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Chapter 4
Related Works

In this chapter we review works related to untangling graphs on surfaces. Recall that in this
problem, broadly, we are given a drawinf of a graphG on a surfaceS, and we must remove
crossings fromf by deformingf continuously, in other words by applying a homotopy td .

By untangling, we usually mean removing all crossings, but sometimes we mean removing as
many crossings as possible, by abuse of terminology. We ultimately review this problem in
Section 4.4, but rst we consider three other problems related to it.

Attempting to solve an example by hand, it is dicult to guess which deformations of
f remove the most crossings. This prompts at deleting the homotopy constraint from the
problem. Then we can replacé by any drawing of G on S, so there is no need fof in the
input. We are just given a graphG and a surfaceS, and we must produce a drawing o on
S with few crossings. This is the broad problem of drawing a graph on a surface, reviewed
in Section 4.1.

In Section 4.2 we consider an intermediate problem in which the homotopy constraint in
weakened but not completely removed. We are givdn G, and S, and for the problem to be
interesting we assume thaf has overlaps. We must remove crossings froimby homotopy,
but this time the homotopy is not allowed to movef all around the surface. Instead can
just be perturbed in nitesimally. This is the problem of perturbing a drawing. Some of
the results of this section will be used as black boxes in the rest of the thesis, they are also
detailed in the next chapter, Chapter 5.

In Section 4.3 we consider again the problem of drawing a graph on a surface, but we
introduce a new geometric constraint. For simplicity we focus on the particular case where
the surface is the plane, and where the grap@ admits a drawing without crossings in the
plane, an embedding. The novelty is that we ask for an embeddirigthat draws the edges
of G as straight-line segments. This is the problem of embedding graphs rectilinearly in the
plane. The main technique reviewed in this section is in uential in our work.

We emphasize that even though some of the works reviewed handle non-orientable sur-
faces, we will only present the results for orientable surfaces, the only surfaces considered in
this thesis. In order to ease the reading, we do not name the authors of a paper when the
paper has more than ve authors.
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4.1 Drawing graphs on surfaces

In this section we review the broad problem of drawing a graph on a surface with few crossings.
First we ask for a drawing without any crossing, an embedding. We review this problem on
the plane in Section 4.1.1, and then on surfaces in Section 4.1.2. Arises the problem of telling
two embeddings apart, that we review in Section 4.1.3. We nally review in Section 4.1.4
the problem of drawing a graph with a minimum number of crossings, but only on the plane
for this case is already di cult.

4.1.1 Embedding on the plane

As announced we rst ask for a drawing without any crossing, an embedding. The rst
problem is to determine if a given graplG admits an embedding on a given surfac®. This
problem is re ned by asking for either an embeddding d& on S, or a smallest subgraph of
G that cannot be embedded or8, certifying that G cannot be embedded o1s. Historically
the rst case considered is when the surfac® is the plane.

A graph is planar if it admits an embedding in the plane. The rst characterizations
of planar graphs were found almost 100 years ago. A simple application of Euler's formula
shows thatK s, the complete graph on ve vertices, is not planar. Clearly if a graplG is
not planar, and if G is homeomorphic to a subgraph of another graph, then H is not
planar either. So the search began for graplis that are not planar, and are minimal in the
sense that all proper subgraphs d& are planar. ClearlyKs is such a minimal non planar
graph as every proper subgraph dfs is planar. In 1930, Kuratowski [130] addedK 3.3 to
the list, and found out that there is no other minimal non planar graph. In detail, he proved
that a graph G is planar if and only if no subgraph ofG is homeomorphic toKs or K 3.
This result is now known as Kuratowski's theorem, but was announced independently and
around the same time by Frink and Smith, although their paper was never published due
to the fact that Kuratowski's paper was already in press [126]. Also, Menger concurrently
proved the special case that a cubic graph is planar if and only if none of its subgraphs
is homeomorphic toK 3.3 [147], in relation to a problem on colorings of maps that he had
encountered in Reidemeister's Vienna seminar of 1924 [126)].

There are algorithms that determine if a graphG with n vertices is planar, and either
produce a combinatorial description of an embedding @ in the plane or nd a Kuratowksi
subgraph of G, all in O(n) time. See for the example the relatively recent algorithm of
Myrvold [25], and the clear exposition of Brandes [26] of the algorithm of De Fraysseix
and Rosenstiehl [61, 58]. We now present the historical development of this result. As a
preliminary note that by the Euler's formula planar graphs withn vertices have less tharsn
edges so in any planarity test one may preliminarily throw any graph with too many edges.
The naive approach of looking for Kuratowski subgraphs in the input grap® by exhaustive
search does not provide an e cient planarity test. Instead the most fruitful approaches try
to compute an embedding of5 in the plane. Note however that the original papers do not
always take care of extracting a Kuratowski subgraph whe is found to be not planar.
The two most commonly cited approaches that lead to linear time algorithms are the path
addition method and the vertex addition method. The rst method, path addition, was
initiated in 1961 by Auslander and Parter [18], and then by Goldstein [104]. Roughly, the
method is to cut the graph into several pieces along a cycle, to recursively embed each piece
with the cycle, and then to combine the embeddings of the pieces, halting if some subgraph is

38



found that is not planar, or if the graph is trivially planar. In 1974 Hopcroft and Tarjan [118]
combined this method with depth rst search to design the rst and celebrated linear time
planarity test. The second method, vertex addition, was introduced in 1967 by Lempel,
Even and Cederbaum [136]. Roughly, one maintains a data structure that represents all
possible embeddings of an induced subgraph, and adds vertices to this data structure one
at a time in a speci c order. This method was later proved to achieve linear time with two

re nements. The rst re nement is an algorithm of Even and Tarjan [90] that computes
the speci c order of the vertices in linear time. The second re nement is a data structure
introduced by Booth and Lueker [24], called a PQ tree, that represents a particular set of
permutations, and is here applied to represent the possible embeddings of a graph.

4.1.2 Embedding on surfaces

On closed surface$ the characterization of the graphs that can be embedded @ has its
roots in a variation of Kuratowski's theorem, proved by Wagner [187] in 1937, in which the
subgraph relationship is replaced by minor containment. A grap@ is a minor of a graphH if

G can be obtained fromH by deleting edges and vertices, and by contracting edges. Wagner
proved that a graph G is planar if and only if no minor of G is isomorphic toKs or K3.3.
Every minor of every planar graph is itself planar. This led Wagner to ask more generally
whether every minor-closed class of graphs is determined by a nite set forbidden minors.
This is now the Robertson-Seymour theorem, also called graph minor theorem, proved by
Robertson and Seymour in a long series of papers from 1983 to 2004, a cornerstone of graph
theory. The class of graphs that can be embedded on a given surf&being minor-closed,
this theorem implies that the setX s of forbidden minors of S, the graphs that cannot be
embedded orS but whose proper minors can all be embedded &) is nite. Unfortunately,

this set is currently unknown for surfacesS other than the plane and the projective plane,
and the torus has at least 17 535 minimal forbidden minors [153].

Robertson and Seymour undertook their graph minor theory in parallel of the development
of algorithms for embedding graphs on surfaces. The rst thing to notice is that, if a graph
G can be embedded on the closed surface of gegus 0 then G can be embedded on every
closed surface of higher genus. Thgenusof G is the minimum genus of a closed surface
on which G can be embedded. There are variants such that the maximum genus of a closed
surface on whichG admits a cellular embedding, we refer to the survey of Ringeisen [160].
Only particular graphs have known genus, among which the complete graphon 4 vertices
whose genus isn  3)(n 4)=12e [161, 162, 163]. In 1989 Thomassen [181] proved that
the genus problem, of checking that the genus of a given graph is equal to a given integer, is
NP-hard. In 1991 Mohar [150] gave a xed-parameter-tractabl®(f (S) n) time algorithm,
for some computable functiorf , that embeds a graph oh vertices on a closed surfac8, or
returns a minimal non-embedabble subgraph. The functioh seems to be doubly exponential
in the genus ofS, but this is not explicit in Mohar's paper. This algorithm has since been
revisited by Kawarabayashi, Mohar, and Reed [124]. The basic idea is to embed a subgraph,
then try to extend this partial embedding, and recursively work with discovered forbidden
subgraphs for smaller genus surfaces. Mohar's result is subsequent to previous works, in
particular by Juvan, Marinfek, and Mohar [121] wher$ is the torus. Even earlier, in 1979,
Filotti, Miller, and Reif [95] claimed the rst algorithm with polynomial running time for xed
surfaceS, but where the degree of the polynomial depends &) although their algorithm
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has since been shown incorrect [152]. Just before Mohar published his result, Djidjev and
Reif [75] gave a xed-parameter-tractable algorithm, although not linear im.

There is another approach to determine if a graph can be embedded on a surface, using
graph minors more directly. This approach has not given the most e cient algorithms, nor
the rst ones, but deserves a presentation. Recall that the Robertson-Seymour theorem
implies that every surface has a nite number of forbidden minors. Moreover Robertson and
Seymour [164, 56] provided an algorithm to determine whether a xed grapH is a minor
of an input graph G, in time O(n®) if G has sizen. The running time hides a constant
that depends super-polynomially on the size dfi. This result has since been improved to
O(n?) by Kawarabayashi, Kobayashi, and Reed [123], and recently ©(n¢) for any ¢ > 1
by Korhonen, Pilipczuk, and Stamoulis [129]. This result can serve to determine if an input
graph G embeds on a xed surfaces in almost-linear time simply by listing the forbidden
minors of S, and determining if one of them is a minor of5 (again, the running time hides
a constant that depends onS). Recall however that the set of forbidden minors of is
unknown in general. Moreover the approach does not tell how to construct an embedding if
there is one.

4.1.3 Telling embeddings apart

We now consider the problem of telling embeddings apart. On a closed surf&;eone can
think of several notions of equivalence between two embeddingsf, : G! S of a graphG.
For example one can considdr, and f, ascongruentif there is a homeomorphismi :S! S
such thatf, = ' f,. A ner equivalence restricts' to being homotopic to the identity
map of S. This the same asf; and f, being isotopic, prominently because all homotopic
homeomorphisms ofS are isotopic. (If S was not the sphere, an intermediate notion of
equivalence would be obtained by consideringrientation-preserving homeomorphisms, but
we will not use that.)

On the sphere there are only two classes of homeomorphisms up to homotopy, the
orientation-preserving ones, all homotopic to the identity map, and the orientation-reversing
ones. Yet even on this simple surface there are embeddings of the same graph that are
congruent but not isotopic, or even that are not congruent at all. To understand what are
the possible embeddings of a graph the key tool is connectivity. A graph ksconnected,

k 1, if it has at least k + 1 vertices and cannot be disconnected by removing at most

k 1 vertices. On the sphere all the embeddings of a 3-connected graph are congruent,
and are thus isotopic up to composition by an orientation-reversing homeomorphism. This
rigidity theorem is completed by a natural decomposition of every graph into 3-connected
graphs. We do not detail, but roughly every graph is a disjoint union of 1-connected sub-
graphs, every 1-connected graph decomposes into maximal 2-connected subgraphs (and some
edges) articulated by a tree-like structure, and every 2-connected graph decomposes into 3-
connected subgraphs articulated by &PQR tree The point is that the articulations of those
decompositions describe the possible embeddings of the graph on the sphere.

Algorithmically, an embedding, cellular say, for simplicity, of a graplG on a surfaceS can
be encoded by a graph isomorphism betweéh and the 1-skeleton of a combinatorial map
whose surface is homeomorphic t8. Determining whether two embeddings encoded this
way are congruent then boils down to an isomorphism test of combinatorial maps. Isotopy
testing however is more challenging, and involves a correspondence between the surfaces of
the two embeddings. Colin de Verdiere and de Mesmay [47] give an algorithm to determine
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whether two embeddings of a grapi® in the interior of a surfaceS are isotopic. The input
embeddings ;;f, : G! S are given separately, in general position with respect to a common
graph H cellularly embedded onS. Given the two arrangements off; and f, with H, of
complexitiesk; and ky, they determine whetherf, and f, are isotopic inO(k; + k) time.
Note that H and S are part of the input. They extend their results to a di erent model
where the surface is the Euclidean plane with some points removed and the embeddings are
piecewise linear. Their approach is the continuity of previous work by Ladegaillerie [132], and
relies on the fact that if a homeomorphishm :S! S with f; =" f, is homotopic to the
identity map of S, then for every closed wallC in G the image closed curvek; C andf, C

are freely homotopic, and this can be tested using known algorithms (see Section 4.4.1).

4.1.4 Drawing with few crossings in the plane

In this section we consider the more general problem of computing the minimum number of
crossings that a drawing of a graph can have. This is already di cult in the particular case
where the surface is the plane, so we review only this case. Tdressing numberof a graph

G is the minimum number of crossings that a plane drawing & can have. During World
War Il, Turan [183] asked what are the crossing numbers of the complete bipartite graphs
Knm. The same problem arose at the same time in sociology [28]. A simple drawing gives
the upper boundbn=2ch(n  1)=2cbm=2ch{m 1)=2c, and this formula is conjectured to be
the exact value, but this is still open [84]. In general researchers have tried to compute the
crossing numbers of very simple graphs with limited success. Variants of the crossing number
have also been considered [154, 167].

The crossing number problem, of determining whether the crossing number of a given
graph is smaller than a given integer, is in NP, for a drawing of the graph with a minimum
number of crossings would provide a certi cate. In 1983 Garey and Johnson [103] proved
that the problem is NP-hard, and thus NP-complete. Hlin¥ny [117] and Cabello [33] later
proved that the problem remains NP-hard on smaller classes of graphs: the cubic graphs,
and the graphs obtained by adding only one edge to the planar graphs. On the positive side,
Grohe [109] gave &O(f (k) n?) time algorithm to determine if a graph with n vertices has
crossing number smaller thark, for some computable functiorf , using Courcelle's theorem.
This has been improved tdO(f (k) n) by Kawarabayashi and Reed [125], and the function
f has recently been brought tof (k) = 2°klogk) by several authors [142, 50]. Concerning
approximation, Cabello [31] proved that, unles$® = NP, there is a constants > 1 such
that no polynomial time algorithm can approximate the crossing number of a graph with
vertices within a factor s, even when restricted to 3-regular graphs. Whether constant factor
approximation is achievable is open. Approximating the crossing number is notoriously
di cult [89, 45].

We note that that the crossing number problem is generalized by the problem of deter-
mining whether a graph can be embedded on a simplicial complex [50, 51].

4.2 Perturbing drawings

In this section we consider a variation of the problem of drawing a grapgh with few crossings
on a surfaceS. Informally this variation considers an initial drawing f that has overlaps,
and asks for a perturbation off into a drawing with few crossings. We rst ask for a
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drawing without any crossing, an embedding, in Section 4.2.1. We consider minimizing the
number of crossings in Section 4.2.2.

4.2.1 Perturbing drawings into embeddings

First we ask for a drawing without any crossings, an embedding. We are given a gragdh
embedded onS, and a drawingf : G! H that maps the vertices ofG to vertices ofH,
and the edges ofG to walks in H. We must determine if there are embedding& ! S
arbitrarily close to f, or equivalently but more formally if f is the limit of some sequence
of embeddingsG ! S in the compact-open topology. Such a drawing is weak embedding
The problem is already interesting wherG is a cycle. Cortese, Di Battista, Patrignani, and
Pizzonia [55] gave the rst polynomial time algorithm to determine whether a given closed
walk C in an embedded grapiH is a weak embedding. Their result has then been improved
by Chang, Erickson, and Xu [40], and nally by Akitaya, Fulek and T6th [9] with aO(n logn)
time algorithm, where n is the length of C. In 2017 Fulek and Kyn£l [100] gave the rst
algorithm for general graphs, by generalizing the classical Hanani-Tutte theorem. And their
result was then improved by Akitaya, Fulek, and Toth [10] who determine whether a drawing
f :G! H of complexityn is a weak embedding i©(nlogn) time. If f is a weak embedding,
their algorithm constructs a combinatorial representation of embeddings arbitrarily close to
f . We will detail their result in Chapter 5, and we will use it afterward.

The initial motivation of Cortese, Di Battista, Patrignani, and Pizzonia [55] for consider-
ing weak embeddings was the study of clustered planarity, a problem introduced in 1995 by
Feng, Cohen, and Eades [93, 94, 53] in which a graph is given together with a hierarchical
clustering of its vertices, and one has to provide an embedding of the graph in the plane
together with a collection of disjoint simple closed curves surrounding the clusters. At the
time no polynomial time algorithm was known for testing clustered planarity, only particular
cases were solved [54, 105, 13]. Recently Fulek and Té6th [102] gave the rst polynomial time
algorithm for testing clustered planarity.

4.2.2 Perturbing closed walks minimally

Now we ask for a drawing with few crossings instead of an embedding. We are giG&rmH,

f :G! H, and an integerk, and we must determine if there is are drawings arbitrarily
close tof with less than k crossings. This problem is clearly in NP, and contains the
classical crossing number problem, whet is a single vertex, so it is NP-complete. Perhaps
surprisingly, Fulek and Toth [101] showed that the problem remains NP-complete even when
G is a cycle, that is whenf is a closed walk, by a reduction from 3-SAT. On the other-hand,
they provide a quasi-linear time algorithm wherf is a collection of closed walks that have
no spur, that never take an edge oH and its reversal consecutively. Their algorithm even
constructs curves realizing the minimum number of crossings. Again, we will detail their
result in Chapter 5 to use it afterward.

4.3 Embedding graphs rectilinearly in the plane

In this section we consider drawing graphs in the plane, but with the additional geometric
constraint that all edges are drawn as geodesic segments for the Euclidean metric. Such a
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drawing is called aFary drawing, and a Fary embedding if it is also an embedding. For such
an embedding to exist, the graph must have no loop, nor any two parallel edges, in addition
of being planar. In 1948 Fary [92] proved that there is no other obstruction, every planar
graph without loops nor parallel edges has a Fary embedding. This result was independently
discovered by Stein [175] and Wagner [186]. In this section graphs have no loop nor parallel
edges, without further mention.

In Section 4.3.1 we review a classical method of Tutte for producing Fary embeddings
of planar graphs. The resulting embeddings may have high resolution so we review in Sec-
tion 4.3.2 other methods that produce embeddings whose vertices have small integer coor-
dinates. Finally in Section 4.3.3 we consider the re ned problem of transforming a Fary
embedding into another Fary embedding via an isotopy whose intermediate maps are all
Fary embeddings. This will be the occasion for us to see that the method of Tutte does not
just produce Fary embeddings, but also generalizes to produce isotopies of Fary embeddings.

4.3.1 Tutte embeddings

In 1963 Tutte [184] proved that every 3-connected planar graph has a Fary embedding whose
inner faces are all strictly convex: the angles at the corners are all strictly smaller than
And he gave a method to construct such embeddings.

A Tutte drawing is a Fary drawingf : G ! R? that sati es the following, where some
face of the uniqgue embedding d& on the sphere is singularized as theuter face

positive coe cients of the images of the neighbours of.
The rst result of Tutte is a theorem:

Theorem 4.1 (Tutte, 1963). Let G be a 3-connected planar graph. ff: G! R? is a Tutte
drawing thenf is an embedding and every inner face ofis strictly convex.

In Theorem 4.1 the assumption that the graph is 3-connected is crucial. To see that
consider a cycleC of four verticesv; x;w;y. In a Fary embeddingf : C! R? the vertices
x and y cannot be both embedded as barycenters with strictly positive coe cients of their
neighbours, for otherwisd (x) and f (y) would both be contained in the line supporting (u)
and f (v), contradicting the fact that f is an embedding.

The second result of Tutte is an algorithm to construct a Tutte embedding of a 3-connected
planar graph G. Fix an outer face and itsk 3 boundary verticesxs;:::;Xx. Fix the image

barycentric coe cients, and that those are obtained by solving in polynomial time a system
of linear equations.

The initial work of Tutte [184] has been revisited many times; see, in particular, Richter-
Gebert [159, Section 12.2], Thomassen [182], or Edelsbrunner [79, Section 1.4].
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4.3.1.1 Spring embeddings

Importantly, the method of Tutte has exibility in the choice of the outer polygon, and in
the barycentric coe cients. Fixing those determines a unique Tutte embedding. In Tutte's
original work the coe cients are all equal to one, but the proofs extend readily, and the
generalization to arbitrary positive coe cients is detailed for example by Floater [96, 97].

A patrticular kind of Tutte embedding is obtained by a symmetric set of barycentric
coe cients: if y and z are neighbor inner vertices, the coe cient off (z) in the barycentric
decomposition off (y) is equal to the coe cient of f (y) in the barycentric decomposition
of f (z). This is equivalent to assigning a weight ¢ > 0 to each inner edgee of G. The
associated Tutte embedding : G ! RZF;S then the unique Féary drawing with the given
outer polygon that minimizes the function ! ¢jf (€)j%, summing over the inner edgesof G,
and wherej j denotes length. This function is the energy of a physical system that xes the
outer polygon and models the imagé (e) of each inner edges by an ideal spring of rigidity
I . Upon this interpretation Tutte embeddings are sometimes calledpring embeddings
although we emphasize that this interpretation applies only to the Tutte embeddings de ned
by a symmetric set of barycentric coe cients. Simulating the evolution of this physical
system from arbitrary initial conditions is another method for obtaining those particular
Tutte embeddings. This method has been generalized, in particular by including repulsive
forces, to the eld of force-directed graph drawing.

4.3.1.2 Application and generalization

The results of Tutte can be used to prove a classical theorem of Steiniz, that a graph is
planar and 3-connected if and only if it is the 1-skeleton of a convex polytope R®. The
only if part can be proved constructively in two steps. Consider a 3-connected planar graph
G. The rst step constructs a Fary embeddingf : G! R?, and assigns a non-zero (possibly
negative) weight! (e) 2 R nf0g to each edgee of G, in such a way that every vertexv of

G (possibly on the outer polygon) is mapped té (v) = ! (vw)f (w), summing over the
neighbours ofv. Such assignment is called anequilibrium stress The second step makes
use of! and lifts f to an isomorphism fromG to the 1-skeleton of a convex polytope ifR3.
This lifting in the second step is called theMaxwell Cremona correspondenceOur interest
lies in the rst step, constructing f and ! , where the results of Tutte can be used. Here
one reduces to the case where the outer face is a triangle, in a way that we do not describe
here, and constructs the Fary embeddinfy with the method of Tutte, after xing barycentric
coe cients that are symmetric, so that they correspond to an assignmerit of positive reals
on theinner edges ofG. The outer face being a triangle, it is then easily seen that can be
extended to an equilibrium stress by assigningegativereals to the threeouter edges.

Part of the work of Tutte has been generalized to higher dimensions by Linial, Lovasz,
and Wigderson [137], who proved that a grapls with n vertices isk-connected, 1<k <n,
if and only if every tuple ofk vertices ofG can be placed at the vertices of a simplex iR 1,
and the other vertices at points inR* , such that for every vertexv not in the tuple the
convex hull of the neighbors oW is full dimensional and containsv in its interior. Such a
mapping can then be found by xing the simplex and solving a system of equations to place
the other vertices at some average of their neighbors. This is similar to the method of Tutte.
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4.3.2 Grid embeddings

The resolution of an embedding can be de ned as the ratio between the smallest and the
largest distance between two distinct, non-incident, and non-adjacent geometric objects rep-
resenting vertices or edges. Unfortunately, there are graphs with vertices, for arbitrarily
large n, whose Tutte embeddings all have resolutiof=2( ™ [73].

A line of research considers the problem of producing Fary embeddings whose vertices
haveinteger coordinates equivalently are placed at the vertices of an integer grid. It quickly
became clear that every planar graph admits such an embedding, so research focused on nd-
ing how small the grid can be. Rosenstiehl and Tarjan [165] asked whether the planar graphs
with n vertices admit Fary embeddings with integer coordinates bounded by a polynomial in
n (earlier work [174] considered drawing edges as piecewise-linear segments). Unaware of the
problem, Schnyder [170] gave a rst construction solving the problem withzn 5by 2n 5
grid (excluding a few small values oh). The problem was really answered by De Fraysseix,
Pach, and Pollack [59, 60], who gave an algorithm that constructs a Fary embedding of a
graph with n vertices on the2n 4by n 2grid in O(nlogn) time and O(n) space, and who
also proved that the grid size is optimal up to constant factor. Their approach is based on a
canonical representation of plane graphs, providing an ordering of the vertices. They proceed
by induction, embed the graph induced by the rst vertices, then move some of the vertices
in the embedding in a controlled way, to allow for the next vertex to placed. Subsequent
work by Schnyder [171] computes in optimaD(n) time onan 2byn 2grid. More recent
work produces Fary embeddings with small integer coordinates and with convex faces and
outer polygon [189, 23] (evemstrictly convex [166]).

4.3.3 Morphing

A morph between two embedding$, and f ; is an isotopy that preserves some property ¢f
and f1. In this section we consider two isotopic Fary embeddinds;f. : G! R?, and the
problem of building an isotopy(f:)i2[0;1) in which all embeddings are Fary.

A priori, it is not even clear that such a morph betweerf, and f; exists. A natural
attempt is to let for every t 2 [0; 1] the map f be the Fary drawing that maps each vertex
vio fi(v) = (1 t)fo(t) + tf 1(t). If the resulting homotopy (f()i2[0:1] IS an isotopy, that
is if all intermediate maps are embeddings, this is th&near morph betweenf, and f;.
But unfortunately, intermediate maps are not always embeddings. The di culty is to nd
trajectories for the vertices so that all intermediate Fary drawings are embeddings.

Any two isotopic Fary embeddings are related by aequenceof linear morphs. This was
rst proved in 1944 by Cairns [34], but only for triangulations. Thomassen [180] then ex-
tended Cairns's result to all Fary embeddings. His approach is to augment both embeddings
to compatible triangulations isotopic triangulations with the same outer face, reducing to
Cairn's result. The idea of compatible triangulations has also been explored by Aronov, Sei-
del, and Souvaine [17]. The number of linear morphs produced by those works is exponential
in the number n of vertices. An e cient version of Cairns's algorithm has been given in which
the number of linear morphs is polynomial im [12]. This has since been improved [14], and
it is now established [11] thatO(n) linear morphs su ce (even if all vertices have to move
along parallel lines in each linear morph), and that this is worst case optimal.

Importantly, Floater and Gostman [98] described a morph between Tutte embeddings
fo;f1 : G! R? with the same outer face, based on Tutte's method. They construct the

45



barycentric coe cients for which fy and f, are Tutte embeddings. Then they interpolate
between the coe ciens linearly and consider the associated Tutte embeddings. Note that
the vertex trajectories are not piecewise-linear anymore. Gotsman and Surazhsky [107, 178]
applied the method to morph between more general Fary embeddings, in particular between
planar polygons (Fary embeddings of cycles). Their approach is the one taken by Thomassen
and Aronov, Seidel, and Souvaine [17] to extend Cairns's result: they augment both embed-
dings to compatible triangulations.

We note that allowing to bend the edges of the intermediate embeddings gives more free-
dom in moving vertices, by bending edges to avoid collision, leading to an e cient morphing
algorithm of Lubiw and Petrick [144].

4.4 Untangling graphs on surfaces

In this section we review works related to untangling graphs on surfaces. In comparison
with drawing graphs the novelty is the homotopy constraint: we must deform the input
drawing continuously. To understand this constraint we start in Section 4.4.1 by reviewing

a problem that is just about homotopy, not about removing crossings. And only in the
particular case of closed curves, instead of general drawings of graphs. This problem is to
determine whether a given closed curve can be deformed into another given closed curve.
In Section 4.4.2 we consider removing crossings, and we review the problem of minimizing
the number of crossings of a collection of closed curves by deforming it. We nally consider
untangling drawings of graphs in Section 4.4.3.

4.4.1 Testing curves for homotopy

In this section we review thetransformability problem To determine, given two closed curves
Co and C; on a surfaceS, whether Cy and C; are (freely) homotopic, in other words whether
Co and C; can be continuously deformed into each other. The transformability problem has
a special case in which one of the two closed curves is contractible. This is toeatractibility
problem to determine whether a given closed curv€ is contractible, in other words whether
C can be continuously shrinked to a point.

The similar problems on loops reduce to the problems on closed curves: A loofs
contractible if and only if the closed curve obtained by joining the ends ofis contractible,
and two loops’ and “; are homotopic with basepoint xed if and only if the concatenation
of "o by the reversal of ; is contractible.

The algorithms for the transformability problem on closed surfaces are easily generalized
to surfaces with boundary. Indeed every surface with boundafy extends to a closed surface
SO by attaching a handle on each boundary component. And two closed curves $hare
homotopic in S if and only if they are homotopic inS% this intuitive fact is an immediate
consequence of the classical Seifert Van-Kampen theorem. Nevertheless, we will review a
simple algorithm for surfaces with boundary that closed surfaces do not have.

4.4.1.1 Approach by covering space

Concerning the contractibility problem, according to Stillwell [176], the rst method of res-
olution can be traced back to Schwartz. Our presentation focuses on a closed surfaocef
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genusg 1. Transform the input closed curveC into a loop by xing a basepoint, and

lift this loop to a path in the universal covering spaceS of S. The key property is that

the endpoints of the lifted path are equal if and only ifC is contractible. Moreover this
property can be decided constructively. Consider a canonical system of lodpembedded

on S. Assume without loss of generality thatC is a closed walk inL. Cut S alongL into

a canonical polygonal schema. Attach copies of the schema along the appropriate sides to
construct a large portion§, of §, and lift C in it.

Schipper [169] revisited the solution of Schwartz under a more algorithmic length. The
closed walkC is now given in a triangulationT of S that is also part of the input, instead of a
xed canonical system of loops. He determines wheth€ is contractible in S in O(g?k + gn)
time if g 2, and in O(k? + n) time if g = 1, if T has sizen, and if C has lengthk. His
algorithm rst uses a fundamental algorithm of Vegter and Yap [185] to embed a canonical
system of loopd. in general position with T, controlling the number of crossings betweeh
and T. Then it pushesC to a closed walk inL, and uses the method of Schwartz. Dey and
Schipper [71] subsequently proved thaD(n+ k logg) time is achievable with similar technics.
They push the curve into a system of loops that may not be canonical, although it still has
a minimum number of2g loops, and provide a more e cient encoding.

In the same vein Lazarus and Rivaud [134] obtained an optimal algorithm. They prepro-
cess any graplG of sizen cellularly embedded orfs in O(n) time and then determine inO(k)
time whether a closed walk of lengttk in G is contractible in S. Their rst contribution is
to push the closed walk not in a system of loops but in a new kind of grafgh embedded on
S, a system of quadsthat they obtain from the input graph G as follows. They construct
a subgraph ofG whose complement inS is an open disk, and contract some edges of this
graph to get a system of loops embedded & Then they insert a vertex in the face of this
system of loops, and link this new vertex to the corners of the face. Finally they delete the
loops to obtain Q. Every face ofQ has four corners, andQ has two vertices of degredg
each. To solve the contractibility problem they basically use the method of Schwartz, lifting
the curve in a portion § of §, but they construct & by gluing faces ofQ.

Lazarus and Rivaud [134] also obtained an optimal algorithm for the transformability
problem. They determine whether two non-contractible closed walks; and C, in G are freely
homotopic, inO(k, + k) time if C; and C, have lengthsk; and k,. Here again they push the
closed walks into a system of quad®, but their approach of this problem has an additional
component. They de ne a unique closed walk i) among each non-contractible homotopy
class of closed curves i, to serve as a representative. They compute this representative
in a portion of an intermediate covering space homeomorphic to an open annulus (not the
universal covering space), and project the result back to the surface.

4.41.2 Torus

Before going further, we mention that when the surfac& is a torus the transformability

problem has a simple solution. Or§ a canonical system of loopk consists in loopd.; and

L,. Given awalkW in L andi 2 f 1;,2g we denote byW; the number of timesW traverses
L; minus the number of times it traverses the reversal df;. Then two walks W and W?°

are homotopic inS is and only if W; = W and W, = WJ. Moreover the two closed walks
obtained by closingwW and W° at their basepoint are freely homotopic if and only itV and

W?9are homotopic. There is no analog on higher genus surfaces.
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4.4.1.3 Approach by shortening: surfaces with boundary

We now consider another approach, that also lead to optimal algorithms. Informally, to
shorten the input curves in some suitably chosen metric. We illustrate this approach with
a very simple algorithm in the special case where the surfaBehas boundary. In this case
S can be realized as a thickening of a grapH. Every closed curve inS is homotopic to a
closed walk inH, and two closed walks are homotopic ifl if and only if they are homotopic
in S. In H removing all spurs greedily from a contractible closed wal€ shrinks C to a
point. And every non-contractible closed walk is homotopic to anique closed walk without
spur. So telling whether two closed walks are freely homotopic boils down to removing all
spurs greedily and comparing the resulting walks. This is a very simple solution to the
transformabilty problem! Observe that removing a spur is docal shortening of the curve,
and that spurs are removedyreedily Observe also that this technique does not construct a
portion of the universal cover, but operates directly on the surface.

4.4.1.4 Approach by shortening: closed surfaces

The shortening technique does not immediately generalize to closed surfae®f genus

g 2 for those cannot be obtained as a thickening of a graph. Howev@rcan be given a
hyperbolic metric. And in such a metric the shortening technique applies. Indeed shortening

a contractible closed curve shrinks the curve to a point. And there is a unique shortest
closed curve in each homotopy class of non-contractible closed curves. Those remarkable
properties of hyperbolic surfaces are false on other Riemannian surfaces. Methods exist to
shorten a curve, but they are not discrete. The discretization of the shortening technique
took a century.

The rst step was taken in 1912 by Dehn [64] (translated by Stillwell [66]). He considers
a system of loopd., that we assume canonical for simplicity, and a closed walk in L. His
algorithm is based on two observations. First, in the same way as for surfaces with boundary,
every spur can be removed fron€ by homotopy, and this shortensC. Second, and this is
new, consider the boundary closed walR of the face ofL, or its reversal. Assume that a
subwalk X of C is also a subwalk oR, so that R is the concatenation ofX and a walkY .
Then X can be replaced by the reversal of in C, and doing so only ifX is longer than
Y shortensC. Dehn's algorithm applies greedily those twaeductions until none applies
anymore, at which point the closed walk iseduced Dehn proved that every reduced closed
walk is either non-contractible or a single vertex. This allows us to determine whether a
closed walk of lengthk in L is contractible in S in O( k) time, where > 0 depends on
the genus ofS.

For the transformability problem, Dehn [63, 65] had rst provided a reduction to the
contractibility problem. Two closed walksCy and C; in L are freely homotopic inS if and
only if they satisfy the following. There are basepoints fo€, and C; and a walkX in L such
that the concatenation of Cy, X, the reversal ofC,, and the reversal ofX is contractible.
Dehn provided an upper bound on the minimal length oK, so one tries all possibilities
for X, and for the basepoints ofCy and C;. In his 1912 paper Dehn [64, 66] then gave
a better solution, without reduction to the contractibility problem. He proved that if two
freely homotopic non-contractible closed walk€, and C; are reducedthen either they are
equal (up to cyclic permutation), or they are related by asingle loop of L. Ultimately this
allows us to determine whether two closed walks of lengtlks and k, are freely homotopic
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in O( (kg + ky)) time.

The rst optimal algorithms for both the contractibility problem and the transformability
problem were announced by Dey and Guha [72] in 1999, and they were Dehn type algorithms.
However it has since been claimed that their work contains errors [134, 88]. In 2013 Erickson
and Whittlesey [88] recasted the optimal algorithms of Lazarus and Rivaud into Dehn type
algorithms. They use the same systems of quads, and consider the same representative
closed walk in each homotopy class of non-contractible closed curves, but they compute this
representative di erently. Instead of computing in a covering space, they operate directly
on the surface and reduce portions of the walks greedily, in the spirit of Dehn's algorithm.
Similarly, they determine if a closed walk is contractible by reducing it and seeing if it shrinks
to a point.

4.4.1.5 Side note on group theory

We cannot conclude this section without a side note on group theory. Indeed the contractibil-
ity problem is a particular case of the more generaltord problem one of three fundamental
problems on groups studied by Dehn [63, 65, 67], for which Dehn's algorithm was originally
formulated. In this problem a nite presentation P is given of a groupG, and one must
determine whether a given producWW over the generators oP and their inverses represents
the unit element of G. The contractibility problem is transformed into a word problem as

by the relation R = 1 whereR := a;bja, 'b *:::a5a,’h,* corresponds to the boundary
walk of the face ofL. A word over the generators and their inverses encodes a contractible
loop if and only if it represents the unit element of 1(S). Dehn's algorithm can be de ned

to operate directly on those words. His algorithm can even be de ned for more general
group presentations. However there are nite presentations whose word problem is undecid-
able [176]. Finding su cient conditions for a nite presentation to have its word problem
solved by Dehn's algorithm is at the root ofsmall cancellation theory In a similar man-
ner, the transformability problem is a special case of the more genetainjugacy problenon
groups.

4.4.2 Computing the intersection number of curves

On a surfaceS, a collection C of closed curves is irgeneral position if no point of S is
the image of more than two points ofC, and if every self-intersection ofC is a crossing.
In addition, C is in minimal position if no continuous deformation, in other words no
homotopy, can decrease its number of crossings. In general the (geometitg¢rsection
number is(C) is the number of crossings of a collection of closed curves in minimal position
homotopic to C.

In this section we review theintersection number problemof computingis(C) given S
and C. The problem is further restricted by just asking whetheris(C) = 0. This is the
simplicity problem of determining whetherC can be deformed into a disjoint collection of
simple closed curves. In both cases one can further ask not only to compug€C) but
actually to compute a collectionCP° realizing the minimum.
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4.4.2.1 Preliminary observations

Before going further, there are two things to understand about the problem. The rst thing
is that if we just want to compute is(C), without actually constructing curves realizing
the minimum number of crossings, then we can reduce 0 containing only one or two
closed curves. To see that rst consider two closed curvesand d on S. For any two
curves ¢® and d° homotopic to ¢ and d the collection fc% d%y has three types of crossings:
the self-crossings ot’ the self-crossings ofl’, and the crossings between® and d° So
is(fc,dg) is(c)+ is(d)+ ig(c;d), whereig(c;d) denotes the minimum number of crossings
between any two curves in general position homotopic wand d. We emphasize thatig(c; d)
doesnot count the self-crossings of the curves, contrarily to;(f c; dg). Perhaps surprisingly,
the inequality is actually an equality, and it holds more generally for any number of curves.
Given an arbitrary collection of closed curve€ there is a collection homotopic taC in which
every curvec crosses itselis(c) times and every two curves 6 d cross each otheig(c;d)
times. In other words, if a collection of closed curves is in minimal position, then every single
curve in the collection is in minimal position, and every pair of curves too. This is folklore,
and follows for example from a result of de Graaf and Schrijver [62, Theorems 1]. From there
computingis(C) for an arbitrary C boils down to computingis(C) whenC contains at most
two curves, via a simple formula. We emphasize however that an algorithm that can put one
or two curves in minimal position would not necessarily extend to an arbitrary number of
curves.

The second thing to understand about the problem is that it reduces to the case where all
the curves inC are primitive, and where no two of them are homotopic. We will detail in the
next chapter, Chapter 3. Rouglly, the idea is that to putC in minimal position contractible
curves can be pushed into arbitrarily small disks, homotopic curves can be drawn parallel
to each other, and powers of a curve can be drawn in a neighborhood of. This time, we
can actually put C in minimal position this way, we are not restricted to computingis(C).
However we must be able to determine whether two curves are homotopic, and also, given a
non-contractible curvec, to compute a curve¢ and an integern 1 such that c is homotopic
to the n-th power of €.

For those reasons, the results that we are going to review sometimes focus on one or two
curves, or on primitive non-homotopic curves. We insist however that the reductions are not
perfect, as we already said: focusing on one or two curves does not allow to put more than
two curves in minimal position, and focusing on primitive curves subsumes that we can test
curves for homotopy and compute the primitive ones.

4.4.2.2 An early result by Poincaré

Several approaches were developed to untangle curves. For example Chillingworth [43, 44]
used the notion of winding number to determine if a closed curve can be made simple by
homotopy, and if a set of simple closed curves can be made disjoint. We selected only some
of these approaches for review.

As early as 1904 Poincaré [155, Section 4] described a necessary and su cient condition
for a primitive closed curveC on a closed surfaceé& to be homotopic to a simple closed
curve. WhenS has genus greater than or equal to two he puts a hyperbolic metric &and
identi es the universal cover ofS with the Poincaré diskD. Any lift of C in D is a bi-in nite
line € with two limit points a and b on the boundary circle@. The in nitely many lifts of
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C correspond to in nitely many pairs of limit points on @. Crucially, all the closed curves
homotopic to C have the same pairs of limit points thanC. Poincaré leveraged this invariant
of the homotopy class ofC to show that this class contains a simple closed curve if and only
no two pairs of limit points are interlaced on@. Note that two pairs fa; by and fa% by
of limit points are either equal or disjoint. The approach of Poincaré was turned into an
algorithm by Reinhart [158], but without precise complexity analysis.

4.4.2.3 Approach by shortening

Prominently, the technique of shortening curves, used to test the curves for homotopy (Sec-
tion 4.4.1), has also successfully been used to compute their intersection number. For example
Birman and Series [20] determine if a closed cur@is homotopic to a simple closed curve, on
a surfaceS with boundary. The surfacesS is a thickening of a loop systenY and C is a closed
walk in Y. Roughly, they prove that shorteningC as much as possible su ces to untangl€

if C can be untangled. In detail they prove that if the homotopy class d€ contains a simple
closed curve, and ifC has no spur, thenC is what we call today a weak embedding. They
also exhibit a necessary and su cient condition forC to be a weak embedding, leading to a
polynomial algorithm. Their proof is impregnated by previous work in topology of surfaces
and hyperbolic geometry, in particular by the above construction of Poincaré. The result of
Birman and series was extended by Lustig [146] to compute the intersection number of one
or several curves.

On closed surfaces also, the curve shortening technique applies. For example on a closed
hyperbolic surface every collection of primitive non-homotopic geodesic closed curves is in
minimal position [91, Section 1.2.4]. This holds also on at tori. A discrete algorithm was
given by Cohen and Lustig [46]. The current state of the art is a recent algorithm of Despré
and Lazarus [69]. They use some of the curve shortening tools developed for homotopy
testing, but apply them to compute the intersection number. More precisely Despré and
Lazarus apply the algorithm Erickson and Whittlesey [88] to reduce closed walks, and they
show that the reduced closed walks are close to being in minimal position. However an
in nitesimal perturbation may not su ce, reduced closed walks can have excess crossings.
Their main contribution is to retrieve the intersection number anyway. In detail they proved:

Theorem 4.2 (Despré, Lazarus, 2019)Let M be a graph withm edges cellularly embedded
on a surfaceS. Let C be a collection of either one or two closed walks of total lengthin
M. One may computeis(C) in O(m + n?) time.

When S has negative Euler characteristic, Despré and Lazarus also provide an algorithm
to compute a closed curve °in minimal position, homotopic to a given closed wallC. They
derive fromM a system of quadQ, and return °as a perturbation of a closed wallC®in
Q. They proved:

Theorem 4.3 (Despré, Lazarus, 2019)Let M be a graph withm edges cellularly embedded
on a surfaceS of negative Euler characteristic. LetC be a closed walk of length in M.
One may construct inO(m + n%) time a quadrangulationQ, a closed walkC® of lengthO(n)

in Q, homotopic toC, and a perturbation of C° with is(C) self-crossings.

We stress that Theorem 4.3 does not cope with more than one closed walk. Although
Despré and Lazarus do not mention it, their output can easily be turned by isotopy into a
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perturbed closed walk of lengttO(mn) in M (instead of Q), at an additional cost of O(mn)
time.

4.4.2.4 Approach by homotopy moves

Another approach is pioneered by Hass and Scott [113], who prove that ifsangle closed
curve has excess crossing, then it must have a monogon or a bigon: a disk in the surface
bounded by one or two portions of the curve. Removing this monogon or bigon from the
curve decreases the number of crossings. However Hass and Scott do not tell how to nd the
monogons and bigons. Interestingly, their proof uses variants of a curve shortening technique
of Grayson [108], Shepard [173], and Angenent [15].

On a collection ofarbitrarily many curves, de Graaf and Schrijver [62] proved that the
number of crossings can be minimized by applying a few types of moves, that include but are
not limited to the removal of monogons and bigons. Those moves are monotonic, they do not
increase the number of crossings. But some do not decrease the number of crossings either,
and the authors do not provide an upper bound on the number of moves required to put the
curves in minimal position. By considering homotopy moves that may increase the number
of crossings, some authors [39] provide a polynomial time algorithm for a single closed curve.
Then Chang and de Mesmay [38] provide a polynomial time algorithm for arbitrarily many
curves, using only the original monotonic moves.

4.4.2.5 Compactly encoded simple curves

On surfaces thesimple curves have a compact encoding that other curves do not have. Let
S be a surface, andl' be a triangulation of S. A simple closed curveC on S is normal with
respect toT if C is in general position withT, and if C never leaves a triangle of T via the
same side it entered . For each pair of sides of we count the number of timesC enters
and leaves consecutively via those two sides. Thosgn non-negative integers, assuming
hasn triangles, are thenormal coordinatesof C with respect to T. If C intersectsm times
the edges off then the vector of normal coordinates is encoded dd(n +log m) bits, which
is generically more compact than listing the intersections & with edges ofT for example.
Operating on normal coordinates allows for more e cient algorithms, usually considered
e cient when polynomial in n and logm, instead of m. For example determining whether
a closed curve is connected is non-trivial in this setting. More related to us, Lackenby [131]
recently computed the intersection number of a collection sfmple closed curves on an surface
S. The approach, borrowed to Bell and Webb [19], is to decrease the number of intersections
between the curves and the triangulation by modifying the triangulation, working out the
corresponding change of normal coordinates. This completes previous works [168, 19, 78] in
the particular case whereS has boundary. Unsurprisingly, this case is considerably simpler.
The reason is that the interior of S can be realized as the surface of a triangulatiom
punctured at its vertices, and that then each homotopy class of simple closed curves contains
a unique curve realizing the minimum number of crossings with the edges of

4.4.3 Untangling graphs

In this section we nally review the works related to untangling drawings of graphs on
surfaces. A rst problem is the following. We are givenamap : G! S, for example given
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as a drawingG ! T! into the 1-skeleton of a triangulationT of S, and an integerk. We
must determine whether there is a drawing homotopic td, in general position, with less
than k crossings. IfS is the sphere this is the same as asking whether the crossing number
of G is smaller thank, which is NP-hard.

So instead we consider the problem of determining whether there exists an embedding
homotopic to f. With the variation of actually constructing an embedding if there is one.
There is no discrete algorithm to do that. However there is a method generalizing the spring
embeddings of Tutte (Section 4.3.1), obtained by Y. Colin de Verdiere [52]. He rst considers
a closed Riemannian surfac& of non-positive curvature. In particular S can be a closed
hyperbolic surface of a at torus, and the reader can think of only those surfaces if this helps
the understanding, but technicallyS can have non-constant curvature. He further considers
a topological triangulation T of S, its 1-skeletonT? S, and a mapf : T!! S homotopic
to the inclusion mapT!! S. The mapf, while homotopic to an embedding by de nition,
may not be embedding itself. Andf draws the edges o6 as arbitrary paths. Y. Colin de
Verdiéere provides a method to defornf into an embedding whose edges are geodesic. First
he considers only the drawingé whose edges are geodesic, by making each edge geodesic in
the drawing without moving the images of the vertices. We call those théary drawings, by
analogy with the classical setting. The problem is now to move the images of the vertices
around, keeping the edges geodesic 4o mdkan embedding. To do so he considers the Fary
drawingsf that minimize a potential ! jf (€)j? for some arbitrary assignment of positive
coe cients ! . on the edges of T!. We call those thespring drawings. The rst result of Y.
Colin de Verdiere [52, Theorem 1] is:

Theorem 4.4 (Y. Colin de Verdiere, 1991) Let S be a closed Riemannian surface of non-
positive curvature. LetG be the 1-skeleton of a triangulation o6. Letf : G! S be
homotopic to the inclusion mapgs ! S. If f is a spring drawing thenf is an embedding.

Theorem 4.4 is analoguous to the classical theorem of Tutte (Theorem 4.1). The assump-
tion that the graph G is 3-connected and planar is replaced by the assumption th& is the
1-skeleton of a triangulation ofS, and that f is homotopic to the inclusion mapG! S. The
role of homotopy is now clearly visible. The main di erence is that the classical theorem
xes the outer face of the graph to a polygon while Theorem 4.4 does not x anything, for
this is not necessary on surfaces. Y. Colin de Verdiére considers xing a cycle of the graph
to a boundary component of the surface in a second result [52, Theorem 3].

Contrarily to the classical setting, the homotopy class df may contain several spring em-
beddings. This is easily seen on a at torus, where every spring embedding can be translated
along the surface. Nonetheless there is generically only one, for exampl8 ifs negatively
curved everywhere [52, Theorem 2].

To transform the initial drawing f into a spring drawing the only method that seems to
work in this context is the simulation of the physical system modeling the imagege) of each
edgee by an ideal spring of rigidity ! .. In particular the method of Tutte, solving equations,
does not seem to extend, except in the particular case of at tori [37].

We mention that similar results were later independently described by several authors,
including Hass and Scott [114, Lemma 10.12], Delgado-Friedrichs [68], Gortler, Gotsman,
and Thurston [106], Lovasz [143, p.98], and Luo, Wu, and Zhu [145, Theorem 1.6].
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Chapter 5

Preliminaries

In this chapter we present some results that will be used in the next chapters, and we provide

proofs for some of them. In Section 5.1 and Section 5.2, we present folklore results about
curves on surfaces. In Section 5.3 and Section 5.4 we detail the results of Akitaya, Fulek,
and Toth [10], and of Fulek and Téth [101], mentioned in Chapter 3.

5.1 Limit points of lifted curves

In this section we present a classical construction that will be used in Section 6.4. This
construction dates back to Poincaré [155] and was brie y mentioned in Section 4.4.2. A
good overview is provided by Farb and Margalit [91, Chapter 1], but we need a few more
properties, so we provide details and proofs. Consider a surfaSeof genus at least two
without boundary. We shall see that the universal cove§ of S can be compacti ed into a
topological spaceS|[ @5, by adding a set@ of limit points , such that the compacti ed
space is homeomorphic to the closed disk, and under this homeomorphiSnis represented
by the open disk and@ is represented by the circle. Moreover, we shall see that such a
construction exists that satis es each of the following:

Lemma 5.1. If e: R! $is a lift of a non-contractible closed curve o, thenlim,; e and
lim,; eexist(in §[ @) and are distinct points of @5.

Lemma 5.2. Lift a homotopyc' d between non-contractible closed curves &to a homo-
topy e' & between lifts ofc and d. Then e and & have the same limit points.

Lemma 5.3. Let c and d be two non-contractible closed curves d. If ¢ and d admit lifts
with the same pairs of limit points, there is a closed cun&such thatc and d are homotopic
to powers ofe.

Lemma 5.4. Consider lifts e and & of non-contractible closed curves o8. Assume either
that e and & intersect exactly once, or that they are disjoint lifts of the same curve @
Then the four limit points of e and & are pairwise distinct.

In the rest of this section we detail this compacti cation of§, and we prove the associated
four lemmas. This is folklore, and can be skipped by the reader without impacting the reading
of the thesis.
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Interestingly, although the properties of the compacti cation and of the limit points are
expressed purely topologically above, they all follow from folklore arguments in hyperbolic
geometry: One endowsS with a hyperbolic metric and lifts this metric to the universal
cover §; then § is isometric to the hyperbolic plane, which has a classical compacti cation
in the Poincaré model (by adding the boundary of the open disk), the limit points are then
naturally de ned, and the properties follow, as we shall see.

5.1.1 Compacti cation of the hyperbolic plane and xed points of
translations

We rst present the compacti cation of the hyperbolic plane that we use. LetH be the
hyperbolic plane, corresponding to the open unit disk in the Poincaré model. One can
compactify H by considering the set@ of points at in nity , corresponding to the unit
circle (in the Poincaré model) with its usual topology. Equivalently [91, Chapter 1], the
points in @1 are the equivalence classes of unit speed geodesic rays, where two rays are
equivalent if they stay at bounded distance from each other; the unioH of H and @ is
topologized via the basis containing the open sets bff plus one open setJs for each open
half-plane P of H, whereUp \ H = P and Up \ @+ contains the equivalence class of unit
speed geodesic rays if all the rays ineventually end up inP.

We shall need some de nitions and a lemma, that we now present. Isometries tf
extend naturally to H, and the hyperbolic translations  are those with exactly two xed
points on @. In particular the identity is not considered a hyperbolic translation here. Any
hyperbolic translation f admits a unique geodesic lind, its axis, such thatf (A) = A and
such that f is a real translation onA. A hyperbolic translation is uniquely determined by
its axis and by the image of a point on this axis. lterating any point oH under f makes
it converge to one of the two xed points off in @, the xed point at +1 of f, while
iterating under f ! makes it converge to thexed point at 1 of f. See [122, p. 13-14]
for more details. We will need the following lemma in the next section:

Lemma 5.5. Fix any x 2 H. Two hyperbolic translationsf;g : H! H have the same xed
point at +1 if and only if they satisfy the following for somé® > 0: there exist arbitrarily
large values of;j 0 for which f'(x) and ¢ (x) are at distance less tharD.

Our proof of Lemma 5.5 relies on the following lemma, which is standard and results from
simple computations in the Poincaré model of the hyperbolic plane, so we omit the proof:

Lemma 5.6. In the hyperbolic planeH letL H be a geodesic line and: R! H be a unit
speed geodesic ray. The distance betwesh) and L either tends tol ast!1 or it tends
to zero. In the latter case there is a direction of. that satis es the following. For every
unit speed parametrizationc : R'! L respecting the direction ofL, ¢(t) and a(t) remain at
bounded distance over O.

Proof of Lemma 5.5. Let * 2 @1 and"°2 @1 be the xed pointat +1 of respectivelyf andg.
First assume the existence of som@ > 0 such that there exist arbitrarily large values of
i:j 0 for which f'(x) and ¢ (x) are at distance less tharD. To prove ~ = “°we consider
any open setO of H that contains * and we claim the existence af, 0 such that for every
i i the ball of radius D centered atf '(x) is contained inO. This claim, combined with
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our assumption, implies that there exist arbitrarily large values of 0 for which ¢ (x) 2 O.
Sincegd (x) tends to "®asx goes to+1 , we have' = "°

To prove this claim, and without loss of generality, we assume th& belongs to the basis
described above to de ne the topology oH. Then, and since” 2 O, there is an open half
plane P of H such that O = Up. Parameterize the axis off by some unit speed geodesic
a:R! H. By denition (up to reversing a) thereis > Osuch thatf a(t)= a(t+ ) on
everyt 2 R. Sincef is an isometry the distance betweef'(x) and a(i ) remains constant
overi 2 Z. By construction a eventually ends up inP. Let L be the geodesic line that
boundsP in H. If the distance betweena(t) and L goes to innity ast 2 R goes to+1 ,
then the claim is proved. Otherwise this distance goes to zero by Lemma 5.6 and there is
some unit speed parameterizatioo: R! H of L such that ¢(t) and a(t) remain at bounded
distance overt 0. Thus c(t) tends to ™ ast 2 R goes to+1 , contradicting the fact that
c(t) 2 P for everyt 2 R.

Conversely, assumé = *° Consider unit speed parametrizations: R! H andb:R'!
H of their respective axes such thaa(t) and b(t) tend to ~ ast goes to+1 . By de nition
of the limit points, there exists D > 0 such that for everyt 0 the distance betweera(t)
and b(t) is less thanD. Let > 0and > O be the translation lengths of respectively
and g on their axes. There existdD®> 0 for which there existi;j 0 arbitrarily large such
that ji j j < DP%and thus such thata(i ) and b(j ) are at distance less tharD + D°.
Moreover the distance betweem(i ) = f'(a(0)) and f '(x) does not depend on sincef is
an isometry. The same holds for the distance betwed(j ) and ¢ (x). O

5.1.2 Limit points of lifted curves

Now, every surfaces of genus at least two without boundary is homeomorphic to the quotient
of the hyperbolic planeH by the action of some (actually, many) group of isometries of
H. The elements of other than the identity are hyperbolic translations [91, p. 22]. The
action is free, in the sense that if 2 satisesf(x) = x on somex 2 H, then f is the
identity. The action is also properly discontinuous in the sense that every 2 H admits a
neighborhood whose intersection with the -orbit of x is fxg. The surfaceS then admits a
unique hyperbolic metric for which the quotient mapH ! S is a local isometry. Also, the
hyperbolic planeH is a universal covering space @&, where the quotient mapH ! S is the
covering map.

In the rest of this section we identify our surfaceS with a quotient S = H= , with the
construction presented in the previous paragraph, thus identifying its universal cov& with
H. We are going to prove our four initial lemmas, but rst we need two preliminary lemmas:

Lemma 5.7. Consider a lifte: R! H of a non-contractible closed curve o%. There is
f 2 nflg such thate(t +1) = f (g(t)) on everyt 2 R. Moreoverlim,; eandlim; e exist
and are the xed points off in @, at respectively+1 and 1

Proof. For everyt 2 R, there exists somé; 2 such thatf;(e(t)) = e(t+1). Moreover every
suchf; is not the identity as e(t) 6 e(t+1) sinceeis a lift of a non-contractible closed curve.
We claim that f; does not depend or. This claim concludes the proof. We prove the claim
by contradiction so assume the existence of sorh@ R xed and of somet®2 R arbitrarily
close tot such that f; 6 f.. By choosingt®close enough td we make the distance between
fo' fi(e(t)) and et) go to zero, contradicting the fact that acts properly discontinuously
onH. O

57



Lemma 5.8. Assume thatf;g 2 nflg have the same xed point at+1 . There are
h2 nflgandn;m 1 such thatf = h" andg= h™. In particular, they have the same
xed point at 1

Proof. Consider some arbitrary xedx 2 H. We claim the existence ofa;b 1 such that
f3(x) = ¢°(x). Indeed by Lemma 5.5 there i > 0 that satis es the following. There are
i;j 0 arbitrarily large such that f'(x) and g (x) are at distance less tharD. For every
suchi;j the pointf ' ¢ (x) belongs to the closed balB, of radiusD centered atx. Since
acts properly discontinuously onH the -orbit x of x intersects By in nitely many
points. Indeed every such poiny 2 B,\  x admits a neighborhood whose intersection with

x is fyg, and nitely many such neighborhoods su ce to cover the compact balB,. In
particular there existi;j 0,i°>i andj®>j suchthatf ° g’(x)=f ' ¢ (x). Letting
a:=i%> i 1andb:=j° j 1 proves the claim.

Our claim implies that f and g have the same xed points bothat+1 and 1 and thus
the same axis, say, oriented from 1 to +1 . Without loss of generality we assume that
X was chosen so thak 2 A. Recall that f and g are real translations onA and let > 0
and > 0 be their respective periods.

We consider the hyperbolic translatiorh whose oriented axis i\ and whose period is
de ned as follows. We proveda = b sincef3(x) = g°(x) and sincef (x) and g°(x) are
the translations of x along A by a distance of respectiveya and b . There arenym 1
relatively prime such that na = mb. By Bézout's theorem, there areu;v 2 Z such that
un+vm=1. Welet =u +v .

We claim that h = fY @', and thush 2 . To prove this claim observe that the point
h(x) is the translation of the pointx by a distance along the oriented axisA of h. The point
g'(x) is the translation of x by a distancev along the same oriented axié\, and the point
fY(g'(x)) is the translation of g'(x) by a distance ofu alongA. Thus h(x) = fY% g"(x).
That proves the claim since hyperbolic translations are de ned by their axis, her&, and by
the image of any point on this axis, here.

In the same way we havé" = f and h™ = g since these hyperbolic translations have the
same oriented axis by construction, and since their periods satishy = andm = , as
seen by a straightforward computation. O

Finally, we prove our four initial lemmas:
Proof of Lemma 5.1. The result is given by Lemma 5.7. m

Proof of Lemma 5.2. Consider the hyperbolic translations, say and g, given by Lemma 5.7
for e and & respectively. Since the homotope ' & lifts the homotopy ¢’ d, the distance
between the pointse(k) = f*(g0)) and &k) = g<(&0)) does not depend ork 2 Z. By
Lemma 5.5f and g have the same xed points. ]

Proof of Lemma 5.3. Let e and & be lifts of respectivelyc and d and assume thate and &
have the same limit points. In a rst step, if e and & are disjoint, we apply a homotopy ofc
to make e intersect & this does not change the limit points of by Lemma 5.2.

So we can assume without loss of generality tha& and & intersect, and thus also that
e(0) = &0) = x 2 H. Consider the hyperbolic translations, say and g, given by Lemma 5.7
for eand &respectively. By Lemma 5.8 there exish;m landh 2 nflgsuch thatf = h"
andg= h™. Thusf (x) = h"(x) and g(x) = h™(x). Let * be a loop onS that lifts to a path
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from x to h(x). Based at zeroc and d are homotopic as loops to respectively theth power
and the mth power of the loop". O

Proof of Lemma 5.4. By Lemma 5.1, the two limit points of e are distinct, and similarly
for & Assume, for a contradiction, thate and & have the same limit point at+1 (up to
reversingc or d). There are two cases.

First assume thate and & intersect exactly once in some poink 2 H. Without loss of
generality assumee(0) = &0) = x. Consider the hyperbolic translations, say and g, given
by Lemma 5.7 fore and & respectively. Thenf and g have the same xed point at+1 . Thus
by Lemma 5.8 there exist;j 1suchthatf' = ¢. Thene(i)= fi(x)= ¢ (x) = &j) and
this point is distinct from x since, for exampleg is non-contractible. This is a contradiction.

Now assume thate and & are disjoint lifts of the same curvec in S. There is a geodesic
closed curve homotopic to c [91, Proposition 1.3]. Lift the homotopyc'  to homotopies
e' eand®&' € for some liftse and € of . By the preceding lemmasg and € have the
same limit points. Thus e and € have the same image (a geodesic line), so they are equal up
to homeomorphismR ! R. By the uniqueness part of the lifting property,e and & are then
equal up to homeomorphisnR ! R. We proved that e and & intersect, a contradiction. [J

5.2 Intersection number, primitivity, and lifts

In this section we review some results about the intersection number of closed curves on
surfaces that will be used in the next chapters. Recall from Chapter 4 that on a surface
S, given a collection of closed curve€, the intersection number ig(C) is the minimum
number of crossings of a collection of closed curves homotopicGo

The intersection number of arbitrary closed curves is related to the intersection number
of the primitive ones. In particular we will use the following result, proved by de Graaf and
Schrijver [62, Theorems 6-7]. We need a de nition. On a surfa& given two closed curves
c and d, we denote byig(c;d) the minimum number of crossings between any two closed
curves in general position homotopic t@ and d. We emphasize thatig(c; d) doesnot count
the self-crossings of the curves, contrarily tos(f c; dg).

Figure 5.1: (Left) A primitive closed curve€, in minimal position. (Right) The fourth power
of ¢ in minimal position in a neighborhood of€.

Lemma 5.9 (de Graaf and Schrijver, 1997) Let S be the closed surface of gengs 1.
Let c and d be two closed curves o8 homotopic to respectively tha™ power of a primitive
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closed curvet, and the m™ power of a primitive closed curved, for somen;m 1. Then
is(c)= nlig(®+n 1landig(c;d)= nm ig(¢;d).

In the setting of Lemma 5.9, assume thaé and & are drawn in general position orS.
Then draw c in the neighborhood of¢ in the way described by Figure 5.1, and dravd in
the neighborhood ofd the same way. The rst part of Lemma 5.9 essentially says that i
crosses itself minimally, then so does The second part of the lemma says that i¢ and ¢
cross each other minimally, then so do and d.

Now we review a su cient condition for a collection of closed curves on a surfa&to
realize the minimum number of crossings of its homotopy class, based on the lifts of the
curves in the universal cover o&:

Lemma 5.10. Let S be the closed surface of gengs 1. Let C be a collection of closed
curves in general position inS. Assume that in the universal cover o8, every lift of every
curve in C is injective, and no two lifts cross each other more than once. Theéh has the
minimum number of crossings of its homotopy class.

Proof. We use a result of de Graaf and Schrijver [62, Theorem 1]. They described four moves
that can be applied toC, labeled 0, I, II, and Ill. They proved that it is possible to makeC
have the minimum number of crossings of its homotopy class just by applying those moves to
C. With our assumptions, only the moves 0 and IIl can be applied. Applying them preserves
our assumptions, and does not decrease the number of crossing€ofSo C already has
is(C) crossings initially. O

5.3 Perturbing drawings into embeddings

In this section we present in more detail the result of Akitaya, Fulek, and Téth. [10] mentioned
in Chapter 3. They consider a grapfH embedded on a surfac8, a graph G, and a drawing

f :G! H. They are interesting in determining whetherf is aweak embedding , namely,
whether there are embedding&s ! S arbitrarily close to f. To do so they formulate
an alternative, more combinatorial de nition of weak embeddings. We present a trivially
equivalent variation, more suitable to our needs.

Figure 5.2: (Left) An embedded graphM . (Middle Left) The patch system of M. (Middle
Right) We usually think of as a closed neighborhood dfl. (Right) The arcs of

Consider an embedded graphl . We present thepatch system of H, an adaptation of
the strip system of Akitaya, Fulek, and Téth [10], similar to the concept of fat graph [110] and
ribbon graph [81]. See Figure 5.2. To ease the reading we assume thabas no loop and no
multiple edges; the following extends readily to general graphk. Consider an oriented closed
disk D, for each vertexv of G; consider pairwise disjoint closed segments along the boundary
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of D,, one segment per edge incident to, ordered along the boundary oD, as prescribed by
the rotation system ofH. Now, for every edgauv of G, identify the corresponding segments
of the disksD, and D, in a way that respects their orientations. Those identi cations result
in a surface homotopically equivalent toH (informally, a thickening of H). If uis a
vertex of H, then the interior of D, is an open diskdual to u. If uv is an edge oH, then
the intersection of D, and D, is a simple arcdual to uv. The surface , the open disks and
arcs dual to the vertices and edges &1, and the two one-to-one correspondences encoding
the two dualities constitute the patch system oH. Slightly abusing, we may not make the
distinction between the patch system oH and its surface . The graphH embeds naturally
in in such a way that every vertexv of H lies in the interior of D,, and every edge oH
intersects the arcs of exactly once, by crossing its dual arc.

An approximation of a drawingf : G! H isamapg: G! , in general position
with itself and with the arcs of |, that satis es both of the following. Firstly, for every vertex
v of G, the point g(v) lies in the interior of the disk D, of dual to v. Secondly, for every
edgee of G, the arcs of crossed by the pathg e are the duals of the edges dfl traversed
by the walk f e, in order. Note that g may have crossings.

Now, if H is embedded in a surfac8 and inherits its rotation system from the embedding,
we usually think of as a closed neighborhood dfl in S. In that case, it is easily seen (and
follows from considerations by Akitaya, Fulek, and Téth [10]) that a drawing : G! H is
a weak embedding (once viewed as a m&p! S) if and only if there is an approximation
g:G! of f that is also an embedding. Note how the patch system and the property
for f to be a weak embedding do not depend on any embeddingtbfon S, but only on the
rotation system ofH.

We nally formulate the result of Akitaya, Fulek, and Téth [10]:

Theorem 5.1 (Akitaya, Fulek, and Toth, 2019). Let G be a graph. LetH be an embedded
graph. Letf : G! H be a drawing of lengtm. One can compute an embedding approximat-
ing f, or correctly report that no such embedding exists, i®(nlogn) time.

We note that the authors require thatf maps each of edg& to either a vertex or an edge
of H, not a walk in H, but we can assume this trivially by subdividing the graphG. The
running time, in their theorem O(mlogm) where m is the number of edges o6, becomes
O(nlogn). The algorithm returns the output embedding (if any) in the disks of .

5.4 Perturbing closed walks minimally

In this section we present in more detail the result of Fulek and Téth. [101] mentioned in
Chapter 3. They consider an embedded grapH, and a collectionC of closed walks inH,
without spur. They construct curves arbitrarily close to C with a minimum number of
crossings, and count the crossings. This is formalized as follows.

Recall that H is embedded in its patch system . Assume that C is a single closed
walk; the following paragraph trivially extends to collections of closed walks. Recall that an
approximation of C is a closed curve , in general position in , such that the arcs of
crossed by are the duals of the edges dfi traversed byC, in order. From now on, every
such approximating closed curve is implicitly assumed to intersect every disk of as a
collection of simple paths where every two such paths intersect at most once in the disk;
this is without loss of generality, for otherwise clearly has excess crossings. Moreover, we
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retain from only the following combinatorial information: For every arca of , we retain
the order in which the crossings between and a occur alonga. Dually, we retain, for every
edgee of H, a linear order . on the occurrences oéin C. We say that = ( C;( e)e)

is a perturbed closed walk , and that is a perturbation of C. These ideas exist in
the literature, see for example Chambers, Erickson, Fox, and Nayyeri [36, Section 2.4]. A
single perturbation of C may correspond to several approximations @, but it is easily seen
that all those approximations have the same number of self-crossings, making the distinction
between them irrelevant. In this setting Fulek and Toth [101] proved:

Theorem 5.2 (Fulek and Toth, 2020) Let H be an embedded graph of sine. Let C be a
collection of closed walks of total length in H, without spur. One can construct a minimal
perturbation of C in O(m + nlogn) time.

The number of crossings can then be computed e ciently:

Lemma 5.11 (Fulek and Téth, 2020) Let H be an embedded graph of sine. Let be a
perturbed collection of closed walks iHl, of total lengthn. One can compute the number of
self-crossings of in O(m + nlogn) time.

Observe that there are embedded graphs with closed walks of arbitrarily large length
n whose approximations have( n?) self-crossings. So computing any of those approxima-
tions would be too expensive for the above quasi-linear time algorithms. This is why those
algorithms handle perturbations instead of approximations.

While the rest of the thesis uses Theorem 5.2 and Lemma 5.11 as black boxes, we think
that the reader could benet from proofs of both. Moreover, even though Theorem 5.2
and Lemma 5.11 follow from their work, Fulek and Téth technically formulate their results
di erently, and even seem to describe a weaker result [101, Theorem 1] where the grapis
embedded in the plane, and only one closed walk is given as input. For all those reasons we
here rephrase and extract the essence of the arguments of Fulek and Téth [101, Section 3].
We insist that we do not introduce any new idea or result here, and that this section can be
skipped without impacting the reading of the rest of the thesis.

Lemma 5.11 is easy to prove:

Proof of Lemma 5.11. One must count the number of self-crossings ofaround each vertex
of H, equivalently within each disk of the patch system dfl . There is an immediate reduction
to the following problem. Fixn 1. Consider a perfect matching of the sg@n], represented
by its set E of edges. Write every edge 2 E ase = ij, wherei and | are the vertices ofe,
andi <] . Say that an edgeij 2 E crosses another edgaev 2 Eifi<u<j<v ,upto
exchangingij with uv. Let ? E be the number of unordered pairs of edges Bf that cross.
Our problem is to compute? E. We claim that we can compute? E in O(nlogn) time.
To prove this claim, we apply a divide-and-conquer strategy. The base cases (small values

of n) are trivial. In general, we consider the uniqu& 2 [2n] for which exactlyn edgesuv 2 E
satisfyv k. We partition E into three setsEg; E;; E, as follows. An edgeauv 2 E belongs
to Epifitsatises v k. ItbelongstoE; if it satises k <u. And it belongs to E, otherwise,
thatisif u k<v. By de nition of k, each of the set€; E;; E, contains at mostn edges.
For every =k, we let! () be the number of edgesiv 2 E, that satisfy u <~ <v . For
every >k, we let! () be the number of edgegv 2 E, that satisfy u < <v . We have
the recursion formula? E = ?Eo+ ?E1+ ?Ex+ 5, (! (U)+ ! (V). We use this formula
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Figure 5.3: The split operation.

in our recursion step, as follows. First, we comput&, Eq, E;, E;, and! in O(n) time.
Then we recurse to compute? Eq; ? E;, and ? E,. And we deduce? E in O(n) time from
the recursion formula. O

The rest of this section is devoted to the proof of Theorem 5.2. We consider the setting
of Theorem 5.2: an embedded graph of sizem, and a collectionC of closed walks of
total length n in H, without spur. We will prove Theorem 5.2 by constructing a minimal
perturbation of C in O(m + nlogn) time. We assume thatH has no loop edge nor any
parallel edges. This is without loss of generality, for the result trivially extends to a general
graph H by inserting two vertices in each edge dfl.

We start with any initial perturbation of C. We call pebbles the crossings of the
closed walks in with the arcs of , and we see the closed walks in as cycles of pebbles.
Remember thatC has no spur. Along any ar@ of , the corresponding pebbles are linearly
ordered alonga. The problem is to reorder the pebbles along, and that for every arca of

, SO that in the end has the minimum of self-crossings of its homotopy class. We slightly
modify the problem as follows. We gradually partition every arc into a concatenation of sub-
arcs. The partition of the pebbles into the sub-arcs and the linear orderings of the pebbles
along the sub-arcs constitute ararrangement . When reordering the pebbles, we are only
allowed to reorder within the sub-arcs (pebbles cannot be exchanged between distinct sub-
arcs). If reordering the pebbles this way can still make have the minimum of crossings of
its homotopy class, then the arrangement isalid .

The split operation modi es an arrangement as follows. See Figure 5.3. It plays the role
of the cluster expansion and pipe expansion operations of Fulek and Téth. L& be a

disk of . Let po;:::;p for somer 1 be the sub-arcs of the arrangement that bounB, in
clockwise order, whergy, is arbitrary. Forevery1 i r, let X; contain the pebbles ofpg
that are linked to a pebble ofp; via a portion of that runs through D. If only one of the
setsX;:::; X, is not empty, then the split is not de ned. Otherwise, the split cutspy into
sub-arcsqi;:::; ¢, in counter-clockwise order with respect to the orientation oD . Also, for
everyl i r, the split places the pebbles irX; along g, in any order. Any newly-created

sub-arc that does not contain a pebble is discarded.

Lemma 5.12. If an arrangement is valid before a split, then it is valid after the split.
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Proof. Consider the arrangement before the split. In this arrangement, using the assump-
tion that the arrangement is valid, reorder the pebbles within their sub-arcs so that has
minimum self-crossing. Namey, the sub-arc to be split; py is to be divided into sub-arcs

alongpo. Foreveryl i r,let X; contain the pebbles ofy that are to be placed ing. In
our arrangement, consider the pebbles along, and letf : [K] ! [r] be the correspondence
that sends every 2 [k] to the unique f () 2 [r] such that the "-th pebble alongpy belongs
to X¢iey. Ff()>f (" +1) forsomel <k, then the -th and the = + 1-th pebbles can
be swapped in our arrangement without increasing the number of self-crossings ofThus,
without loss of generality,f can be assumed non-decreasing. Then, the sub-ags:::; ¢
can be realized oy (without a ecting the order of the pebbles onpy) so that, for every

i 2 [r], the sub-arcq contains the pebbles inX;. ]

The sub-arcs graph of an arrangement is the graph whose vertices are the sub-arcs of
the arrangement, and where two sub-arcg, and p; are linked by an edge when there is a
pebble inp, and a pebble inp, that are consecutive in some closed walk of

Lemma 5.13. In a valid arrangement, if no split applies, then the pebbles can be re-ordered
in O(m + nlogn) time within their respective sub-arcs to make have the minimum of
self-crossings of its homotopy class.

Proof. If no split applies, then the sub-arcs graph of the arrangement is a collection of disjoint
cycles. Deal with the cycles independently. The sub-arcs along a cy@leontain the pebbles

of a subset o of closed walks from . The closed walks in ¢ are all powers of the single
closed walk that one obtains by making one loop aroun@d. Re-order the pebbles within the
sub-arcs ofO, so that each closed walk in ¢ is as in Figure 5.1, and so that any two closed
walks do not intersect more than necessary. In the end, no re-ordering of the pebbles within
their respective sub-arcs could induce less self-crossings dfy Lemma 5.9. Thus, and since
the arrangement is valid, has minimum self crossing. O

Proof of Theorem 5.2. We assume, without loss of generality, thatl has no loop edge nor any
parallel edges (see above). The overall algorithm is the following. Initialize an arrangement
from an arbitrary perturbation of , whose sub-arcs are the entire arcs of. At this point,

the arrangement is valid. Perform splits on it as long as possible. In the end, the arrangement
is still valid by Lemma 5.12. Conclude by Lemma 5.13. All there remains to do is to describe
how to perform all the splits in O(m + nlogn) total time.

We maintain the sub-arcs graphA. Also, for every edge ofA between two sub-arcgyg
and p;, we maintain a list of the edges of between pebbles irp, and pebbles inp;, and an
integer that records the size of the list. Finally, we maintain the list of the sub-arcs that can
be split. This data structure is easily initialized inO(m + nlogn) time.

Suppose we split a sub-arpy incident to a disk D of . The N 2 pebbles onpy are

let X; contain the pebbles ofy linked to a pebble inp;, and letN; be the cardinality of X;. (X;
and N; are the list and the integer recorded by the corresponding edge of the sub-arc graph

Po, place those pebbles on a new sub-arc, and update the sub-arc grdptthe lists and the
integers, all inO(N) time. Unfortunately, that would lead to a quadratic time algorithm. To
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precisely the pebbles irX;, we do not touch them. And now the split takesO(N  N;j) time.
Summing thisN  N; quantity over all the splits results in a total of O(nlogn). Indeed,
transfer a weight ofN  N; to the pebbles inX nX;, by attributing a weight of 1 to each
pebble. After the split, each of these pebbles ends up in a sub-arc that contains no more
than N=2 pebbles. Thus, the sequence of splits attribute®(logn) weight to each pebble.
There areO(n) pebbles. O
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Chapter 6

Untangling Graphs on Reducing
Triangulations

In this chapter we start, in Section 6.1, by introducing reducing triangulations. Then, in
Section 6.2, we de ne reduced (closed) walks, exhibit their main properties, and provide
linear time algorithms to reduce (closed) walks. In Section 6.3, we provide an algorithm to
make a collectionC of closed curves cross minimally, whe@ is given as a collection of closed
walks in a reducing triangulation (actually, in a8-reducing triangulation, which is the kind of
reducing triangulation we will be mostly concerned about, but we will see that in due time):

Theorem 6.1. Let S be a surface of genug 2 without boundary. LetT be an 8-reducing
triangulation of S. Let C be a collection of closed walks of total lengthin T. One can
compute in O(n) time a collection C° of closed walks inT, freely homotopic toC in S, in

minimal position.

In Theorem 6.1, the output collectionC®is usually not in general position. We say that
such a collectionC%is in minimal position if there exists an approximation ofC°with i5(C9
self-crossings. One could then apply the result of Fulek and Téth, Theorem 5.2 to actually
compute a minimum perturbation of C°.

To obtain Theorem 6.1, basically, we just reduce the closed walks@ and we prove that
the resulting collectionC®has an approximation with a minimum number of crossings.

The last three sections of the chapter, Sections 6.4,6.5,6.6, are devoted to an algorithm
that untangles drawings of graphs on (8-)reducing triangulations:

Theorem 6.2. Let S be a surface of genug 2 without boundary. LetT be an 8-reducing
triangulation of S. Let G be a graph, and lef : G! T be a drawing of sizen. One can
determine in O(gnlog(gn)) time whetherf can be untangled irS. If so, one can construct
in additional O(n?) time a weak embeddin§®: G! H, homotopic tof in S, of depthO(n).

(Recall from Chapter 3 that thedepthof a drawingf of a graphG is the maximum length
of the image walksf (e) over the edges of G. The size of f is the number of edges and
vertices of G plus the sum of the lengths of the walké$ (€) over the edges of G.)

To obtain Theorem 6.2, roughly, we start in Section 6.4 by focusing on a particular class
of graphs that have only one vertex per connected component, we call théoop graphs(as
all their edges are loops). We provide an algorithm that untangles loop graphs, again, just a
simple straightening procedure, but whose proof of correctness is more delicate, and relies
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Figure 6.1: Building a reducing triangulation from a canonical polygonal schema of the
surface of genug 1. The casegy =1;2; 3 use special constructions; the cage= 4 (right)
trivially generalizes to higher genus. These reducing triangulations are 8-reducing except the
one for the caseg = 1 whose unique vertex has degree six.

Figure 6.2: Subdividing the faces of a reducing triangulation.

on constructions from 2-dimensional hyperbolic geometry. In Section 6.5 we nally provide
the general untangling algorithm. Crucially, the rst phase of the algorithm transforms
the initial drawing into the drawing of a loop graph, to be untangled by the algorithm of
Section 6.4. The details of this phase are omitted when presenting the algorithm, and deferred
to Section 6.6, the last section of the chapter.

6.1 Reducing triangulations

Consider a surfaces without boundary A triangulation T of S is reducing if its dual graph
is bipartite, and if all its vertices have degree at least six. It i8-reducing if, in addition, all
its vertices have degree at least eight. We color the facesTofred and blue so that adjacent
faces have di erent colors.

A straightforward application of Euler's formula shows that the sphere does not admit
any reducing triangulation, and that the torus does not admit any 8-reducing triangulation.
Yet the torus admits a reducing triangulation with a single vertex of degree six, and every
surface of higher genus admits an 8-reducing triangulation with at most two vertices, see
Figure 6.1. Moreover, every reducing triangulation can be subdivided to obtain a reducing
triangulation with more vertices, as in Figure 6.2, although this introduces degree six vertices.
Note also that every reducing triangulation of a surfacé§ lifts to a reducing triangulation of
any covering space o06. Finally observe that while reducing triangulations may in general
have loops, or several edges between two vertices, the reducing triangulations of the plane
cannot; this is a straightforward consequence of the Euler's formula, and also an immediate
corollary of Proposition 6.1 below.

Most of this chapter will be concerned with 8-reducing triangulations only, thus excluding
the torus, but the rst part of Section 6.2 handles general reducing triangulations, for later
use in Chapter 8. Note that at the very end of Chapter 8 we will present an extension of the

68



Figure 6.3: Some of the turns that a walk can make in a reducing triangulation.

Figure 6.4: In a reducing triangulation, a portion of a walk that makes a 2, -turn followed
by a 1,-turn (both are bad turns).

notion of reducing triangulations to surfaces with boundary, but this is only incidental to us,
so for now we focus on surfaces without boundary.

6.2 Reduced walks

In a reducing triangulation T, let W be a walk (closed or not). Assume that a subwalk
of W traverses a directed edge, arrives at a vertexv, and from there traverses a directed
edgee’. When traversingv, we say that W makes ak-turn , k 0, if the walk of length
two composed of edges and €°, in this order, leaves exactlyk triangles of T to its left in
the cyclic ordering aroundv betweene and € Similarly (and not exclusively), it makes a

k-turn , k 1, if that walk leaves exactlyk triangles of T to its right. When a turn is not
a O-turn, the notation is ambiguous because it can be represented either by a positive integer
or by a negative integer (whose absolute values sum up to the degree of the vertexT in
We always use an integer between3 and 3 if possible. For a degree-six vertex, we pref@r
over 3. For turns that cannot be represented by any integer between3 and 3, we choose
the positive integer.

We sometimes need to be more precise and re ne the notation: For2 Z, a ky-turn ,
respectively ak,-turn , is a k-turn such that e (with the previous notation) has a blue,
respectively red, triangle to its left. See Figures 6.3 and 6.4.

We call bad turn any O-turn, 1-turn, 21-turn, 2-turn or 2-turn. In T, a walk is
reduced if it does not make any bad turn. Intuitively, reduced walks are discrete geodesics
in the triangulation T where all triangles are equilateral: A reduced walk leaves an angle
at least on both sides at each interior vertex, except when the vertex makes2gturn or
a 2y-turn, which corresponds to an angle o2 =3 on one side. The bipartiteness of the
triangulation then breaks ties for determining the geodesic. We emphasize that the notion
of reduced walks requires an orientation of the surface. A closed wdlkis reduced if it
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does not make any bad turn. It isstrongly reduced if moreover not all vertices ofC make
a 3,-turn, and not all of them make a 3,-turn.

Here are a few immediate but crucial properties that we will use repeatedly. Any subwalk
of a reduced walk (closed or not) is also reduced. The reversal of any reduced walk (closed
or not) is also reduced, because reversing a walk exchan@egurns with  2,-turns, and
3,-turns with  3,-turns.

The turn sequence of a (closed) walk is the list of turns made by the walk at its interior
vertices; this is a cyclic sequence if the walk is closed. We use some straightforward notations
for turn sequences: Exponents denote iterations, stars denote arbitrary nonnegative integers,
and vertical bars denote or. For example,23 4 denotes a 2 followed by a nonnegative
number of 3s, followed by a 4.(23 4) denotes a nonnegative number of concatenations of
patterns of that form. (2j4) denotes either a 2 or a 4.

6.2.1 Uniqueness of reduced walks

In this section we prove the key property of reduced walks, grounding the analogy between
reduced walks in reducing triangulations and geodesic paths in non-positively curved surfaces.
More precisely, we prove the following:

Proposition 6.1. In a reducing triangulation T, any two homotopic reduced walks are equal.

The proof of Proposition 6.1 goes by showing that any two distinct homotopic reduced
walks would form a monogon or a bigon (a disk bounded by one or two subwalks, in the
universal cover), and that this is impossible. It relies on the following two lemmas.

Lemma 6.1. In a reducing triangulation T, any walk whose turn sequence is of the form
23 2 contains a 2.-turn. Any walk in T whose turn sequence is of the for3 4 or 43 2
contains a2, -turn or a 4, -turn.

Proof. By bipartiteness of the reducing triangulationT, the color of the triangle ofT located
to the left of the walk changes when passing over an interior vertex that makes a 2-turn or
4-turn, and not when the interior vertex makes a 3-turn. O

Lemma 6.2. In a reducing triangulation T, let C be a simple closed walk that bounds a
(non-empty) disk to its left. For everyk 1, let my be thequmber of vertices of at which
C has exactlyk triangles to its left. Then2m;+ m, 6+ |, ,my.

The proof can be viewed as a consequence of the Gauss Bonnet theorem [88, Section 2.3]:

Proof. Let D be the restriction of the reducing triangulation to the closed disk bounded by
C. Consider the following discharging argument. Give initial weigh6 to each vertex and
each triangle ofD, and weight 6to each edge oD. By Euler's formula, the weights initially
attributed sum up to 6. Discharge as follows. For each incidence between a verteand an
edgee, transfer 3 from v to e. For each incidence between a vertexand a trianglet, transfer
2 from t to v. Now, edges and triangles all have weigll, while every vertexv has weight
(v) :=6 3degf) +2deg{v) wheredeg() and ded(v) denote rlgspectively the number of
edge incidences and triangle incidenceswin D. We proved6 =, (V).
Every vertex v that lies in the interior of D (not on C itself) satis es degf) = degqv)
andthus (v)=6 deg{v) O, since each vertex oT has degree at least six. Every vertex
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that jies on C satis es degy) = degqv) +1 and thus (v) =3 ded{v). Thus, we have
6=, (v « 18 kK)my, implying the result. O

Lemma 6.3. In a reducing triangulation T, let C be a simple closed walk that bounds a
(non-empty) disk to its left. There are at least three vertices at whidh makes al-turn or a
2, -turn.

Proof. Let S be the set of vertices ofC that make a 1-turn or a 2,-turn. By contradiction,
assumejSj 2. Using the notations of Lemma 6.2, we haven; j Sj  2; indeed, any
vertex that makes a 1-turn belongs td&. We consider the subwalks with turn sequence of the
form 2(1j3) 2. These subwalks may only share tlgeir rst and last edges and are otherwise
disjoint. Lemma 6.2 implies thatm, (6 2mj)+ | ,my; thus, there are at least6 2m;
such sequences. At mogSj m; vertices inS make a 2-turn, and thus at most2(jSj m;)
such sequences start or end i8, because the sequences all start and end with a vertex that
makes a 2-turn. There remains atleaf6 2m;) 2(Sj] m;) =6 2jSj 1such sequences
whose rst and last elements are not irS. In such a sequence, exactly one of the two vertices
that make a 2-turn actually makes a2, -turn by Lemma 6.1, which is impossible because the
vertices ofC that make a 2 -turn are all in S. O

Proof of Proposition 6.1. The reducing triangulation T lifts to an in nite reducing triangu-
lation P in its universal cover. Assume that there exist two distinct homotopic reduced walks
in T (possibly one of them being a single vertex). L&/, and W, be lifts of these walks inF,
with the same endpoints; they are also reduced. We show below that this implies that there
exists, in ®, a simple closed walkC with at most two vertices that make a bad turn. This
contradicts Lemma 6.3.

Indeed, if one ofW; and W, is not simple, it contains a non-empty subwalk with the
same starting and ending vertex/, and otherwise not repeating any vertices; since subwalks
of reduced walks are also reduced, the claim holds (onlyathe walk can make a bad turn).
Otherwise, W; and W, are simple, distinct, and have the same rst and last vertices, which
implies that they admit non-empty subwalks that have the same endpoints and are otherwise
disjoint. (Indeed: up to exchangingW; and W,, some edge iW; does not belong toW,.
Consider the subwalk ofV/; of minimum length containing that edge and intersectinyV, at its
endpoints. The subwalks ofV; and W, with these endpoints have the desired property.) Let
C be the simple closed walk that is the concatenation of these subwalks (or their reversals)
WP and W2. The subwalksW? and W, are also reduced, since subwalks and reversals of
reduced walks are reduced. Henc€, has at most two vertices that make a bad turn, which
concludes as desired. O

6.2.2 Uniqueness of strongly reduced closed walks

From now on in this chapter, we focus on 8-reducing triangulations (except for Lemma 6.6
in the next section, for use in Chapter 8, but this will be precised in due course). In this
section we prove a result similar to Proposition 6.1, but foclosedwalks. More precisely, we
prove:

Proposition 6.2. In a 8-reducing triangulation T, any two freely homotopic, non-contractible,
strongly reduced closed walks are equal.
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Figure 6.5: The cases leading to a contradiction at the end of the proof of Lemma 6.4.

(It is possible that Proposition 6.2 holds on all reducing triangulations, not just the 8-
reducing ones, but again, we do need any of that, so we stick to 8-reducing triangulations.)
The assumption of Proposition 6.2 that the closed walks argrongly reduced, and not just
reduced, is necessary. Indeed, there exist freely homotopic non-contractible closed walks that
are reduced and yet distinct, such as the ones depicted in Figure 6.10. This is analogous to
the metric setting where it can happen that a at portion of a non-positively curved surface
contains two non-contractible geodesics that are freely homotopic and yet distinct: consider
for example the two boundary curves of any at annulus with geodesic boundary.

The proof of Proposition 6.2 relies on the following lemma:

Lemma 6.4. Consider two disjoint simple closed walk€ and C° that bound an annulus
in T. Then C and C°are not both strongly reduced.

Proof. We prove the claim by contradiction so assume thaC and C° are both strongly
reduced. LetA be the restriction of the 8-reducing triangulation to the closed annulus
bounded by C and C° Let i be the number of vertices in the interior ofA, and let B be
the vertex set of the boundary ofA. For every vertexv of A let deg{) and ded{v) be the
number of incidences o¥ V\";i,th respectively the edges and the triangles k.

We rst claim that 2i v2g (3 ded{(v)). We prove this claim with the same discharging
rules as in the proof of Lemma 6.2. Give initial weigh6 to each vertex and each triangle
of A, and weight 6 to each edge ofA. By Euler's formula, the weights initially attributed
sum up to 0. Discharge as follows. For each incidence between a vertexand an edgee,
transfer 3 from v to e. For each incidence between a vertex and a triangle t, transfer 2
from t to v. Now, edges and triangles all have weigH, while each vertexv has weight

(v) := 6 3degf) + 2degqv). We proved0 = v (V). Every vertex v of A satis es
P(V) =3 dedv)ifv2Band (vV) =6 degl) 2 otherwise. Therefore,0
(3 dedlv)) 2i, proving the claim.

We orient C and C°so that A lies to their left. Let C, 2f C;C%, and letB; B be the
set of vertices ofC,. We remark that, becauseC, has no bad turn, everyv 2 B, satis es
ded(v) 2. Moreover, becaus€; is strongly reduced, by Lemma &1, its turn sequence does
not contain 23 2 as a subword, and it is not of the forn23 . Thus, .5 (3 ded(v)) 0,
with equality if and only if the turn sequence ofC; has the form(23 43) or 3.

From the above claim and the conclusion of the previous paragraph, we deduce thahas
no interior vertices and that each of the turn sequences &f and CPis of the form (23 43)
or 3, which must actually be (2,3 4.3 ) (by Lemma 6.1 and because there is ri&) or 3,
(by de nition of a strongly reduced closed walk).

Assume that the turn sequence of one boundary componentAtas the form(2,3 4,3 ) .
Let v be a vertex ofB that makes a2,-turn. Then, the vertex acrossv in the other boundary

72



component of A makes a4y-turn (Figure 6.5, left), which is a contradiction since no4;,
appears in the allowed forms above. So the turn sequenceoénd C°are both of the form
3., however, for a similar reason as above, ¥fis a vertex of B that makes a3,-turn, the
vertices acrossy make a3, -turn (Figure 6.5, right), a contradiction. ]

Proof of Proposition 6.2. Consider a 8-reducing triangulationl of a surfaceS and two freely
homotopic strongly reduced closed walk€ and C%in T.

We consider theannular cover S of S de ned by C [48, Section 1.1]. This is a covering
space homeomorphic to an open annulus, in whichlifts to a closed curveC, and every simple
closed curve is either contractible or homotopic t& or its reverse. Lifting the homotopy
from C to C°vyields a lift €°that is homotopic to €. Both € and €° are strongly reduced
closed walks inT', the lift of the 8-reducing triangulation T.

We claim that € (and, for the same reasons, als89 is simple. Indeed, lifting € to the
universal cover® of S vyields a lift, which is a bi-in nite path B, and is actually strongly
reduced in the 8-reducing triangulation® obtained from lifting T. By Proposition 6.1,® is
simple. Since it is theonly lift of €, this implies that € is simple.

Now there are two cases. 1€ and €° are disjoint, Lemma 6.4 implies a contradiction.
If they intersect, at vertex v say, then we transformC and €°into loops with starting and
ending vertexv; these two loops have the same turning number, and are thus homotopic
strongly reduced walks, and equal by Proposition 6.1. Thu8 and C°are equal, and so are
C and C°by projection. O

6.2.3 Reducing a walk

In this section we back Proposition 6.1 with an algorithm. More precisely, we prove the
following:

Proposition 6.3. Given a walkW of lengthn in a 8-reducing triangulation T, one can
compute a reduced walk homotopic &/ in O(n) time.

The techniques of the proof of Proposition 6.3 will be reused in Section 6.6. In particular,
we need a few data structures here, which will be extended later.

Our 8-reducing triangulation T is stored as an embedded graph, but we need additional
information. Speci cally, for each vertexv of T, we number the directed edges with source
in clockwise order (starting at an arbitrary directed edge). This number is stored on each
directed edge. Moreover, vertex contains an array A, of pointers such thatA,[i] is the
directed edge number with sourcev. This array has size the degree of, which is also
stored inv. We note that this additional data can be computed in time linear in the size of
the 8-reducing triangulation, so we assume that the 8-reducing triangulation incorporates this
information. With this data structure, we can perform the following operations in constant
time: (1) given two directed edgesiv and vw, compute the integeri such that uvw forms
an i-turn; (2) given a directed edgeuv and an integeri, compute the directed edgerw such
that the walk uvw forms ani-turn. Again, this can be done as a preprocessing step in time
linear in the size of the 8-reducing triangulation.

We also need a data structure, calledompressed homotopy sequence , that represents
walks in a compact form, in the same spirit as Erickson and Whittlesey [88, Section 4.1]
use run-length encoding to encode turn sequences. Alementary subwalk of W is an
inclusionwise maximal subwalk otV whose turn sequence has the for@f or ( 3) for some
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Figure 6.6: The compressed homotopy sequence data structure.

k 1, orisasingle symboh 62 f 3;3g. The elementary subwalks oV are naturally ordered
alongW and coverW, with overlaps because the last edge of an elementary subwalk appears
as the rst edge of the following one. We representV by storing the elementary subwalks

of W in a doubly linked list in order alongW; each elementary subwalk is described by the
images inT of its rst and last directed edges, as well as its turn sequence in compressed
form, namely, whether it is of the form3%, ( 3)%, or a, and the integerk or the symbol a.
(Walks W of length zero or one cannot be encoded in this data structure, but can be handled
separately in a trivial manner.)

Proof of Proposition 6.3. The extended turn sequencef a walk W is its usual turn sequence,
with a new symbolE appended before its rst symbol and after its last letter. We consider
the reduction movesdepicted in Figure 6.7 that modify a walkW by homotopy. Each of
them can be applied when a speci ¢c subsequence appears in the extended turn sequengg of
or of its reversal:

" spur move 0O,
" spike move 1,
"~ bracket move 232 for somek 0,

ip move: a32,3 b for somek;" 0 and some symbolsa;b 62 f 1;0;1;2;3g. (In
particular, a and/or b can be equal toE.)

We observe that if no reduction move can be applied %/, then W is reduced. Moreover,
for each walkW, let ' (W) be equal to three times the length oW, plus the number of bad
turns of W. We observe that' (W) strictly decreases at each move; indeed, a spur, spike,
or bracket move decreases the length &Y (by at least one) and creates at most two bad
turns, while a ip move does not a ect the length and removes at least one bad turn (no bad
turn is created because the degree of each vertex is at least eight, and by the conditions on
a and b). Thus, any sequence of moves has leng®(n).
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Figure 6.7: The reduction moves for the reduction of walks.

The algorithm is as follows. In a rst step, we walk alongV to initialize its compressed
homotopy sequence irO(n) time (using Operation (1) above). Then, in a second step, we
traverse this sequence in order, and redud®’ as soon as a possible move is encountered,
maintaining the compressed homotopy sequence as it evolves. Each possible move involves at
most six consecutive elementary subwalks, which are replaced by at most seven elementary
subwalks. Then, before resuming the algorithm and looking for a possible move, we need
to backtrack by at most ve elementary subwalks in the compressed homotopy sequence, in
order not to skip any possible move created by performing the previous one. Finally, in a
third step, when we reach the end of the list, no move is possible any more; we convert our
compressed homotopy sequence back to a walk Br{using Operation (2) above). All of this
takesO(n) time because the sequence of moves has len@in), and because the length of a
walk does not increase when reducing it, so that the compressed homotopy sequence always
has lengthO(n). ]

6.2.4 Strongly reducing a closed walk

In this section we back Proposition 6.2 with an algorithm, similar to Proposition 6.3, but for
closedwalks. More precisely, we prove the following:

Proposition 6.4. Given a closed wallC of lengthn in a 8-reducing triangulation T, one
can compute a strongly reduced closed walk freely homotopicCtan O(n) time.

Before proving Proposition 6.4, we observe that the proposition does not hold on 6-
reducing triangulations:

Lemma 6.5. There are a reducing triangulationT of the torus, and a closed walC in T,
such that no closed walk freely homotopic © is reduced.

Proof. Consider the reducing triangulationT, and the closed walkC of Figure 6.8. Assume
the existence of a reduced closed walk’in T?. If at some point C°takes a directed edge of
T that sees red on its left, thenC® makes only3;-turns. Otherwise C° makes only3,-turns.
In both casesC?is not freely homotopic toC. m
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Figure 6.8: (Left) A reducing triangulation T of the torus, and a closed wallC of length two
in T. (Right) A portion of the universal covering triangulation of T, and a portion of a lift
of C. In T there is no reduced closed walk freely homotopic ©.

Figure 6.9: The situation in the proof of Proposition 6.4.

Proof of Proposition 6.4. We rst remove the bad turns from C. For this purpose, we use
the same reduction moves as in the proof of Proposition 6.3, but the turn sequence is now
cyclic. We observe that, in each move, the part & that is removed corresponds to an actual
subwalk of C (and does not wrap around it). In particular, in a bracket move, the entire
cyclic turn sequence of cannot be 23, because the color of the triangle to the left of the
walk changes after passing 8. As a limit case, in a ip move, the symbolsa and b in the
sequencea3“2, 3 b may correspond to the same vertex of the cyclic walk; see Figure 6.9, left
for an illustration in the case where the turn ata = bis a 4-turn.

As in the proof of Proposition 6.3, if no move is possible, the@ has no bad turn. If' (C)
is equal to three times the length o€, plus the number of bad turns ofC, then' (C) decreases
at each move, except in the very special heart-like case of Figure 6.9, corresponding to the
case where the cyclic turn sequence 6f (or its reversal) is432, 3 for somek;” 0. The
ip move does not a ect the length and removes the bad 2-turn, but both edges & incident
to the 4-turn are rotated by one triangle, which creates another bad 2-turn, see Figure 6.9.
However, after this move, the only possible move ips the new bad 2-turn into a good one,
at which point the closed walk is reduced. Thus, as in the proof of Proposition 6.3, any
sequence of moves has leng®(n).

Finally, if the turn sequence ofC is of the form (3;) or ( 3,) , then C can be turned
into a strongly reduced closed walk ifD(1) time using the new move depicted in Figure 6.10.

O
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Figure 6.10: The last reduction move in the proof of Proposition 6.4.

6.3 Making closed curves cross minimally

We now begin to use reducing triangulations to attack our initial problems of making closed
curves cross minimally, and of untangling graphs. We start with closed curves, by proving
Theorem 6.1, which we now restate for convenience:

Theorem 6.1. Let S be a surface of genug 2 without boundary. LetT be an 8-reducing
triangulation of S. Let C be a collection of closed walks of total lengthin T. One can
compute in O(n) time a collection C° of closed walks inT, freely homotopic toC in S, in

minimal position.

The rest of this section is dedicated to the proof of Theorem 6.1. We state our rstlemma
on reducing triangulations, not just the 8-reducing ones, for later use in Chapter 8:

Lemma 6.6. Let S be a surface of genug 2 without boundary. LetT be a reducing
triangulation of S. Let C be a collection of closed walks ifi. Remove an open disk from
each face ofT, and consider the resulting surface S. If the closed walks inC are all
reduced and primitive inS, thenis(C) =1 (C).

Proof. We haveis(C) i (C) by the inclusion S. We will now prove the converse
by exhibiting a collection of closed curves homotopic t€ in  whose number of crossings
is the minimum of its homotopy class inS. To do so we see as the patch system ofT
(Section 5.3). Recall that each edge oF is dual to an arc in . We endow the interior of

with a complete hyperbolic metric for which the arcs of are complete geodesics. More
precisely, we replace every face of the interior of by an ideal hyperbolic polygon, and we
identify the (in nitely long) sides of the polygons along the arcs of . See Figure 3.13. For
everyc2 C, we let . be the geodesic closed curve homotopic tdn . We now see . as a
closed curve orf5, by the inclusion S.

If a curve . homotopic to a curve 4 or to the reversal of 4 then . is actually equal to
4 up to parameterization, since the two curves are geodesic. We consider each such set of

overlapping curves, and we slightly perturb the curves into parallel curves. Afterward, the
collectionf .jc2 Cgis in general position.

We claim that in the universal cover ofS, the lifts of the closed curvesif .jc2 Cgare
injective, and no two of them cross more than once. Let us prove that the claim implies the
lemma. The collectionf .g.c then has the minimum number of crossings of its homotopy
class inS by Lemma 5.10, which isg(C). Soi (C) is(C), which proves the lemma.
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Now let us prove the claim. We may assume that no curve, is homotopic to 4 or to
the reversal of 4 for somec 6 d 2 C, for the claim trivially extends to the general case
where some overlapping curves have been perturbed. We prove the claim by contradiction,
so assume that one of those lifts is not injective. It contains a loop, which projects to a
geodesic loop on that is contractible on S. The sequence of crossings of with the
arcs of is that of a reduced walk. Thus, by Proposition 6.1, the loop does not cross
any arc of , which is impossible since is geodesic. Similarly, if two distinct lifts intersect
twice without overlapping, then they form two paths with the same endpoints and otherwise
disjoint, which project to geodesic pathgp andgin that are homotopic inS. The sequence
of crossings op and g with the arcs of must be the same by Proposition 6.1, sp and q
are homotopic in , which is impossible sincgp and g are geodesics. The claim is proved.

O

Now, we focus again on 8-reducing triangulations, and we show that we can remove the
assumption that the closed walks inC are primitive, if we assume that they arestrongly
reduced, not just reduced. In detail, we deduce the following from Lemma 6.6:

Proposition 6.5. Let S be a surface of genug 2 without boundary. LetT be an 8-
reducing triangulation of S. Let C be a collection of closed walks ifi. Remove an open disk
from each face ofT, and consider the resulting surface  S. If the closed walks inC are
all strongly reduced, theng(C) =i (C).

Assuming that the closed walks are strongly reduced allows us to use Proposition 6.2
that, on 8-reducing triangulations, any two freely homotopic strongly reduced closed walk
are equal (up to cyclic permutation). Note that, as for Proposition 6.2, it is entirely possible
that Proposition 6.5 holds on all reducing triangulations, not just on the 8-reducing ones. It
may even be possible that Proposition 6.2 holds on all reduced closed walks, not just on the
strongly reduced ones, contrarily to Proposition 6.5. But we do not need any of that.

Proof of Proposition 6.5. We haveis(C) i (C) by the inclusion S. Let us prove the
converse. Assume without loss of generality that no closed walk @ is trivial, it does not
consist in a single vertex. Then everg 2 C is non-contractible onS by Proposition 6.1, and
is thus homotopic inS to the k™ power of a primitive closed curvel, for somek 1. Let ¢ be
the strongly reduced closed walk freely homotopic td in S, which exists by Proposition 6.4.
Proposition 6.2 implies thatc is actually equal to thek™ power ofé, since the two are freely
homotopic, non-contractible, and strongly reduced. Le® contain the primitive strongly
reduced closed walks issued this way of the collecti@h

We consider, for every¢ 2 ®, a closed curveb, homotopic to ¢ in , such that the
collectionfbe j € 2 ®gis in general position. By Lemma 6.6 there is such a collection whose
number of crossings is the minimum of its homotopy class B.

Now realize everyc 2 C by a closed curve . in the neighborhood ofb, like in Figure 5.1.
By Lemma 5.9, the collectionf g, c has the minimum number of crossings of its homotopy
class inS, which isis(C). O

Proposition 6.6. Let H be a graph embedded in its patch system Let C be a collection
of closed walks irH . If the closed walks inC have no spur, then there is an approximation
of C with i (C) self-crossings.
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Figure 6.11: Removing a bigon in the proof of Proposition 6.6.

Proof of Proposition 6.6. We assume for clarity thatC is a single closed walk, but the proof
trivially extends to any collection of closed walks. There is a closed curven general position
in , homotopic to C, with i (C) self-crossings. Without loss of generality, assume that
intersects the arcs of a minimum number of times (among the closed curves that match
its de nition). Record the arcs crossed by by the corresponding closed wallkc®in H, so
that is an approximation of C% We shall proveC = C° (up to cyclic permutation). To do
so, it is enough to prove thatC®has no spur. IndeedC and C°are homotopic in , and

is homotopy equivalent toH, soC and C°are homotopic inH. Moreover, in a graph, every
two homotopic closed walks without spur are equal.

We prove that C%has no spur by contradiction, so assume thaf®has a spur. There is a
portion of that crosses an ar@ of and then crosses again consecutively, in the opposite
direction. See Figure 6.11. Lety and ay be the respective portions of and a between the
two crossing points. Letn and m be the number of crossings of with the interiors of |
and ag, respectively. Redrawing ¢ in a neighborhood ofayg would not decrease the number
of self-crossings of, son m. Redrawing a, in a neighborhood of o would not decrease
the number of crossings betweea, and , som+2 n. This is a contradiction. O

Proof of Theorem 6.1. Apply Proposition 6.4 to compute in O(n) time a collection C° of
strongly reduced closed walks ifT, freely homotopic toC in S. Thenig(C) = i (C) by
Proposition 6.5, where is the surface obtained frons by removing an open disk from each
face of T. And there is an approximation ofC with i (C) crossings by Proposition 6.6. [J

6.4 Untangling loop graphs

Now, for untangling graphs, one could mimick the strategy of the previous section (Sec-
tion 6.3) for making closed curves cross minimally, i.e. one could generalize the notion of
bad turns from closed walks to general graph drawings, then remove all bad turns from the
initial drawing f : G! T by homotopy in S, and nally prove that the resulting drawing
f9:G! T is aweak embedding whenevdr can be untangled inS. This strategy is viable
and will be detailed in Chapter 8. However we shall now present a di erent strategy, simpler,
and more e cient.

In this other strategy, we rst focus on a speci c class of drawings. Aoop graph is a
graph L whose connected components have a single vertex. (Then every edge f a loop,
hence the name.) Given asurfacg, amap :L ! Sissparse if, under ,the edges of each
connected component of. correspond to pairwise non-homotopic non-contractible loops in
S. In this section we prove the following:
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Proposition 6.7. Let S be a surface of genug 2 without boundary. LetT be an 8-

reducing triangulation of S. Let L be a loop graph. Let : L ! T be a drawing of size

n and depthN. Assume that is sparse inS. One can compute inO(n) time a drawing
O:L! T, homotopic to in S, of depthO(N), such that if can be untangled irS then
Ois a weak embedding.

We emphasize that, in Proposition 6.7, the drawing is sparse as a map ! S (more
formally, the composition of by the inclusion mapT ! S is sparse), not just as a map
L ! T. Thisisimportant since, for example, a non-contractible loop ii may be contractible
in S.

The rest of this section is devoted to the proof of Proposition 6.7. To do so, given a
drawing :L ! T, we choose an edge in each connected component. aind declare it
to be amajor edge ; the other edges ofL (if any) are minor edges . We say that is
straightened if, under , (1) each minor edge is mapped to a reduced walk, and (2) each
mayjor edge is mapped to a reducedosedwalk. We emphasize that the reduced closed walks
dot not have any bad turn, even at the basepoint, contrarily to the reduced walks, which
are allowed to have a bad turn at the basepoint. Informally, to prove Proposition 6.7, we
will straighten the initial drawing , and then prove that this makes a weak embedding
whenever can be untangled inS. In detail:

Lemma 6.7. In the setting of Proposition 6.7, one can compute ii©(n) time a drawing
O:L! T, straightened, homotopic to in S, of sizeO(n), and of depthO(N).

Proof. Assume without loss of generality thal is connected. Construct °from as follows.
Choose the major edgey of L such that the image walk () has minimal length. As a
rst step, reduce cyclically the closedwalk (ep) with Proposition 6.4. Note that this usually
moves the image of the vertex of L, and thus elongates the image walks of the minor edges
of L (if any). As a second step, once(&p) is cyclically reduced, x the image ofv and reduce
the image walks of the minor edges (not cyclically this time) with Proposition 6.3.

For the analysis observe that in the rst phase of the algorithm Proposition 6.4 cyclically
reduces (&) in O(m) time, wherem denotes the initial length of (e;). Now for every minor
edgee; the image walk (e;) was initially at least as long as (&), by the choice ofey. So
the length of (e;) cannot increase by more than a constant factor in the rst step. This
proves that the algorithm takesO(n) time and produces the desired drawing. ]

The main technical ingredient of this section is the following:

Proposition 6.8. If adrawing :L ! T is sparse, straightened, and can be untangled in
S, then is a weak embedding.

Lemma 6.7 and Proposition 6.8 immediately imply Proposition 6.7:

Proof of Proposition 6.7, assuming Proposition 6.8 Apply Lemma 6.7 to compute inO(n)
time the drawing °: L ! T. If can be untangled inS, then Cis a weak embedding by
Proposition 6.8. O

The rest of this section is devoted to the proof of Proposition 6.8. We need to start with
some preliminaries.
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Figure 6.12: The map °(in green) in the hyperbolic patch system of the reducing trian-
gulation T, in the proof of Proposition 6.8.

6.4.1 Patch system and hyperbolic metric on the punctured
surface

To prove Proposition 6.8, we assume that there is an embedding homotopic tan S, and we
will prove that is a weak embedding. To do so we consider the patch systenof T, and
we will exhibit an embeddingL ! that approximates . SinceT is cellularly embedded
on S, we can think of the faces and arcs of as the faces and edges of the dual graph Bf
in S. More precisely, we see the surface of as open instead of closed by considering only
the interior of , and we realize and its arcs inS as follows. Remove a poink; from the
interior of each trianglet of T; then, for each edges of T, consider the two distinct triangles
t;t%incident to e in T, and draw a simple arc between, and X that crossese exactly once
and does not intersect any other edge or any vertex @f. Assume without loss of generality
that the resulting arcs are pairwise disjoint. From now on we see as realized inS in this
way.

We construct our candidate °: L ! for an embedding that approximates as follows.
Firstly, we endow with a complete hyperbolic metric for which the arcs of are geodesics,
as follows. The arcs of separate into open disks. Each resulting connected componeRt
hask 8 incidences with arcs since the vertices df have degree at least eight. We replace
P by a hyperbolic polygon withk geodesic sides, with the particularity that thesd geodesic
sides all havein nite length (such polygons are called ideal polygons). Then we identify the
sides of the polygons by pairs corresponding to the arcs of

Secondly, we see as a map fromL to  and we construct °by modifying homotopically
on every connected componerit, of L, as follows. Letv be the vertex ofLy and let e be the
major edge ofL,. We start by replacing homotopically the image o€ by the geodesic closed
curve ¢ in its free homotopy class, thus possibly changing the image wof Here we make use
of the fact that (e) is neither contractible nor homotopic to the neighborhood of a puncture
in , since it is non-contractible inS. We require that during this homotopy ' °the
image ofv remains in the same disk of (never belongs to an arc of ). We can do so since
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the reduced closed walk (€) makes no O-turn and thus has the same sequence of crossings
with the arcs of as the geodesic closed curwg. Then, we replace for each minor edge?
of Lo the image ofe® by the geodesic segment in its homotopy class, this time holding the
image ofv xed. The map Capproximates since the images of the vertices d&f remained
in the same disks of and since for every edge®of L the walk (e°J makes no O-turn.

Finally, we may ensure without loss of generality that the vertices df are mapped by

Oto distinct points of , and belong to no arc of . That can be achieved by moving

in nitesimally the image of each vertex ofL along the image of its major edge.

At this point  %is not necessarily an embedding; indeed, several major edges can overlap.
The strategy is to prove that this is the only reason why ° may fail to be an embedding,
and that such overlaps can be eliminated by a small perturbation of®

6.4.2 Proof of Proposition 6.8

In this section, we conclude the proof of Proposition 6.8. To ease the reading, we abuse the
notation and write L to refer to the map °on L (de ned in the previous section).

Recall from Section 5.1 that the universal cove® of S is homeomorphic to an open disk,
which can be compacti ed into a closed disl§[ @5, so that the properties of Section 5.1 can
be applied. Note that, here, we viewS [ @ as a purely topological space, and completely
ignore any metric on it. In this section, we consider the subsét of § made of the points that
are lifts of ; in other words, € is obtained from$ by removing the lifts of the punctures. (It
turns out that € is a covering space of , but we will never use this property.) € naturally
inherits a hyperbolic metric, obtained by lifting the hyperbolic metric of .

By construction, lifts of edges ofL are geodesics under the metric dt. A major lift
is a lift of a major edge; it is a bi-in nite geodesic path in€ with two distinct limit points
on @, by Lemma 5.1 and sparsity. Aminor lift is a lift of a minor edge; it is a geodesic
path in €.

If P and Q are minor lifts of distinct minor edges, then they may share one of their
endpoints, but not both, sincelL is sparse and since the vertices a&f are distinct points of

. In particular, the minor lifts of distinct minor edges are distinct. However, the situation
is slightly more complicated for major lifts. Two major lifts obtained from di erent major
edges are considered di erent. Recall that major edges are primitive (by Lemma 5.9 and
sparsity). So any two major liftse;&: R! € of the same major edge that di er only by a
homeomorphism ofR actually di er by an integer translation; in that case, we see them as
equal.

The proof of Proposition 6.8 combines a long series of relatively easy lemmas on the lifts
of the edges of. in €. Recall that by assumptionL can be untangled.

Lemma 6.8. Every lift of an edge is simple. Any two lifts of edges (possibly the same edge)
that do not overlap intersect at most once, and if they intersect in their relative interiors,
then they cross.

Proof. If two portions of geodesic paths intersect in their relative interiors without overlap-
ping, then they cross. Now assume, for a contradiction, that a lift is not simple; it contains
a loop, which projects to a geodesic loop in  that is contractible in S. The sequence of
crossings of with the arcs of is that of a reduced walk. Thus, by Proposition 6.3, the
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Figure 6.13: (Left) Proof of Lemma 6.9. (Right) Proof of Lemma 6.11.

loop does not cross any arc of , and so is contractible in , which is impossible since
is geodesic.

Similarly, if two lifts intersect twice without overlapping, they form two paths with the
same endpoints and otherwise disjoint, which project to geodesic pathsand g in  that
are homotopic inS. The sequence of crossings pfand g with the arcs of must be the
same by Proposition 6.3, s@ and q are homotopic in , which is impossible since and q
are geodesics. ]

Lemma 6.9. Any two major lifts either have the same image or are disjoint.

Proof. Assume that two major lifts P and Q intersect and do not have the same image.
They cross exactly once by Lemma 6.8. But then, their limit points are pairwise distinct by
Lemma 5.4, and interleaved or@ (see Figure 6.13 (left)), which implies thatL cannot be
untangled by Lemma 5.2. ]

Lemma 6.10. Let P be a major lift and Q a minor lift such that P and Q are lifts of edges
in the same connected component &f, and such that an endpoint of belongs to the image
of P. Then no other point of Q lies on the image of.

Proof. Otherwise,P and Q overlap by Lemma 6.8. LetP°be the part of P that starts and
ends at the endpoints ofQ (which are both lifts of the vertex of the corresponding connected
componentL of L). By Lemma 5.9, the projection ofP?is the major edge oL ,. Moreover,
the projection of Q is a minor edge ol . This contradicts the sparsity ofL. ]

Before treating the other cases, we need a de nition. Le® be a minor lift and let v
and v° be the endpoints ofP (they are distinct). Let p be the minor edge ol that is the
projection of P, and let g be the major edge ot that lies in the same connected component
of L asp. Let Q and Q° be the major lifts, starting at v and v° respectively, that are lifts
of g. We say that Q and Q° form the H-block of P. Indeed, Q, P, and Q°together form
the shape of the embedded letter H, because they touch only atand v° by the preceding
lemmas, and moreover the four limit points of) and Q°are pairwise distinct by Lemma 5.4.

Lemma 6.11. There is no intersection between a major lifP and the relative interior of a
minor lift Q.
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Figure 6.14: The two cases forbidden by Lemma 6.12.

Proof. Let R and R® be the major lifts forming the H-block of Q. Assume rst that there
is an intersection betweerP and the relative interior of Q that is not a crossing. ThenP
and Q overlap by Lemma 6.8. In particular,P intersectsR and R% HoweverR and R° are
disjoint, being part of the same H-block. This contradicts Lemma 6.9.

Now assume that there is an intersection between and the relative interior of Q that
is a crossing. By Lemma 6.8, there is exactly one. By Lemma 6.9, and siftaloes not
have the same image aR or R% the major lifts P, R, and R° are disjoint. See Figure 6.13
(right). Also, P does not have the same pair of limit points aR (or RY: for otherwise, by
Lemma 5.3 and Lemma 5.9P and R would project to closed curves freely homotopic i
(up to reversal), and thus freely homotopic in by Proposition 6.2, but thenP and R would
project to the same geodesic closed curve, which is impossible since they are disjoint. Any
homotopy of L induces a homotopy of the liftsP, R, and R® preserving the limit points
on @. Thus, even after a homotopy, one crossing betweéhand Q, R, or R® must remain
(even if P shares one endpoint withR and/or one endpoint with R9. This contradicts the
assumption thatL can be untangled. m

Let v be a vertex ofL, and let e be a directed major edge of based atv. We say thate
is pulled to the right if there exists a minor edge based at that leavesv and/or arrives
at v to the right of e in other words, in counterclockwise order around, we do not see
consecutively the target ofe and the source oe. We say that a directed major lift is pulled
to the right if its projection is.

Lemma 6.12. Let P and Q be two major lifts, projecting to di erent edges ofL. Assume
that they overlap; assume (up to reversing one of them) that they have the same direction.
Then (1) at most one ofP and Q is pulled to the right, and (2) none of them is pulled both
to the left and to the right.

Proof. We rst prove (1); see Figure 6.14, left. Assume, for the sake of a contradiction,
that both P and Q are pulled to the right. Let P and Q be these lifts after a homotopy
that untangles L. (Generally, we use bars to denote lifts after this homotopy.) They must
be disjoint (except at their limit points), so without loss of generality, up to exchangindg®
and Q, assume thatP lies to the left of Q. Let R be the minor lift pulling P to the right;
thus, P is part of the H-block of R; let P° be the lift that forms the H-block of R together
with P. Then, Q intersects eitherR, or P° (twice), which is impossible.
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Figure 6.15: The four cases in the proof of Lemma 6.13.

We now prove (2); see Figure 6.14, right. Assume th& is pulled both to the left and to
the right. After the homotopy, the lifts P and Q are disjoint, so without loss of generality,
up to reversing the orientations o and Q, assume thatP lies to the left of Q. We are then
in the same situation as the previous paragraph, and conclude similarly. ]

Lemma 6.13. The relative interiors of any two distinct minor lifts are disjoint.

Proof. If the relative interiors of two distinct minor lifts P and Q intersect without crossing,
they overlap. SinceP and Q are distinct they do not have the same pair of endpoints. Thus
the relative interior of one of P and Q must intersect a major lift, a contradiction with
Lemma 6.11.

If P and Q cross, they do so exactly once by Lemma 6.8. LBtand R%be the major lifts
forming the H-block of P, and similarly let T and T°be the major lifts forming the H-block
of Q. By Lemma 6.9, and up to exchanging notations, we distinguish between four cases,
depicted in Figure 6.15:

A

If R, R% T, and T%are pairwise disjoint, the cyclic ordering of the limit points on@s is
necessarilyr r,t,tor r9t9t9, with obvious notations (R has limit points ry and r,, and
so on), with possible identi cations of two consecutive limit points in this cyclic order
if they come from di erent lifts. Any homotopy of L induces a homotopy of the liftsP,
Q, R, R% T, and T?, preserving the limit points on @. Thus, even after a homotopy,
one crossing must remain. This contradicts the assumption that can be untangled.

If R is distinct from T but has the same image a3, these two lifts with the same
image, when directed in the same way, are both pulled to the right, or both pulled to
the left, which is impossible (Lemma 6.12(1)).

If R is equal toT and R%is equal toT? then any homotopy ofL induces a homotopy
of P; Q;R;R% preserving the four limit points on @ and the relative orders of the
endpoints of P and Q on R and R® Thus, even after a homotopy, one crossing must
remain.

If R is equal toT and R%is disjoint from T then, again, a crossing must remain after
lifting a homotopy of L. O

Proof of Proposition 6.8. By Lemmas 6.8, 6.11, and 6.13, the only reason whymay fail to
be an embedding is because two distinct major lifts intersect, which implies that they have
the same image by Lemma 6.9, and thus come from distinct major edges.
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So now, consider an inclusionwise maximal sét of at least two overlapping, simple,
major edges, directed in the same way. By Lemma 6.22contains at most one edge pulled
to the left (and not to the right), at most one edge pulled to the right (and not to the left),
and possibly several edges which are pulled neither to the left nor to the right. We can
slightly perturb these edges to make them disjoint: from left to right, the edge pulled to the
left (if it exists), then, the edges not pulled at all, and nally, the edge pulled to the right (if
it exists). After this operation we have an embedding of that approximates . ]

6.5 Untangling graphs

In this section we nally describe how to untangle general drawings of graphs (not just sparse
drawings of loop graphs) on 8-reducing triangulations, by proving the main theorem of this
chapter, Theorem 6.2, which we restate for convenience:

Theorem 6.2. Let S be a surface of genug 2 without boundary. LetT be an 8-reducing
triangulation of S. Let G be a graph, and lef : G! T be a drawing of sizen. One can
determine in O(gnlog(gn)) time whetherf can be untangled irS. If so, one can construct
in additional O(n?) time a weak embeddin§®: G! H, homotopic tof in S, of depthO(n).

The rest of this section is devoted to the proof of Theorem 6.2. Importantly, some of
the de nitions and lemmas of this section are stated on a generic surfa8gqwith or without
boundary). Here they are only applied to the case whei® has no boundary and has genus
at least two, but they will be applied to more general surfaces in Chapter 7, so we state them
in full generality.

6.5.1 Factorization

The key step is to transform our initial drawing into a sparse drawing of a loop graph, in order
to use the result of the previous section (Proposition 6.7 in Section 6.4). So consider a surface
S, agraphG, and a mapf : G! S. One can transformf into a sparse drawing of a loop
graph by contracting the image of a spanning forest @, ignoring the resulting contractible
loops, and identifying the resulting homotopic loops. We now describe this operation slightly
more formally. First assume thatG is connected, and letY be a spanning tree ofG. A
factorization of f (with respect to Y) is obtained by the following process, see Figure 6.16.
First, changef by contracting homotopically the image of the spanning tre& to a single
point x 2 S. The non-tree edges o& are now drawn as loops under. Move these loops that
are contractible to the constant loop based at. Now, whenever there are several loops in the
same homotopy class (with basepoint), select one of these loops,, arbitrarily, and redraw
the other ones in the same way as. Let f°: G! S be the new drawing. Observe that,
underf © the graph G is rst drawn onto a one-vertex graphL, which is itself sparsely drawn
in S. The factorization off is given by the one-vertex graph., its sparse drawing :L ! S,
and the drawing : G! L. By construction, f and are homotopic; see Figure 6.16,
left.
Equivalently, but we will not need this equivalence, a factorization of (with respect

to Y) is given by a one-vertex graph., a sparsedrawing :L ! S, and anonto drawing

: G ! L that maps each edge o¥ to the vertex of L, and that maps each edge ds nY
to either the vertex of L or a loop ofL, in such a way thatf and are homotopic.
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Figure 6.16: A factorization(L; ; ) of the drawingf of Figure 1.2.

A factorization of a drawing of a disconnected grapl is given by a factorization for each
of the connected components db. In the setting of 8-reducing triangulations, factorizing a
drawing can be performed e ciently:

Proposition 6.9. Let S be a surface of genug 2 without boundary. LetT be an 8-
reducing triangulation of S. Let G be a graph, and lef : G! T be a drawing of sizen.
In O(gnlog(gn)) time, one can either correctly report thatf cannot be untangled inS or
compute a factorization(L; ; ) of f, such thatL hasO(g) loops, and such that has depth
O(n).

We will prove Proposition 6.9, but only in Section 6.6, as we prefer to rst nish the
details of our algorithm for untangling drawings of graphs. We just provide a rst, rather
naive, algorithm for Proposition 6.9 with worse running time and output size:

Proof of Proposition 6.9, with worse running time and output sizeAssume without loss of
generality that G is connected. We choose arbitrarily a vertex and a spanning treeY
of G. We then contract the image ofY to the image point of v, thus transforming f into
adrawingf®: G! H such thatfqY) = fqv) = f(v). The length of f °is O(n?), because
every non-tree edge is now drawn as a walk of leng(n). We reduce all these walks in
O(n?) total time with Proposition 6.2.3.

Afterward the contractible loops are shrunk to the basepoint and the homotopic loops
overlap by Proposition 6.1. We remove the contractible ones, and aggregate the ones that
overlap, usingO(n?) pairwise comparisons, and thus ifO(n?) total time. We retrieve the
resulting loop graphL and its sparse drawing :L ! T, along with the drawing :G! L.
Then L hasO(n) loops and has depthO(n). ]

6.5.2 Key lemmas

We now present the two key lemmas that relate factorization to the untangling problem.

Lemma 6.14. Let S be a surface. LetG be a graph, and lef : G! S be a map. Let
(L; ; ) be a factorization off . If f can be untangled, then can be untangled.
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Figure 6.17: (Continuation of Figures 1.2 and 6.16) Although the map is homotopic to
an embedding © (left), the map ° is not a weak embedding (right), which implies by
Lemma 6.15 thatf is not homotopic to an embedding.

Proof. Let f%: G! S be an embedding homotopic td . Starting from f °, we contract the
edges ofs that are part of the spanning trees used to de ne the factorization, obtaining a loop
graph embedded ors. We then remove contractible loops and keep only one loop whenever
several loops are in the same homotopy class. In this way, we obtain an embeddifigL ! S
homotopic to . Thus can be untangled. ]

Lemma 6.15. Let S be a surface. LetG be a graph, and lef : G! S be a map. Let
(L; ; ) be a factorization off . If f and are embeddings, then is a weak embedding.

See Figure 6.17 for an illustration of Lemma 6.15. The rest of this section is devoted to
the proof of Lemma 6.15. It relies on the following, which might not be new, but we could
not nd a reference, so we provide a proof:

Lemma 6.16. On a surfaceS, let each of = ( q4;:::; ) and %= ( 2:::; D) be a set
of simple, pairwise disjoint, pairwise non-homotopic, non-contractible loops with basepoxmt
Assume that ; and ? are homotopic with basepoint xed for each. Then and °are
isotopic with basepoint xed.

Proof. Let S be obtained fromS by removing a small diskD aroundx. We can assume that
all loops are piecewise linear with respect to a xed triangulation o [83, Appendix], and
thus that no crossing occurs irD, and that each loop crosses the boundary @ exactly
twice. We let  and ~° be the arcs inS that are the pieces of ; and P obtained after
removingD, and " and “°be the corresponding sets of arcs.

For eachi the loops ; and ?are homotopic onS, so they are isotopic or§, by a result of
Epstein [83, Theorem 4.1]. Thusg and " are homotopic onS, where the homotopy allows
us to slide the endpoints on@s.

Because” and "° are simple, whenever there is an embedded bigon or an embedded
half-bigon [91, Section 1.2.7] betweeh and " there is an innermost embedded bigon or
innermost embedded half-bigon, which we can remove using an isotopy dliding endpoints
on the boundary is allowed), decreasing the number of crossings. So without loss of generality
we can assume that there is no embedded bigon or half-bigon betwéeand "°

In particular, for every i, the loops”; and ~° are in minimal position in their homotopy
classes [91, Section 1.2.7], and since they are homotopic (allowing sliding on the boundary),
they are disjoint. The corresponding loops; and ?bound a disk onS. Moreover, because
the loops in are pairwise non-homotopic, and because there is no embedded (half-)bigon
between” and ~° the disk does not meet . We can thus, for eachi, push ; to °by an
isotopy of . m
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Corollary 6.1. Let S be a surface. LeL be a loop graphandlet °:L ! S be embeddings.
If and °are sparse and homotopic, then they induce the same rotation systemlLon

Proof. Assume without loss of generality thatL is connected, and thus has a single vertex
v. Further assume without loss of generality that (L) and (L9 are disjoint from the
boundary of S (if S has boundary), by slightly perturbing them otherwise. There is a
homotopy transforming into ° In this homotopy the image point ofv follows a (possibly
non-simple) pathp. Without loss of generality p is disjoint from the boundary ofS, so there
is also an ambient isotopy ofS that displaces the initial point (v) along the same pathp.
This ambient isotopy ultimately transforms into an embedding °: L ! S, with the same
rotation system than , that is also homotopic to °relatively to v (meaning that the image
of v is xed by the homotopy). Then %and ©are isotopic relatively tov by Lemma 6.16,
which proves the result. O

Proof of Lemma 6.15. First, we remark that, without loss of generality, we can assume th&®
is connected; this is because maps the connected components @ to those ofL bijectively.

Then, we prove that we can isotopé so that its new image inS lies in the neighborhood
of some sparsely embedded one-vertex graph. For this purpose, we almost-contract the
image of the spanning treeY used to de ne the factorization, keeping the fact that we
have an embedding of5. The resulting loops fall into homotopy classes. The loops in the
trivial homotopy class can be isotoped close to the basepoint; indeed, in an embedded one-
vertex graph, any contractible simple loop bounds a disk with only (possibly) contractible
loops inside it, this a result of Epstein [83, Theorem 1.7]. The loops in any other given
homotopy class can be bundled together so that they are parallel; indeed, in an embedded
one-vertex graph, any pair of homotopic loops bounds a disk with only (possibly) contractible
or homotopic loops inside it. To summarize, we have an embeddih§of G, homotopic tof ,
whose image lies in a neighborhood of the image of some sparse embeddingf a loop
graph L

Actually, there is a canonical isomorphism betweeh and L% because each edge &f
and L°corresponds to a particular set of non-tree edges Gf so we can identifyL and L°via
this isomorphism. Also, for use at the end of the proof, we remark thatand °are (freely)
homotopic.

By construction, the embeddingf ° can be chosen to lie in any neighborhood of the map

0 (for the compact-open topology of maps fror® to S). Hence ° is a weak embedding.
Alternatively, it would now be easy to build the patch system of {L9 associated to ° so
that f and this patch system indeed witness that® is a weak embedding.

Now, we recall that and °are homotopic embeddings df, so the rotation systems are
the same in and °by Corollary 6.1. Also, the factthat °© is a weak embedding depends
only on the rotation system induced orL. by © not on Yitself. This implies that is a
weak embedding as well. ]

6.5.3 Algorithm

We are now nally in a position to prove Theorem 6.2 (assuming Proposition 6.9 for e cient
factorization), by giving our algorithm for untangling graphs on 8-reducing triangulations:

Proof of Theorem 6.2, assuming Proposition 6.9First we determine whetherf can be un-
tangled in S, in O(gnlog(gn)) time, as follows:
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1. We apply Proposition 6.9 inO(gnlog(gn)) time and either determine thatf cannot be
untangled in S, in which case we abort, or compute a factorizatiofL; ; ) of f such
that L hasO(g) loops, and such that has depthO(n).

2. We apply Proposition 6.7 inO(gn) time and compute a drawing °: L ! T, homotopic
to in S, of depth O(n), such that if can be untangled inS then °is a weak
embedding.

3. We apply the result of Akitaya, Fulek, and Téth [10], restated in Theorem 5.1, and
determine inO(gnlog(gn)) time whether Cis a weak embedding. If not, then cannot
be untangled inS, and sof cannot be untangled inS by Lemma 6.14, so we abort.
Otherwise, if °is a weak embedding, we use Theorem 5.1 to actually compute an
embedding : L ! approximating °in the patch system of T, in the same
amount of time.

4. We equipL with the rotation system induced by % so that is a weak embedding
(with respect to this rotation system ofL) if and only if % is a weak embedding.
We apply Theorem 5.1 again to determine whether, equivalently % | is a weak
embedding. This step takeO(nlogn) time since has sizeO(n). The result tells
whetherf can be untangled inS by Lemma 6.15.

Now if f can be untangled inS, equivalently if f ©:= % is a weak embedding, therfi ® has
depth O(n) and can be retrieved in additionalO(n?) time. O

6.6 E cient factorization

In this section we implement the last detail of our algorithm, which is the e cient factoriza-

tion promised in Proposition 6.9. Our main tool for this is a data structure on 8-reducing
triangulations, the compressed homotopy tre@xtending the compressed homotopy sequence
from Section 6.2.3; while the compressed homotopy sequence is a linear list, the compressed
homotopy tree is a tree-like structure. (We will also extend proof techniques from Sec-
tion 6.2.3.) We rst present compressed homotopy trees, then we prove Proposition 6.9.

6.6.1 Compressed homotopy trees

Consider a surfaces of genusg 2 without boundary, an 8-reducing triangulationT of S,
and a vertexr of T. We need to support fast homotopy queries on an evolving set of walks
starting at r. Intuitively, there is a map that associates a pointer to each walk starting
at r, such that two walks W and W° are homotopic if and only if (W)= (W9. We call
these (W) keys. Our data structure, a compressed homotopy tree , provides e cient
access to such a map in the following sense: I\W?%is the concatenation oW with a single
edge, then we can compute(W9 from (W) quickly (in time logarithmic in the number of
operations already performed).

For this purpose, we use the fact that the homotopy class of a wall is determined by the
unique reduced walk (W) homotopic to W (Proposition 6.1). We store the reduced walks

(W) in compressed form, by enhancing the data structure from Section 6.2.3 (compressed

homotopy sequence) in a tree-like fashion, instead of a linear list (in a way similar to shortest
path trees); for each walkwW starting at r, we let (W) be a pointer to the last elementary
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Figure 6.18: Homotopy classes of walks are represented by storing the elementary subwalks
of their reduced walks in a tree-like fashion.

subwalk of W. Each node of the tree corresponds to an elementary subwalk, and stores (see
Figure 6.18):

N

the rst and last directed edges ofT of the elementary subwalk;

the turn sequence of the elementary subwalk, in compressed form (as in Section 6.2.3:
the elementary subwalk has a turn sequence of the fo3h, ( 3)%, or another symbola;
we store its form together with the integerk or the symbol a);

a pointer to its parent;

the elementary subwalks of its children, stored in appropriate search trees (see below).
We maintain the following invariants:

"~ the children of any given node in the tree correspond to pairwise distinct turn sequences;
" the rst edge of an elementary subwalk equals the last edge of its parent.

By these invariants, and because reduced paths are unique, two walks starting ratare
homotopic if and only if they have the same keys. Thus, once the keys of two walks have
been computed, we can, i©(1) time, decide whether they are homotopic.

We now list a few operations that can be handled by our data structure. Two of them
are easy:

Lemma 6.17. Compressed homotopy trees support the following operations:
" Trivialkey : return the key corresponding to the empty walk at in O(1) time;

" ReducedWalk : given the key of a walkV, return the compressed turn sequence of
the reduced walk homotopic tdV, in time linear in its length.
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Proof. The TrivialKey  operation is indeed trivial.

The ReducedWalk operation can be done by traversing the tree from(W) up to the
root, noting the labels of the nodes in order in which they are encountered, and then reading
them in reverse order. O

More interestingly, we can also extend the set of walks considered:

Lemma 6.18. Compressed homotopy trees support (with additional data structures described
in the proof) the operation Extend : Given the key of a walkV, nishing at vertex v, and
given a directed edge of T starting at v, return the key of the concatenation ofV and e, in
O(log p) time, wherep is the number of Extend operations already performed.

Proof. Because we must maintain the invariant that the children of any given node in the
tree correspond to pairwise distinct turn sequences, we require one more ingredient to our
data structure. Given an elementary subwalkV, we need to be able to nd the child ofw
that has a given turn sequence if©(logp) time, or certify that such a child does not exist.
For this purpose, recall that each elementary subwalk has the turn sequer‘eor ( 3)¥ for
somek 1, orafor somea62f 3;3g. We split the children of W according to each of these
three categories. In a given category, a child & is encoded by the nonnegative integek

or a. We use three red-black trees [112] (one for each category, indexed by either a) to
decide whether the child oW with a speci ed compressed turn sequence exists, or to insert
it if it does not exist. Each of these operations take®(logp) time, because each red-black
tree containsO(p) elements.

The rest of the proof reuses tools and arguments from Section 6.2.3. Métbe areduced
walk nishing at vertex v; let e be a directed edge starting av; let W:e be the concatenation
of W and e; and let W° be the reduced walk homotopic toV:e. We claim that the com-
pressed homotopy sequences W and W°each have at most 49 elementary subwalks after
their longest common pre x. To prove the claim it is enough to prove that the compressed
homotopy sequences &f/:e and W°each have at most 48 symbols after their longest common
pre x; indeed the compressed homotopy sequencesWfand W:e do not di er by more than
one nal elementary subwalk. Now recall from Section 6.2.3 that, for any wal/% ' (W°
equals three times the length ofV “plus the number of bad turns oW and that ' strictly
decreases when performing a reduction move. In the same spirit as the proof of Proposi-
tion 6.3, observe that' (W:e) ' (W)+4. Observe also that (W) ' (W9 +4, sinceW
can be obtained from the concatenation dfv°and the reversal ofe by performing reduction
moves, which decrease the value bf So' (W:e) ' (W9 +8. SinceW?"is the unique walk
obtained by reducingW:e, we have that any sequence of reductions dW:e has length at
most eight. Initially, only the last elementary subwalks ofW:e can yield a reduction. Each
reduction replaces at most six consecutive elementary subwalks by at most seven ones, and
then backtracks by at most six elementary subwalks (see the proof of Proposition 6.3). Thus,
only the last 48 elementary subwalks o¥V:e can be changed using successive reductions,
which implies that the remaining rst elementary subwalks ofW:e are not a ected when
reducing toWC This proves the claim.

Let W and e be as in the statement of the lemma; we can assume thé is reduced.
The claim implies that we can compute (W:e) from (W) in O(logp) time, for example as
follows. Starting at the elementary subwalk representingV, in O(1) time we go up in the
tree by 49 levels, reaching an elementary subwalk that represents a walk. We can then
compute, again inO(1) time, the compressed homotopy sequence \bf, the walk obtained
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from W by removing its pre x W; and by concatenatinge to the result. We reduce this
compressed homotopy sequence @(1) time (see again the proof of Section 6.3); nally,
using the rst paragraph of this proof, we extend the elementary subwalk representingy
with each elementary subwalk of this compressed homotopy sequence in the tree in turn, in
O(log p) time, reaching eventually the elementary walk folW°. m

Finally:

Lemma 6.19. Compressed homotopy trees support (with additional data structures described
in the proof) the operation Partition : Given a setX of instances of some data structure
containing, in particular, a key, we can, in time linear in the size oK, compute the partition

of X such that two elements inX belong to the same part if and only if they contain the
same key.

Proof. This operation relies on easy bookkeeping techniques; in detail: Slightly extend the
data structure of elementary subwalks with a pointer, initially NULL; for each elemenk

of X in turn, if its key refers to an elementary subwalk whose pointer is NULL, create a hew
part of the partition, initially containing only x, and make the elementary subwalk refer to
that part; otherwise, the key ofx refers to an elementary subwalkV that has already been
visited, and x can be added to the part thanks to the pointer inW. After computing this
partition, restore all pointers to NULL. ]

One nal detail: The root of the tree of our data structure must be handled in a special
way. By convention, it is a virtual elementary subwalk whose only directed edgedoes not
belong to the triangulation T but points towards the rootr, so that by convention the turns
from e to each edge starting at are 1 , with the obvious modi cations on the algorithm to
reduce walks. We omit the tedious and trivial details.

6.6.2 Algorithm

We are now in a position to prove Proposition 6.9. The proof relies on the following lemma,
which is easy and folklore, but we could only nd a proof in the case where the surfae
has no boundary [35, Lemma 2.1] (the constants di er, but this is of no importance to us),
so we provide a quick proof in the general case, for later use:

Lemma 6.20. Let S be a surface of genug with b boundary components. Let be a set of
simple pairwise disjoint loops based at the same point § Assume that the loops of are
non-contractible and pairwise non-homotopic. Then has at most9g + 6b loops.

Proof. Assume without loss of generality that the loops in do not intersect the boundary
of S, by slightly perturbing them otherwise. We think of has a graph with a single vertex,
embedded or5, and we letn and m count respectively the edges and faces of The lemma
clearly holds ifn 1 so we may assuma 2 without loss of generality. Then every face of
either has positive genus, and there are at mogtof them, contains a boundary component
of S, and there are at mostb of them, or is incident to at least three occurrences of loops of
(a single loop of may occur twice). Double counting implies that at mosen=3 faces are
of the latter kind. Altogether m g+ b+2n=3. Euler's formula givesl n+m=2g+b 2.
That provesn 9g+6h. O
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Proof of Proposition 6.9. By de nition of a factorization, we can assume in the whole proof
that G is connected. We x abitrarily a vertexr and a spanning treeY of G, such thatY is
obtained by adepth- rst search from r. We direct each edge of GnY so that its target t(e)
is an ancestor of its sourca(e). We denote by . the loop that is the concatenation of the
(unique) path in Y from r to s(e), edgee, and the (unique) path inY from t(e) to r. Given
a vertex v on the path fromt(e) to r, we denote by} the loop "¢ where the last segment
from v to r is truncated (thus, v always appears in'Y).

In a rst step we compute, for every vertexv of G, the key of the image walk, inT, of
the path fromr to v in Y. This can be done inO(nlogn) time by traversing Y in top-down
order and using theExtend operation O(n) times. Similarly, in the same amount of time,
we compute, for each edge of GnY, the key of the image walk of &€&,

In a second step, using the keys already computed, we compute the keys of the image
walks of the entire loops’e, but to get an e cient algorithm we eliminate duplicate keys
as we encounter them, and halt whenever there are too many distinct keys (i.e., too many
homotopy classes, so that cannot be untangled). We do this in a bottom-up way in the
tree Y. For each vertexv of G, we denote byK (v) the set of keys (f ("Y)) over the edges
of GnY for which v appears afterein .

Assume that we have computed the sets (V9 for each childv® of a vertex v; using the
Partition ~ operation, we can assume eada(v9 to be without duplicates. If one of them has
size larger thanl18g, then the directed loopsf ("¢) fall into more than 18g distinct homotopy
classes, which implies by Lemma 6.20 th& cannot be untangled, so we abort. Otherwise,
for each childv®of v in Y and for each keyk 2 K (v9, we apply the Extend operation to k
and edgev. Let K (V% V) be the resulting set of keys. We now observe th#t (v) is obtained
by removing the duplicates in the union of the following sets of keys:

A

the setsK (v%v), for each childv® of v, and
" the set of keys of the form (f ("})), for each edgee such that t(e) = v.

At the end of the recursion, unless the algorithm aborted, we have comput&d(r). At each
vertex v, the number of times we applyExtend is O(gdeg{)), wheredeg() is the degree
of vin Y. So, in total, Extend has been appliedO(gn) times, and the entire algorithm
takes O(gnlog(gn)) time.

When K (r) has been computed, we can also compute the reduced walks corresponding to
the keys inK (r) using the ReducedWalk operation. This takes inO(gn) total time, thus
asymptotically without overhead in the running time, sinceK (r) corresponds toO(g) walks,
each of lengthO(n). We have thus computed the one-vertex graph of the factorization,
and its sparse drawing :L! H.

Finally, remember that we also need to compute the drawing : G! L of the factor-
ization. In other words, we need to compute the mapping from each edg® GnY to the
loops ofL (or to its vertex), or, equivalently, the key off ("¢) in K(r). We now explain how
to re ne the second step above to achieve this. In this second step, every key considered is
of the formk = (f ("Y)); whenever we encounter such a key, we also store together with
it a corresponding edgee such that (f ("Y)) = k. Whenever we detect redundancies in the
current set of keys, we actually compute the set of edges;:::;6 2 GnY, p 1, whose
keys share a common valule, which in particular implies (f ("¢;)) = :::= (f (Tg,)). Inthat
case, we declare that the edge corresponding to the common keig e;, we declare that the
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overhead in the running time of the algorithm. At the very end, once the keys iK (r) have
been computed (each of them coming with an associated edgeamY ), we need to recover,
for each edgee2 GnY, the corresponding key (f ("¢)) 2 K (r). For this purpose, we remark
that the set of edges inGnY is implicitly organized as a forest, in which the leader relation

is actually a parent relation. Thus, our problem boils down to this: Given a rooted forest,
we need to compute, for each node, the root of its corresponding tree. This can easily be
done in time linear in the size of the forest, and thus, in our case, @(n) time. ]
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Chapter 7

Untangling Graphs on Surfaces

This chapter is almost entirely dedicated to the proofs of Theorems 3.3 and 3.2, which we
recall for convenience:

Theorem 3.3. Let S be a surface of genus smaller thag) with less thans boundary com-
ponents. LetH be a graph of sizen cellularly embedded ors. Let G be a graph, and let
f :G! H be adrawing of sizex. One can determine inO(m + sn log(sn)) time whetherf
can be untangled ir5. If so, one can construct in additionalO(s?mn?) time a weak embedding
f%:G! H, homotopic tof in S, of depthO(s?mn).

The weak embedding ° returned by Theorem 3.3 can be given to the algorithm of Aki-
taya, Fulek, and Téth [10] (restated in Chapter as Theorem 5.1) to construct an embedding
approximating f % This provides the very rst polynomial time algorithm for untangling
general drawings of graphs. This is one of the main contributions of the thesis.

Theorem 3.2. Let S be a surface of genus smaller thas) with less thans boundary compo-
nents. LetH be a graph of sizen cellularly embedded ois. Let C be a collection of closed
walks of total lengtm in H. One can computéds(C) in O(m+ s?+ snlog(sn)) time. One can

construct in additional O(s?mn) time a collection of closed walk€®in H, freely homotopic

to C in S, in minimal position.

The collection of closed walk< returned by Theorem 3.2 can be given to the algorithm
of Fulek and Toth [101] (restated in Chapter 5 as Theorem 5.1) to compute a perturbation
of COwith is(C) self-crossings. This improves upon the state of the art results of Despré and
Lazarus [69] (restated in Chapter 4 as Theorems 4.2 and 4.3). Our result is more general since
we can put an arbitrary number of closed curves in minimal position. Also, our algorithms
are quasi-linear inn instead of quadratic and quartic. And our proofs are simpler and shorter.

Techniques and discussion.  Theorems 3.3 and 3.2 extend the two main results of Chap-
ter 6: Theorems 6.1 and 6.2. While the algorithms of Theorems 6.1 and 6.2 take as input
graphs drawn in 8-reducing triangulations, on surfaces that have no boundary and genus at
least two, Theorems 3.3 and 3.2 take as input drawings any graph H cellularly embedded

on any surface (and they return inH). In the case where the surfac& has no boundary
and genus at least two, we deduce Theorems 3.3 and 3.2 from their analogs on 8-reducing
triangulations, basically by converting the input and output from one embedded graph to the
other: we draw an 8-reducing triangulationT on S, we push the input in T, we untangle in
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T, and we pull the output back into the initial embedded graptH . For the torus, and for the
surfaces with boundary (the case of the sphere is trivial in this context), we adopt the same
strategy of pushing the input into a particular model (embedded graph), untangling in this
model, and pulling the output back. Only the models for these surfaces are not 8-reducing
triangulations, but the canonical system of loopgor the torus, and theloop systemsfor the
surfaces with boundary (Chapter 3).

Note that for surfaces with boundary, an obvious strategy would also be to attach a handle
to each boundary component to reduce to the case of surfaces without boundary. While this
is certainly a valid approach, we prefer to show that the techniques developed in Chapter 6
on 8-reducing triangulations can be mimicked on loop systems to circumvent a large part of
the technical machinery.

Note also that the time complexity and output size of the algorithms presented in The-
orems 3.3 and 3.2 depend on the genus and the number of boundary components of the
surface. When the surface has boundary, this dependency is slightly worse than in the paper
versions [1, 5]. The main reason is that surfaces with boundary bene t from a slightly more
e cient conversion of model than surfaces without boundary. Yet, in this thesis, we hide
those di erences by presenting uni ed statements for Theorems 3.3 and Theorem 3.2.

Application. At the very end of this chapter we apply our results to an alternative frame-
work where the surfaceS is the Euclidean plane minus a nite set of obstacle points, and
where the drawingf is piecewise-linear. The model of computation is the Real RAM. In this
framework, we prove the following:

Theorem 7.1. Let P be a set ofp points of R2. Let G be a graph, and let : G! R?nP
be a piecewise linear drawing of size. One can determine whethelr can be untangled in
R?nP in O(p>2nlog(pn)) time. If so, one can construct in additionalO(p°n?log(pn)) time
a piecewise-linear embedding homotopic toin R2nP.

The size of a piecewise linear drawing of a graph G is the size ofG plus the total
number of segments comprising the edges of the image<Gotinder f .

Organization of the sections. In Section 7.1 we provide algorithms for untangling graphs

in the canonical system of loops of the torus. In Section 7.2 we provide algorithms for
untangling graphs in the loop systems of the surfaces with boundary. In each case we basically
mimick the algorithms for untangling graphs in the 8-reducing triangulations of the closed
surfaces of genus at least two. At this point we have untangling algorithms in each one of our
three speci ¢ models: 8-reducing triangulations for the closed surfaces of genus at least two,
canonical system of loops for the torus, and loop systems for the surfaces with boundary.
In Section 7.3 we describe the conversions between these specic models and the general
model of a graph cellularly embedded on a surface. In Section 7.4 we use all our untangling
algorithms, and all our model conversions, to prove our main results, Theorems 3.3 and 3.2.
In Section 7.5 we prove our application result, Theorem 7.1.

98



7.1 Untangling graphs on the canonical system of loops
of the torus

In this section, we provide algorithms that untangle graphs and curves drawn in a canonical
system of loops of the torus.

7.1.1 Making closed curves cross minimally

In this section we solve the problem of making closed curves cross minimally on the canonical
system of loops of the torus. More precisely, we prove the following, analogous to Theorem 6.1
on 8-reducing triangulations:

Theorem 7.2. On the torusT, let K a canonical system of loops. Le€ be a collection of
closed walks of total length in K. One can compute inO(n) time a collection C° of closed
walks in K, freely homotopic toC in T, such that there exists an approximation of° with

it(C) self-crossings.

Given a collectionC of closed curves orT, there exist formulas for computingi+(C),
see e.g. [91, Section 1.2.3]. However, puttir®g in minimal position in our setting requires
additional work. Recall that the canonical system of loopK consists in two pairwise disjoint
simple loops with common basepoint that cross at the basepoint. The dual embedded graph
K of K is also a canonical system of loops oh Endow T with a at metric for which the
face ofK is isometric to the interior of a at square (or parallelogram). LetT be obtained
from T by removing the vertex ofK . We say that a closed walkD in K is quasi-geodesic
if D has no spur, and ifD is homotopic to a (non-contractible) geodesic closed curve Tn .
We insist that both the geodesic closed curve and the homotopy areTh, not in T. The
following is analogous to Proposition 6.4 on 8-reducing triangulations:

Lemma 7.1. On the torus T, let K be a canonical system of loops. LeT be a non-
contractible closed walk of length in K. One can compute inO(n) time a quasi-geodesic
closed walkC®in K, freely homotopic toC in T.

Proof. See Figure 7.1. LeK be the canonical system of loops dual t§ onT. Let K;K>
be the two loops ofK, and let K,; K, be their respective dual loops. IdentifyT with the
quotient R2=Z2, such that K lifts to the following grid: the vertex of K lifts to Z?, the loop
K, lifts to the vertical segments betweer(i;j ) and (i;j +1) for i;j 2 Z, and the loopK,
lifts to the horizontal segments betweer(i;j ) and (i +1;j) fori;j 2 Z. Orient K; and K,
so that, in R?, the lifts of K cross the lifts ofK ; from left to right, and the lifts of K, cross
the lifts of K, from bottom to top. Let T be the surface obtained fronT by removing the
vertex of K . Let € and K be the lifts of K and K.

First, we de ne the quasi-geodesic closed walkR® without actually computing it. For
everyi 2 f 1; 2g, let k; record the number of time<C takes the loopK; in the positive direction,
minus the number of timesC takesK; in the negative direction. Then(ky; k,) 6 (0;0) since
C is non-contractible inT. Consider any pointp = (p1; p2) 2 R? for which the geodesic line
e containing p and p° := (p; + ki;p2 + kz) does not intersectZ2. Record the sequence of
crossings ok with the edges oft€ between the pointsp and p°. Dually, record a walk €°in
€. Then €°projects to a closed walkC®on K . This de nes C°
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Figure 7.1: The situation in the proof of Lemma 7.1.

By de nition CPis freely homotopic toC in T, and C° has lengthO(k; + k) = O(n).
Moreover C°is a quasi-geodesic closed walk. Inde@f has no spur, and in the punctured
torus T there is a geodesic closed curve homotopic &Y, lifted by e.

To compute C° one must choose a poin{p;;p,) 2 R? for which the geodesic segment
between(py; p2) and (py + ki; p2 + ko) does not intersectZ?, and then compute the sequence
of crossings of this segment with the edges of the integral gl . This can be done inO(n)
time, using integer arithmetic only, with the standard Bresenham's line algorithm [27]. [

The following is analoguous to Proposition 6.5 on 8-reducing triangulations:

Proposition 7.1. On atorusT, let K be a canonical system of loops. Let be the surface
obtained from T by removing an open disk from the face d&€. Let C be a collection of
quasi-geodesic closed walks K. Theni+(C) =i (C).

Proof. We shall construct a closed curve. for every closed walkc 2 C, homotopic to c in

, in such a way that the collectionf . j c 2 Cgis in general position and admitst(C)
crossings. First assume that every closed walk @ is primitive. Let K be the dual ofK
on T. Endow T with a at metric for which the face of K is isometric to the interior of a
at square. ldentify the interior of  with T minus the vertex ofK , such that the arcs of
correspond to the loops oK . For everyc 2 C, use the assumption thatc is quasi-geodesic,
and let . be a geodesic closed curve homotopic ¢tdn . Every such . is simple since in
the universal cover ofT the lifts of . are parallel geodesic lines, so they cannot intersect
themselves nor other lifts of .. Moreover, and without loss of generality, for everg6 d 2 C,
the closed curves . and 4 do not overlap (otherwise, perturb them slightly). Also, they
cross each other minimally among their homotopy classes Th For otherwise there would
be a lift of . and a lift of 4 that cross twice, by Lemma 5.10. The portions of the two
lifts in-between the two-crossings would form a bigon with geodesic sides, contradicting the
Gauss Bonnet formula.
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For the general case, for everg2 C, let n 1 be such thatc is homotopic inT to the
n" power of a primitive closed curve. Then, and sinceis quasi-geodesig; is actually equal
to the n™ power of a primitive closed wall¢, whereé is quasi-geodesic. Le® := f&jc2 Cg.
By the previous paragraph, put the closed walks i® in general position by homotopy in
so that they intersectiT(@) many times. Then draw each . 2 C in a neighborhood of¢ as
in Figure 5.1. The resulting collectionf .j c2 Cgis in general position and admita(C)

crossings by Lemma 5.9. ]
Proof of Theorem 7.2. Apply Lemma 7.1 to compute inO(n) time a collection C° of quasi-
geodesic closed walks it, freely homotopic toC in T. Then it(C) = i+(C% = i (C9
by Proposition 7.1. And there exists and approximation ofC® with i (C9 crossings by
Proposition 6.6, sinceC® clearly has no spur. ]

7.1.2 Untangling loop graphs

In this section we attack the problem of untangling graphs on the canonical system of loops
of the torus. We adopt the same strategy as on 8-reducing triangulations, that is, we start by
untangling sparse drawings of loop graphs. More precisely, we prove the following, analogous
to Proposition 6.7 on 8-reducing triangulations:

Proposition 7.2. On the torus T, let K be a canonical system of loops. Lét be a loop
graph. Let :L ! K be a drawing of sizen and depthN. Assume that is sparse. One
can compute inO(n) time a drawing °:L ! K, homotopic to in T, such that if can be
untangled inT then Cis a weak embedding.

Proof. If at some point in the algorithm we are sure that cannot be untangled, then we
can return as °any drawing that clearly cannot be untangled. Now we claim that we can
assume, without loss of generality, thal. is connected and contains at most three loops.
Indeed, if can be untangled, then each connected componentlothas at most three loops
(by Euler's formula) and if it has at least two loops, then by sparsity every embedding of
that connected component cuts the torus into a disk. Thus, either the conclusion of the
claim holds, orL has several connected components, each made of a single loop. These loops
must be pairwise freely homotopic, because otherwise they cannot be untangled; but then
can be untangled if and only if its restriction to a single connected component bf can
be untangled, and a weak embedding of this single loop would immediately provide a weak
embedding ofL (and in that case the rotation systems are trivial). All this takes linear time.
This proves the claim.

Let K be the canonical system of loops dual td on the torusT. Let ki; k, be the two
loops of K, and let k;; k, be their respective dual loops. We identifyl with the quotient
R2=Z2, such that K lifts to the following grid: the vertex of K lifts to Z?2, the loop k, lifts
to the vertical segments betweerfi;j ) and (i;j +1) fori;j 2 Z, and the loopk, lifts to the
horizontal segments betweefi;j) and (i +1;j) fori;j 2 Z; the loopsk; and k, are oriented
so that, in R?, the lifts of k; cross the lifts ofk, from left to right, and the lifts of k, cross
the lifts of k, from bottom to top. In this way, T is endowed with a at metric.

Now, we dene a mapf : L ! T, homotopic to , by representing the loops ofL
as geodesics in this metric. For this purpose, we rst select arbitrarily the image of the
basepoint ofL underf ; let p be one of its lifts inR2. The images of any loog of L under f
are then uniquely determined: Indeed, if (€) is homotopic toki* k32, then f (€) must lift
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to a line segment fromp to p+ (uy; uy). Finally, we can ensure thatf does not intersect the
vertex of K , by slightly perturbing p if necessary. Note thatf actually maps each edge of

L to a geodesic closed curve (not only a geodesic path). Now for every edgé L, the path

f (e) crossedO(n) edges oK . We can compute the sequence of crossingsfd@ge) with the
edges oK in O(n) time: Indeed, f (€) lifts to a line segment inR? that does not intersect
the integer points, and given its endpoints, we can compute the sequence of horizontal and
vertical edges of the grid crossed by the line segment, in order, with the standard Bresenham's
line algorithm [27], which uses integer arithmetic only. This sequence of crossingsf ¢€)
with K gives, by duality, a walk inW, in K. Let °:L ! K be the drawing that maps
each edgee of L to its walk We.

If (and thusf) can be untangled, we claim thaf is an embedding. It is then immediate
that Cis a weak embedding, sinck approximates °in the patch system ofK , which is the
surface obtained fromT by removing the vertex ofK .

There remains to prove the claim. So assume thdt can be untangled. If a non-
contractible geodesic closed curve in T is homotopic to a simple closed curve, then
itself is simple. This is by Lemma 5.10, since the lifts of in the universal cover ofT are
injective and do not cross each other, being primitive by Lemma 5.9. Similarly, any two
non-contractible non-homotopic simple geodesic closed curvgsand ; cross minimally, up
to (free) homotopy, by Lemma 5.10 and Lemma 5.9. Thus every loagpof L is mapped
to a simple closed curve byf, by sparsity and since the image curve of is simple in an
embedding homotopic tof . Also for any two distinct loopse; and e, of L, the closed curves
f (e; and f (e;) cross only once (at the image of the vertex df), by sparsity and since the
image curves ok; and e, cross only once in an embedding homotopic fo. This proves that
f is an embedding. m

7.1.3 Untangling graphs, e cient factorization

In this section we solve the problem of untangling graphs on the canonical system of loops of
the torus. More precisely, we prove the following, analogous to Theorem 6.2 on 8-reducing
triangulations:

Theorem 7.3. On the torusT, let K a canonical system of loops. LeG be a graph, and
letf : G! K be a drawing of sizen. One can determine inO(nlogn) time whetherf
can be untangled inT. If so, one can construct in additionalO(n?) time a weak embedding
f0:G! K, homotopic tof in T, of depthO(n).

We adopt the same strategy as on 8-reducing triangulations, so that the proof of The-
orem 7.5 is similar to the proof of Theorem 6.2 in Section 6.5. It relies on the notion of
factorization de ned in Section 6.5.1, and makes use of the key lemmas of Section 6.5.2
(Lemma 6.14 and Lemma 6.15). The e cient factorization stated in Proposition 6.9 for
8-reducing triangulations translates as follows:

Lemma 7.2. On the torusT, let K be a canonical system of loops. L& be a graph, and
letf :G! K be a drawing of sizexr. In O(nlogn) time, one can either correctly report that
f cannot be untangled inT or compute a factorization(L; ; ) of f, such thatL hasO(1)
loops, and such that has depthO(n).
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Proof of Lemma 7.2. The algorithm is an easy variation on the one described on 8-reducing
triangulations (Section 6.6). The only change concerns the data structure that stores homo-
topy classes of walks ik . Here we replace the reduced walks in a 8-reducing triangulation
by pairs of integers(us; u,) uniquely representing the homotopy class df,* k32, wherek;
and k, are the two loops ofK. The compressed homotopy tree structure is replaced by a
two-level tree-like structure, the rst level for the integer u; and the second level for the
integer u, in the notations above. All the operations of the data structure easily extend to
this context, as well as the contraction algorithm, since it only uses these four operations.]

Proof of Theorem 7.3. The algorithm is the one proving Theorem 6.2 in Section 6.5.3, with
the following modi cations. The surfaceS, the 8-reducing triangulation T, and the genusg
are replaced by the torusT, the canonical system of loopK , and O(1). Also Proposition 6.7
and Proposition 6.9 are replaced by their analogs, Proposition 7.2 and Lemma 7.2. [

7.2 Untangling graphs on the loop systems of surfaces
with boundary

In this section, we provide algorithms that untangle graphs and curves drawn in a loop system
Y of a surfaceS with boundary.

To do that, we identify S with the surface of the patch system o¥, and we think of Y as
embedded in its patch system, where the edgesYfare dual to the arcs of the patch system.
In fact, the results of this section would hold more generally if we tooK to be any graph
embedded in its patch system, but we will not need that.

7.2.1 Making closed curves cross minimally

In this section we observe that we already have all the tools to make closed curves cross min-
imally on loop systems. More precisely, we prove the following, analoguous to Theorem 6.1
on 8-reducing triangulations, and to Theorem 7.2 on the canonical system of loops of the
torus:

Theorem 7.4. LetY be a loop system in a surfac8 with boundary. LetC be a collection of
closed walks of total length in Y. One can compute inO(n) time a collection C° of closed
walks inY, freely homotopic toC, such that there exists an approximation oE° with i5(C)
self-crossings.

Proof of Theorem 7.4. Greedily remove all spurs fronC in O(n) time, resulting in a collec-
tion C°of closed walks inY. Then CPis as desired by Proposition 6.6. O

7.2.2 Untangling loop graphs

In this section we attack the problem of untangling graphs on loop systems. We adopt the
same strategy as on 8-reducing triangulations, and as on the canonical system of loops of
the torus, that is we start by untangling sparse drawings of loop graphs. More precisely, we
prove the following, analogous to Proposition 6.7 and Proposition 7.2:
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Proposition 7.3. Let Y be a loop system in a surfac® with boundary. LetL be a loop
graph. Let :L ! Y be a drawing of sizen and depthN. Assume that is sparse. One
can compute inO(n) time a drawing °: L ! Y, homotopic to , of depthO(N), such that
if can be untangled irS then °is a weak embedding.

The proof of Proposition 7.3 resembles the proof of Proposition 6.7 in Section 6.4. Given
adrawing :L ! Y, we choose an edge in each connected component. adnd declare
it to be a major edge ; the other edges oL (if any) are minor edges . We say that is
straightened if, under , (1) each major edge is mapped to a reduced closed walk, and (2)
each minor edge is mapped to a reduced walk. The following is analogous to Lemma 6.7:

Lemma 7.3. One can compute inO(n) time a drawing °: L ! Y, homotopic to |,
straightened, of sizeD(n), and of depthO(N).

Proof. The algorithm and its proof are similar to that of Lemma 6.7, to which we refer for
details. Assuming without loss of generality thatL is connected, one constructs® from

by rst choosing the major edgee, of L such that the image walk (&) has minimal length,
by removing all spurs from the closed walk (&) by free homotopy, and nally by removing
all spurs from the image walks of the minor edges while xing their basepoint. m

The following is analoguous to Proposition 6.8:

Lemma 7.4. If adrawing :L ! Y is sparse, straightened, and can be untangled 8
then is a weak embedding.

Recall that we viewS as the surface of the patch system of, where the arcs of the patch
system are dual to the edges of . Also, the proof of Lemma 7.4 make use of the classical
Nielsen Schreier theorem, which we recall for convenience: this theorem states that every
subgroup of a free group is itself free.

Proof. Assume that is sparse and straightened, and that there is an embeddin§:L! S
homotopicto (weview asamapL ! S bycomposing itwith the embeddingy ! S). We
shall prove that is a weak embedding. In a rst step, we modify ° by an ambient isotopy
( xing the boundary of S) so that afterward °maps every major edge df to a closed curve
without spur in S (with respect to the arcs ofS). For this purpose, we remark that ° maps
the major edges ol to a set of pairwise disjoint simple closed curves i&. Whenever there
is a bigon between the image of a major edge and an arcfthere is an innermost bigon,
which we remove by ambient isotopy, thus decreasing the number of crossings betwe¥h)
and the arcs ofS. We repeat this operation until there is no more bigon, at which point the
image curves of the major edges are have no spur.
Now consider a connected componeht, of L, the vertex v of Ly, and the major edge

ein Lo. We can make the image walk oé cross the arcs ofS with the same sequences in

Oand (not up to cyclic permutation, exactly the same sequence) simply by sliding the
image ofv along the image ofein ° We slide {v) by an ambient isotopy in the tubular
neighborhood of {e). We can do so since the sequence of crossings %é) with the arcs of
S is a cyclic permutation of the one of (e); here we make use of the fact that if two freely
homotopic closed curves have no spur, then their sequences of crossings with the ar& of
are equal up to cyclic permutation. In °we slide the image of along the image of so that
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the two sequences become equal is still an embedding. We do this for every connected
componentL, of L in turn.

Consider again some connected compondrg of L, with vertex v, and major edgee. We
claim that we can modify °by sliding the image ofv some nite number of times around the
image ofe (each time, the image ofv making one full loop around the image oé) so that,
in the end, there is a free homotopy between]_, and j_, in which the image ofv does not
leave its face of the patch system. To prove this claim rst observe that it would be possible
to do so, not by sliding along the image oé, but by somefree homotopy of Y, ,. During
this homotopy the image ofv makes a loop in S. The loop commutes, up to homotopy,
with the loop qe) as qe)' (e) by the previous paragraph and (€)' Ye) by
construction, where' denotes homotopy of loops relatively to their basepoint. Moreover,
the loop qe) is non-contractible since °is sparse, so it is also primitive by Lemma 5.9.
Thus is a power (up to homotopy) of qe). Let us prove this. The fundamental group of
S is a free group. It is known (and we prove) that in a free group if two elements and y
commute, then they are powers of some common element: indeed, the subgrdugenerated
by x and y is an Abelian subgroup, which is free by the Nielsen Schreier theorem; but the
only Abelian free group isZ; soK is cyclic. Now, as mentioned above,qe) is primitive.

Now in %any bigon between the image of a minor edge bf, and an arc ofS does not
contain any vertex of {L). Indeed, otherwise, the image walk of the major edge incident to
that vertex would have a spur, a contradiction. So we can remove any innermost bigon by
an ambient isotopy. When this is not possible anymore, by the preceding claim, the image
loops of the minor edges intersect the arcs &fwith the same sequence in®and . Here we
make use of the fact that if two loops are homotopic relatively to their basepoint (or via a
free homotopy in which the basepoint does not leave its face $f, and if they have no spur,
then they intersect the arcs ofS with the same sequence. O

Proof of Proposition 7.3. Apply Lemma 7.3 to compute the drawing °: L ! Y. If can be
untangled then °is a weak embedding by Lemma 7.4. ]

7.2.3 Untangling graphs, e cient factorization

In this section we solve the problem of untangling graphs on loop systems. More precisely,
we prove the following, analogous to Theorem 6.2 on 8-reducing triangulations, and to The-
orem 7.3 on the canonical system of loops of the torus:

Theorem 7.5. Let Y be a loop system of sizen in a surface S with boundary. LetG be a
graph, and letf : G! Y be a drawing of sizen. One can determine inO(mn log(mn)) time
whetherf can be untangled inS. If so, one can construct in additionalO(n?) time a weak
embedding °: G! Y, homotopic tof , of depthO(n).

Again, we adopt the same strategy as on 8-reducing triangulations, so that the proof of
Theorem 7.5 is similar to the proof of Theorem 6.2 in Section 6.5. The e cient factorization
(Proposition 6.9) here translates as follows:

Lemma 7.5. Let Y be a loop system of sizem in a surface S with boundary. LetG be a
graph, and letf : G! Y be a drawing of sizen. In O(mnlog(mn)) time, one can either
correctly report that f cannot be untangled inS or compute a factorization(L; ; ) of f,
such thatL hasO(m) loops, and such that has depthO(n).
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Proof. The algorithm is an easy variation of the one for 8-reducing triangulations (Sec-
tion 6.6.2, proof of Proposition 6.9). The only change concerns the data structure that stores
homotopy classes of walks. Here we replace the reduced walks in a 8-reducing triangulation
by walks without spur in H. That is, we store these walks as lists of directed edgestbfin a
tree-like fashion to implement the data-structure of Section 6.6.1. The operations introduced
in Section 6.6.1 extend to this context, and Section 6.6.2 extends immediately, because it
only uses these operations. O

Proof of Theorem 7.5. The algorithm is the one proving Theorem 6.2 in Section 6.5.3, with
the following modi cations. The 8-reducing triangulationT and the genusgy are replaced by
the loop systemY and its sizem. Also Proposition 6.7 and Proposition 6.9 are replaced by
their analogs, Proposition 7.3 and Lemma 7.5. ]

7.3 Model conversions

Until now, our untangling algorithms operate on drawings of graphs in very speci ¢ models:
reducing triangulations for surfaces without boundary of genus greater than or equal to two,
canonical system of loops for the torus, and loop systems for the surfaces with boundary.
In this section we describe the conversions between these speci ¢ models and the general
model of an arbitrary graph cellularly embedded on the surface. This is in preparation for
the proofs of the two main theorems of this chapter, Theorems 3.3 and 3.2.

We x a surface S of genusg with b boundary components, and a graptd of sizem
cellularly embedded onS. We consider the case wher8 is closed genus at least twob(= 0
andg 2) in Section 7.3.1, the case wher8 is a torus b=0 and g =1) in Section 7.3.2,
and the case wheré& has boundary o 1) in Section 7.3.3.

7.3.1 Closed surfaces of genus at least two

In this section we prove the following:

Lemma 7.6. Assumeg 2 andb = 0. One can construct inO(gm) time an 8-reducing
triangulation T of S, and a drawing’ : H ! T, of depthO(g), homotopic to the inclusion
mapH ! S. One can construct in additionalO(g?m) time a weak embedding : T ! H,
of depthO(gm), isotopic to the inclusion mapT ! S.

In the lemma 7.6, and in the other lemmas of this chapter, when we say that a weak
embeddingf is isotopic to an embedding, we mean that there exist embeddings arbitrarily
close tof that are all isotopic to g.

To prove Lemma 7.6 we use the following result of Pocchiola, Lazarus, Vegter, and Ver-
roust [133]:

Lemma 7.7 (Pocchiola, Lazarus, Vegter, and Verroust, 2001)Let S be a surface of genus
g without boundary. LetH be a graph of sizen cellularly embedded os. One can compute
in O(gm) time the overlay ofH and a canonical system of loopK , such that each loop of
K crosses each edge &f at most four times

Proof of Lemma 7.6. First, we construct fromH a particular graph Q embedded orfS, that
we obtain by inserting a new vertex in every face, by adding an edge between this vertex
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and every corner of the face, and by removing frotd all its initial edges. Observe thatQ is
a quadrangulation of sizeO(m) sinceH has sizeO(m). We will use Q advantageously, and
this is crucial to obtain the claimedO(gm) time complexity. Let K be the canonical system
of loops for the surface of genugwithout boundary. With Lemma 7.7 we compute inO(gm)
time an embedding ofK in general position with respect toQ, such that each loop ofK
crosses each edge & at most four times. Then we consider the 8-reducing triangulation
T for the surface of genug without boundary depicted in Figure 6.1. This triangulationT
extendsK , so the embedding oK extends to an embedding of in general position with
respect toQ, in which each edge of crosseQ at most O(gm) times, see Figure 7.2. While
we already computed the overlay oK and Q, we do not compute the overlay off and Q
yet, as this overlay may have sizg g’m).

Let us rst explain how to compute the drawing’ : H ! T, in O(gm) time. Our strategy
is to push the 1-skeleton oH by homotopy into the 1-skeleton ofT, and then to let' be
the resulting drawing ofH on T. As a preliminary, we push every edge of H to a walk of
length 2 in Q. We shall now explain how to pusHQ into the 1-skeleton ofT by homotopy, in
a way that will send every edge o to a walk of lengthO(g) in T. See Figure 7.3. Consider
the overlay betweenK and Q. For each loop ofK crossedk times by Q, we contractk 1
such subedges, and then we contract some subedge® ah order to bring every vertex ofQ
to the basepoint ofK (Figure 7.3). Let Q°be the resulting contracted version o; now, we
have the overlay ofQ° and of K , two one-vertex graphs sharing the same vertex. The e ect
is that each edge ofQ%is transformed into an ordered set o©(g) pairwise non-crossing arcs
in the polygonal schema, each connecting two corners. We push each of those arcs into a
path of length O(1) in T.

Finally, let us explain how to construct the drawing : T ! H, in O(g?m) time. Our
strategy is to push the 1-skeleton of arbitrarily close to H, and then to let be the resulting
weak embedding oflT in H. To do so, we forget about the modi cations of the previous
paragraph, and we compute the overlap of T and Q (Figure 7.2, Right) in O(g?m) time.
Then, we modify A in two steps. See Figure 7.4. First, recall that by construction, every
edgee of Q is between a vertexv of H and a dual vertexw that was inserted in a face oH
when building Q. In the overlay A, we bring thek intersection points betweere and T close
to v, by contracting the k 1 subedges oé that are not incident to w. Second, we contract
some subedges of in A to put every vertex of T close to a vertex ofH. In the end, every
edgee of T is close to a walk of lengthO(gm) in H, so we can retrieve the desired weak
embedding of the 1-skeleton of into H. ]

7.3.2 Torus

The following is analoguous to Lemma 7.6:

Lemma 7.8. Assumeg=1 andb=0. One can construct inO(m) time a canonical system
of loopsK of S, a drawing' : H ! K, of depthO(1), homotopic to the inclusion map
H ! S, and a weak embedding : K ! H, of depthO(m), isotopic to the inclusion map
K! S

Lemma 7.8 is easy, in fact almost immediate from Lemma 7.7, so the proof is omitted.
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Figure 7.2: From left to right: (a) The canonical polygonal schema associated to the canonical
system of loopsK for the surfaceS of genusg = 4. (b) A blue graph Q on S, in general
position with respect toK , that intersects every edge oK at most m times. (c) A reducing
triangulation T whose 1-skeleton contain& . (d) An embedding of T on S such that each
edge ofT crosseqQ at most O(gm) times.

Figure 7.3: (Left) In the proof of Lemma 7.6, the grapiQ is represented in blue in the face
of K. (From Left to Middle) The intersection points betweenQ and K are slided along the
edges oK . (From Middle to Right) Some subedges o) are contracted to push the vertices
of Q to the vertex of K .

7.3.3 Surfaces with boundary

In this section we prove the following, analoguous to Lemma 7.6 and Lemma 7.8:

Lemma 7.9. Assumeb 1. One can construct inO((g+ bym) time a loop systemY of S,
adrawing' : H ! Y, of depthO(g+ b), homotopic to the inclusion mapH ! S, and a
weak embedding : Y ! H, of depthO(m), isotopic to the inclusion mapY ! S.

(Lemma 7.9 is trivial wheng = 0 and b= 1, equivalently when the surfaces is a closed
disk. In this case the loop systenY is a single vertex without any loop.)

Proof. Let us rst explain how to construct the loop systemY from H. We close each
boundary component ofS with a disk, and we remove one point from the interior of each
disk, obtaining a non-compact surfacé. We operate in$ instead of S. The graph H is
embedded inS. The faces of that graph that correspond to boundary components &
are punctured We keep the invariant that, at every step, every face contains at most one
puncture. See Figure 7.5. First, we contract an arbitrary spanning treg in H, so that
the resulting H? has only one vertex. Second, as long as an edgeHd¥is incident to a face

108



Figure 7.4: (Left) In the proof of Lemma 7.6, a portion ofT is here represented in red in
some face of). The two blue disk vertices belong taH. The two blue circle vertices were
inserted in faces oH to build Q, they are dual vertices. The dashed edge was deleted from
H to build Q. The plain edges belong t®@. (From Left to Middle) In the overlay A between

T and Q, every edge ofQ is detached from its incident dual vertex, then contracted. (From
Middle to Right) Some subedge incident to the red disk vertex of is contracted.

Figure 7.5: In the proof of Lemma 7.9 the loop syste is constructed from the embedded
graph H by contracting the spanning treeZ and then deleting some edges.

punctured and to a face not punctured, we remove it, thus merging the two faces into a single
punctured face. In the end every face is punctured, so the resulting graphis indeed a loop
system ofS. It is easy to achieve this in linear time, e.g., by using a spanning forest of the
faces ofH %in which the seeds are the punctured faces.

Let us now explain how to compute the drawing : Y ! H. See Figure 7.6. Consider
an arbitrary root vertex r for Z. We constructedY from H by contracting Z, and then by
deleting some edges, so each loopYfcorresponds to an edgav 2 H nZ, and is naturally
mapped to the (undirected) walkW in H that is the concatenation of the path inZ between
r and u, of the edgeuv, and of the path inZ betweenv andr. We mapeto W in , and we
map the basepoint ofY to r. Then is as desired, and it can be constructed i®((g+ bm)
time sinceY hasO(g+ b) loops by Euler's formula, each mapped to a walk of lengt®(m).

Finally, let us explain how to compute the drawing :H ! Y. Our strategy is to push
the 1-skeleton ofH into the 1-skeleton ofY by homotopy, and then to let' be the resulting
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Figure 7.6: Following Figure 7.5. In the proof of Lemma 7.9, construction of the weak
embedding :Y! H.

drawing of H on Y. First, as above, we contract the edges of the spanning tr&e so that the
contracted edges are now mapped to the basepoint¥¥f Then we consider the other edges
of H. Any such edge that is not inY belongs to a unique face oY, and can be rerouted
homotopically in* to a walk on the boundary of the face. By Euler's formulay contains
O(g+ b) loops, so the boundary of the face is made @f(g + b) edges. Thus, maps each
edge ofH to a walk of lengthO(g+ b) in Y. m

7.4 Untangling graphs on surfaces

In this section, we nally wrap things up and prove the two main theorems of this chapter,
Theorems 3.3 and 3.2. We start with Theorem 3.3, which we restate for convenience:

Theorem 3.3. Let S be a surface of genus smaller thag) with less thans boundary com-
ponents. LetH be a graph of sizen cellularly embedded ors. Let G be a graph, and let
f :G! H be adrawing of sizex. One can determine inO(m + sn log(sn)) time whetherf
can be untangled irS. If so, one can construct in additionalO(s?mn?) time a weak embedding
f%:G! H, homotopic tof in S, of depthO(s?mn).

As a preliminary in proving Theorem 3.3, note that we can compute i®(m) time the
genusg of S (by using Euler's formula onH), and the number b of boundary components
of S. Then the topological type ofS is fully specied by g and b. If S is the sphere, then
any drawing that maps G to a single vertex ofH is a weak embedding whenevdr can be
untangled, so this case is solved by the algorithm of Akitaya, Fulek, and Téth [10], restated
in Theorem 5.1. There are three other cases, depending on whetlgehas boundary or not,
and with a special case for the torus. The general strategy is the same for all cases: Roughly,
we push the initial drawingf into the appropriate model (8-reducing triangulation, canonical
system of loops, loop system), we untangle the drawing in this model (or correctly determine
that the drawing cannot be untangled, in which case we abort), and we push the result back
into the initial graph H for returning it. There is a subtlety though: If we are only interested
in determining wetherf can be untangled inS, and thus applying only the rst part of the
algorithm, then we can gain e ciency by contractingH (and transforming f accordingly)
into a graph of sizeO(s) as a preliminary step, before applying the algorithm. We now
provide the details for each case.
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Proof of Theorem 3.3 wherb=0 andg 2. Consider the following algorithm, in two steps.
As a rst step, apply Lemma 7.6 to construct inO(sm) time an 8-reducing triangulation T
of S, and adrawing' :H ! T, of depth O(s), homotopic to the inclusion mapH ! S. The
composed map f is homotopic tof , and has sizeéD(sn). Apply Theorem 6.2 to determine
in O(s?nlog(sn)) time whether' f, equivalently f , can be untangled inS. This rst step
takes O(sm + s2n log(sn)) time in total.

As a second step, if can be untangled, Theorem 6.2 provides in addition&(s?n?) time
a weak embedding °: G! T, homotopic to f, of depth O(sn). And Lemma 7.6 provides
in additional O(s?m) time a weak embedding : T ! H, of depth O(sm), isotopic to the
inclusion mapT ! S. The composed drawing f %is then a weak embedding, homotopic
to f, of depth O(s?mn), that can be retrieved inO(s?mn?) time.

If we are just interested in determining whetherf can be untangled inS, then we can
just apply the rst step. Moreover, we claim that in that case we can rst contractH in
O(m) time into a graph of sizeO(s) (and transform f accordingly), as a preliminary step,
so even before applying the rst step. This way, determining whethefr can be untangled
takes O(m + s?nlog(sn)) time instead of O(sm + s?nlog(sn)) time. Let us prove the claim.
We can, in O(m) time, contract an arbitrary spanning tree ofH and transform the input
drawing f homotopically into a drawing of G in that new graph. Then we can iteratively
remove edges forming monogons kh, and merge together edges forming bigons, all @(m)
time. Euler's formula then implies that H has O(s) loops. This proves the claim, and the
theorem in the caséb=0 andg 2. ]

Proof of Theorem 3.3 wherb=0 andg=1. The overall strategy is similar. For the rst
step, apply Lemma 7.8 to construct inO(m) time a canonical system of loopK of S, and a
drawing' :H ! K, of depth O(1), homotopic to the inclusion mapH ! S. The composed
map' f is homotopic tof , and has sizeéD(n). Apply Theorem 7.3 to determine inO(n logn)
time whether' f, equivalently f, can be untangled inS.

For the second step, if can be untangled, Theorem 7.3 provides in addition&®(n?) time
a weak embedding °: G! K, homotopic to f, of depth O(n). And Lemma 7.8 provides
in additional O(m) time a weak embedding : K ! H, of depth O(m), isotopic to the
inclusion mapK ! S. The composed drawing f%is then a weak embedding, homotopic
to f, of depth O(mn), that can be retrieved inO(mn?) time.

Again, if we are just interested in determining whethef can be untangled, we can, as a
preprocessing step, contract the graphl into a small graph, here of siz&(1). This proves
the theorem in the caséb=0 andg=1. m

Proof of Theorem 3.3 wherb 1. Again, the overall strategy is similar. As a rst step,
apply Lemma 7.9 to construct inO(sm) time a loop systemY of S, and adrawing’ :H! Y,
of depth O(s), homotopic to the inclusion mapH ! S. The composed map f is homotopic
to f, and has sizeO(sn). Also Y has sizeO(s). Apply Theorem 7.5 to determine in
O(s?nlog(sn)) time whether' f, equivalently f , can be untangled inS.

For the second step, if can be untangled inS, Theorem 7.5 provides in additionaD(s?n?)
time a weak embeddingf®: G ! Y, homotopic to f, of depth O(sn). And Lemma 7.9
provides in additional O(sm) time a weak embedding :Y ! H, of depth O(m), isotopic
to the inclusion mapY ! S. The composed drawing f°is then a weak embedding,
homotopic to f, of depth O(smn), and it can be retrieved inO(smn?) time. This second
step takesO(s?n? + smn?) time in total.
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And again, if we are just interested in determining whethef can be untangled, we can,
as a preprocessing step, contract the grapH into a graph of sizeO(s). This proves the
theorem. O

Now we prove Theorem 3.2, which we restate for convenience:

Theorem 3.2. Let S be a surface of genus smaller thas) with less thans boundary compo-
nents. LetH be a graph of sizen cellularly embedded ors. Let C be a collection of closed
walks of total lengtm in H. One can computéds(C) in O(m+ s?+ snlog(sn)) time. One can

construct in additional O(s?mn) time a collection of closed walk€°in H, freely homotopic

to C in S, in minimal position.

Proof of Theorem 3.2. As in the proof of Theorem 3.3 the case wher® is the sphere (or
the disk) is trivial, and there are three other cases depending on the topological type of the
surfaceS, speci ed by its genusg and its numberb of boundary components. Again, in each
case we push the input (here a set of closed walks instead of a drawing of a graph) into the
appropriate model, solve the problem in this model, and push the result back into the initial
graph H. We only detail the caseb=0 andg 2, since the other cases are similar and
easier, and since we already provided details on conversions between models in the proof of
Theorem 3.3.

So assumeb = 0 and g 2. Similarly to the algorithm untangling graphs (proof of
Theorem 3.3), the algorithm putting the curves inC in minimal position has two steps: the
rst step only computes is(C), while the second step actually produces curves in minimal
position. For the rst step, apply Lemma 7.6 to construct in O(sm) time the 8-reducing
triangulation T of S and the drawing' : H ! T. The closed walks inC, once composed
by ' , become a collectiorC® of closed walks inY, homotopic to C, of total length O(sn).
Apply Theorem 6.1 to compute inO(sn) time a collection C° of closed walks inT, freely
homotopic to C in S, in minimal position. At this point is(C) = is(C9 can be computed in
O(snlog(sn)) time by computing a minimal perturbation of C°with Theorem 5.2, and then
counting its self crossings with Lemma 5.11. This rst step take®(sm + snlog(sn)) time.

For the second step, Lemma 7.6 provides in addition&@(s?m) time a weak embedding

:T! H. The closed walks inC% once composed by, become a collection of closed walks
C%in H, of total length O(s?mn), freely homotopic toC, in minimal position. Retrieve C%
in O(s?mn) time, and return it. This second step take(s?’mn) time.

Again, if we are just interested in computing s(C), we can just apply the rst step after
preliminarily contracting the graph H into a graph of sizeO(s). This preliminary contraction
step allows us to computés(C) in O(m+ s?+ snlog(sn)) time instead ofO(sm+ snlog(sn))
time.

Finally, as already explained, the two other cases (torus and surfaces with boundary) are
treated similarly. Lemma 7.6 and Theorem 6.1 are replaced by Lemma 7.9 and Theorem 7.4,
and by Lemma 7.8 and Theorem 7.2, respectively. ]

7.5 Application to the punctured plane

In this section we prove our application result, Theorem 7.1, which we restate for convenience:

Theorem 7.1. Let P be a set ofp points of R?. Let G be a graph, and let : G! R?nP
be a piecewise linear drawing of size. One can determine whethelr can be untangled in
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Figure 7.7: In the proof of Theorem 7.1, the topological embeddind (in red) is transformed
into a piecewise-linear embedding. (Top) In a triangle of T (in black), the crossings of °
with the sides of are packed at the middle points of those edges, then a cycle with three
vertices (in blue) is attached to the imageX of ' %in . (Middle) X [ C is replaced by a
piecewise-linear embedding ambient isotopic to it, the@ is deleted. (Bottom) The resulting
piecewise linear drawing °of G is made an embedding again by unpacking its crossings the
edges ofT.

R?2nP in O(p>2nlog(pn)) time. If so, one can construct in additionalO(p°n?log(pn)) time
a piecewise-linear embedding homotopic toin R2nP.

Proof of Theorem 7.1. First we reduce to the combinatorial map model in a way very similar
to Cabello, Liu, Mantler, and Snoeyink [32, Lemma 12], in the same spirit as Colin de Verdiere
and de Mesmay [47, Section 5.2]. More precisely we do the following. We x a closed box
around each point ofP that does not intersect the image of nor the other boxes, and we
denote byBp the resulting collection of boxes. We also x a bounding boB that contains
the image of' and all the boxes inBp in its interior. Then we construct in time almost
linear in p a cellular decompositionT of B nBp, of sizeO(p), whose edges are rectilinear.
Without loss of generality T and ' are in general position. Finally, we consider the dual
graph H of T, and the drawingf : G! H that (1) maps each vertexv of G to the vertex

of H dual to the face ofT containing' (v), and (2) maps each edge of G to the walk in H
encoding the crossings between the path(e) and the edges ofl. The drawing f has size
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O(n), where is the maximum number of times a segment of the drawing intersects edges
of T. Also, f is computed inO( n ) time, and is homotopic to' in B nP.

First assume that we are just interested in determining if there exists an embedding
homotopic to f. In this case we can ensure = O(p p) by constructing T in such a way
that each line in the plane crosses at mos{‘r)(p p) edges ofT [32, Lemma 11]. We apply
Theorem 3.3 tof and H to determine in O(p>=?n log(pn)) time if there exists an embedding
homotopic tof, equivalently to* , in B nP.

Now assume that there exists an embedding homotopictg and that we want to compute

a piecewise linear embedding homotopic fo. In this case we prefer to construct so that it
is a triangulation (for example, but not necessarily, a Delaunay triangulation), without caring
about . We have = O(p). Let us now explain how to compute the desired embedding in
additional O(p°n?) time. Theorem 3.3 provides iMO(p>n?) time a weak embedding °: G !
H, of sizeO(p°n?). The algorithm of Akitaya, Fulek, and Téth (Theorem 5.1) provides in
O(p°n?log(pn)) time an embedding' ° approximating f %in the patch system ofH. Here the
patch system ofH corresponds to the triangulationT, and the overlay betweenl and the
embedding' °is giventopologically by a an embedded graph of siz&(p°n?) in which T and
G are embedded.

We transform the topological embedding ° into a piecewise-linear embedding in three
steps. See Figure 7.7. As a rst step we do the following for each edgef T. We consider
the crossings betweer and ' {G), and we modify' ° by sliding those crossings along to
pack all of them at the middle point ofe. We do so for every edge of T, and we consider the
resulting drawing of G. The crossings between (G) and the edges off are now packed
at the middle points of those edges, but is still an embedding everywhere else.

As a second step, we do the following in each triangle of T. We consider the partX
of (G) that lies inside . We attach an outer-cycleC to X, whose vertices are the middle
points of the edges of ; this is the blue cycle in Figure 7.7. IfX does not intersect every
edge of some of the vertices o€ may not be attached toX : this is ne, and is for example
the case of the bottom vertex of the blue cycle in Figure 7.7. We now construct an embedding
isotopic to X [ C (in particular, C remains the outer-cycle of the embedding). Ideally, we
would like such an embedding in which every edge is a linear segment, a Fary embedding.
But this is not always possible sinc&X [ C may have loops and parallel edges. This is easily
solved: we insert two vertices in each edge Xf, consider the resulting graphX ©, observe that
X[ C has no loops nor parallel edges, and compute a Fary embedding isotopicXt8] C
instead, using classical algorithms [171, 60, 59], in linear time. Equivalently, a piecewise-
linear embedding isotopic toX [ C in which every edge ofC is a linear segment and every
edge ofX is a path of three linear segments. Up to applying an a ne transformation to
the embedding, we may assume without loss of generality that the three vertices ©fare
embedded at the corresponding middle points of the edges of In , we replaceX by its
piecewise-linear embedding, and we forg&t. We do so for every triangle of T, and we
consider the resulting piecewise-linear drawing® of G.

As a third and nal step, we make °an embedding by unpacking the crossings of with
each edge ofr, while keeping ° piecewise linear, as in Figure 7.7 (Bottom). O
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Chapter 8

A Discrete Analog of Tutte Embeddings

In this chapter we focus on reducing triangulations, on which we translate the framework of
Tutte embeddings. We consider drawings of graphS in reducing triangulations T. Recall
(Chapter 3) that such drawings map the vertices o6 to vertices of T, and the edges ofc

to walks in T. Our rst contribution is the de nition of harmonious drawings which are

a natural discrete analog of Tutte drawings. We omit this de nition for now. Our second
contribution is a purely discrete analog of the theorems of Tutte (Theorem 4.1) and Y. Colin
de Verdiere (Theorem 4.4):

Theorem 3.4. Let S be a surface of genug 2 without boundary. LetT be a reducing
triangulation of S. Let G be a graph, and lef : G! T be a harmonious drawing. There is
an embedding homotopic tb in S if and only if f is a weak embedding.

Note that Theorem 3.4 handles reducing triangulations, not just 8-reducing triangula-
tions, and reducing triangulations can be subdivided to obtain ner reducing triangulations
(Section 6.1).

Our third contribution is a polynomial-time algorithm to make a drawing harmonious.
Our algorithm proceeds by local moves, which never increase the length of any edge of the
drawing. In this way, it allows to build many harmonious drawings. In detail:

Theorem 3.5. Let S be a surface of genug 2 without boundary. LetT be a reducing
triangulation of S, with m edges. LetG be a graph, and lef : G! T be a drawing of size
n. We can compute inO((m+ n)?n?) time a drawingf °: G! T, harmonious, homotopic to
f in S, such that for every edge of G, the image ofe under f °is not longer than underf .

We emphasize surfaces without boundary as they constitute the hardest cases, but we
obtain similar results on all the surfaces with boundary, by extending the notion of reducing
triangulations to those surfaces, attaching or not vertices of the drawing to the boundary;
this includes the case of the disk, similar to Tutte's original result. In contrast, the case of the
sphere is not relevant in this context. Moreover, our results are not valid on the torus; this
case is also very particular, since it admits a at metric, and a reducing triangulation, but it
turns out that we need non-positive curvatureand at least one point of negative curvature;
see Lemma 6.5 below.

Discussion.  The original theorem of Tutte assumes that the graph is 3-connected, and the
generalization by Y. Colin de Verdiere assumes that it is the 1-skeleton of a triangulation.
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Figure 8.1: (Left) The surfaceS of genus two without boundary, equipped with a reducing
triangulation T, and a left lineL in T. (Top Right) The universal covering spaceS of S, i.e.
the plane, and a left line€ that lifts L in . (Bottom Right) A right line E®in S.

Those assumptions are necessary to the deduce that the drawing is an embedding. In our
setting however, we are happy with a weak embedding, and this allows us to get rid of any
assumption on the graph in Theorem 3.4.

In a sense Theorem 3.4 generalizes Proposition 6.8 from drawings of loop graphs to draw-
ings of general graphs. Although formally Proposition 6.8 is not a particular case of Theo-
rem 3.4 since a drawing of a loop graph can be straightened without being harmonious, and
vice-versa.

Organization of the sections. We introduce harmonious drawings in Section 8.1. We
prove Theorem 3.4 in Section 8.2. We prove Theorem 3.5 in Section 8.3. We discuss the
extensions to surfaces with boundary in Section 8.4.

Preliminaries on drawings. In this chapter we need some additional de nitions about
drawings. A drawingf : G! H is simplicial if the depth (Chapter 3) of f is smaller than
or equal to one, equivalently if sends each edge @ to a vertex or an edge oH. Even more
particular, a (graph) homomorphism is a drawing that sends every edge & to an edge of
H. Importantly, drawings can be turned into simplicial drawings, which can be turned into
graph homomorphisms. Indeed every drawinfy : G! H factors uniquely as asimplicial
f :G! H, whereG is a subdivision ofG, where every edge of G whose image walk e
has lengthn 2 is subdivided into a path of lengthn in G, and wheree is not subdivided
otherwise. Also a simplicial mapf factors uniquely as ahomomorphismf*: &1 H for
some graphG: the graph G is obtained from G by contracting the edges mapped to single
vertices; thenf corresponds naturally to a homomorphism fron® to H.

8.1 Harmonious drawings

In this section, we provide the key de nition ofharmonious drawingsof graphs in a reducing
triangulation, used in the statements of our theorems. We actually start with the notion
of strongly harmonious drawings, which are the discrete analog of barycentric drawings, in
which each inner vertex is drawn inconvex position every straight line | containing v sees
edges incident tov on both sides, here understood in thetrong sensethat some edges
incident to v enter the two open half-planes separated by . Harmonious drawings are a
slightly relaxed notion that is suitable for our results.
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Figure 8.2: (Left) The vertexv and the walk W in the de nition of strong harmony. (Top
right) The lifts € and p, when L makes only3;-turns. (Bottom right) The path p slightly
unpacked to illustrate that p can go back and forth, and stagnate.

Figure 8.3: A spur.

8.1.1 Preliminary de nitions

Let S be a surface without boundary not homeomorphic to the sphere, and [Etbe a reducing
triangulation of S. Let F be the (in nite) reducing triangulation that lifts T in the universal
cover$ of S. In F, we consider a left (resp. right)ine to be a bi-in nite walk E that makes
only 3,-turns (resp. 3;-turns). See Figures 8.1and 8.2. Note tha is reduced, and is thus
simple by Proposition 6.1. Here_ is directed, so that informally L has aright side and a
left side. AlsoL has acentral vertex v, separatingL into two semi-in nite paths, both
containing v. The part of L after v is the non-negative part of L, it contains v. A path p
starting from the central vertex v of E escapes E if p enters the right (resp. left) side of€
at some point, and if the pre x of p before this point is contained in the non-negative part
of E.

On S, the lines are again the bi-in nite walks (not simple this time, sinceT is nite)
that make only 3,-turns or only 3,-turns; note that the lines onS lift to the lines on S.
On S, a path p escapesa line L if there are a lift E of L, and a lift p of p starting from the
central vertex of E, such that p escape<.

Now we generalize the notion of spurs from walks and closed walks to drawings of graphs.
So letG and M be graphs, and letf : G! M be simplicial. A cluster of f is a connected
subgraph G, of G whose edges are all mapped byto a single vertex ofM , maximal under
this condition. A cluster Gy of f is aspur if Gy is not a connected component 0B, and if
the directed edges fronGy to G n G, are all mapped byf to the same directed edge d¥1 ;
see Figure 8.3. Note that the direction of the edges matters whéh has loops.
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Figure 8.4: A graphG, a cycle graphO, and a surfaceS equipped with a reducing triangu-
lation T (not represented). A simplicial mapf °: G! O without spur, and a reduced closed
walk C:O! T. The composed drawingC f °is harmonious.

8.1.2 Strongly harmonious drawings

A simplicial map f : G! T is strongly harmonious if for every vertex v of G, and for
every line (left or right) L whose central vertex id (v) in T, there is a walkW based atv in
G whose image patlf W escaped.. See Figure 8.2.

Intuitively, f is strongly harmonious if for every vertexv of G, and for every bi-in nite
walk L in T starting at f (v) making only 3;-turns (resp. 3;-turns), there is a walkW in G
whose image byf may go forward onL, sometimes backward orL, but not to the point
it goes before its central point, and then leaves to its right (resp. left). But L is non-simple,
and periodic sinceT is nite; W is allowed to wrap, say, 2.3 times forward alonf, then 1.8
times backward, and then to leave. to its right (resp. left). Formalizing this phenomenon
seems to be more easily captured using the universal covering space, as above.

8.1.3 Harmonious drawings

Harmony is a slightly relaxed version of strong harmony. On a connected gra@h a simplicial
mapf : G! T is harmonious if f is strongly harmonious, or iff = C f 9for some cycle
graph O, some reduced closed walg : O ! T, and some simplicial mapf®: G ! O,
without spur. See Figure 8.4. We emphasize thal does not need to be strongly reduced,
so that it is possible forC to make only 3, -turns. In general, a simplicial mapf : G! T is
harmonious iff is harmonious on every connected component Gf

Finally, recall that every drawingf : G ! T factors into a unique simplicial mapf :
G! T. We say thatf is harmonious (resp. strongly harmonious) if is.

8.1.4 Remarks

We conclude this section with two remarks. First we remark that one reason (among others)
explaining why our results do not extend to the torus is given by Lemma 6.5, that there are
a reducing triangulation T of the torus, and a closed wallkC in T, such that every closed

walk freely homotopic to C is not reduced. Second we illustrate why strong harmony is
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not su cient for our purposes. The reason is that some drawings of graphs in reducing
triangulations cannot be made strongly harmonious by homotopy:

Lemma 8.1. Let S be a surface without boundary, not the sphere nor the torus. There are
a reducing triangulationT of S, and a closed wallC in T, such that every closed walk freely
homotopic toC is not strongly harmonious.

Proof. There is an 8-reducing triangulationT of S. There is a closed walkC, in T that
makes only3, -turns; indeed every walk that makes onhg; -turns will repeat itself sinceT is
nite. Let C,; be the closed walk obtained by pushin€, to the left in the way depicted in
Figure 6.10: C; makes only 3;-turns. Then C; and C, are not strongly harmonious. Let
C%be a closed walk inT, freely homotopic toC; or C,. If C%is strongly harmonious, then
Cis equal toC; or to C, (up to cyclic permutation and reversal). IndeedC®is reduced. If
C%does not make only3, -turns, then CPis strongly reduced, soC°= C, by Proposition 6.2.
If C%makes only3,-turns, then reversing the colors off makesCP strongly reduced under
the new coloring, and gives®= C,. O

8.2 A Tutte theorem on reducing triangulations

In this section we prove our discrete analog analog of Tutte's theorem, Theorem 3.4, which
we restate for convenience:

Theorem 3.4. Let S be a surface of genug 2 without boundary. LetT be a reducing
triangulation of S. Let G be a graph, and lef : G! T be a harmonious drawing. There is
an embedding homotopic tb in S if and only if f is a weak embedding.

In spirit, the proof of Theorem 3.4 follows some of the steps of previous proofs of Tutte's
theorem [52, 79]: (1) we reduce to the case wherels homotopic to the embedding of the
1-skeleton of a triangulation ofS. We then have a continuous map from a triangulated
copy of S to S itself. (2) We prove that' is orientation-preserving (or degenerate) on each
triangle. (3) We deduce thatf can be turned into an embeddingd ° by homotopy not only in
S, but even in the neighborhood of the 1-skeleton of the reducing triangulation. (4) In ,
we transformf © by isotopy into an embedding arbitrarily close tof , thereby proving that f
is a weak embedding.

We emphasize that, since our goal is to prove thdt is a weak embedding, we do not
have to worry about degenerate cases, which is one of the di culties in the continuous case.
Rather, we allow such degeneracies, which leads to challenges with a di erent avor.

In order to ease the reading, we present steps (1)-(4) in a di erent order. We start with
(4) in Section 8.2.1, then (3) in Section 8.2.2, (1) in Section 8.2.3, and (2) in Section 8.2.4.
We nally wrap things up and prove Theorem 3.4 in Section 8.2.5.

8.2.1 A Tutte theorem on patch systems

In this section all graphs and drawings are nite, without further mention. We prove the
following:

Proposition 8.1. Let M be a graph embedded on a surface. L&t be a graph, and let
f :G! M be simplicial and without spur. If there is an embedding homotopic toin the
patch system oM, thenf is a weak embedding.
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Proposition 8.1 can be seen as an analog of Tutte's theorem for drawings in patch systems,
in the sense that it asserts that if a drawing can be untangled and is straightened (here,
has no spur), thenf is already untangled (here, is a weak embedding).

The rest of this section is devoted to the proof of Proposition 8.1. The strategy to
prove Proposition 8.1 is to nd a sequence of moves (swaps) between the drawingnd a
weak embedding, and to prove that applying a move to a weak embedding results in a weak
embedding.

In a graph M, we say that a (closed) walkW is canonical if W has no spur, that is if
W does not use an edge &fi and its reversal consecutively. We shall use the three following
classical facts, see, e.g., Stillwell [177, Chapter 2]. (1) If two canonical walks are homotopic
in M relatively to their end-vertices, then they are equal. (2) If two canonical closed walks
are freely homotopic, then they di er by a cylic permutation. (3) If two loopsa and b based
at the same point ofM commute, i.e., if there is a loog such that a is homotopic toc b ¢ *
(where the homotopy xes the basepoint), thera and bare homotopic to powers of a common
loop.

Lemma 8.2. Let G and M be graphs, and lef : G! M be simplicial. If G is connected,
if f is contractible, and iff has no spur, thenf (G) is a single vertex oM .

Proof. We may assume without loss of generality that is a homomorphism by contracting
the edges that belong to clusters df. Assume by contradiction thatf (G) is a not a single
vertex of M. SinceG is connected, some edge & is mapped byf to an edge ofM . Since
f has no spur, there is a semi-in nite walkV in G such thatf W is canonical. Sinceés is
nite, there is a subwalk W°of W, not a single vertex, that starts and ends at the same vertex
of G. And the loopf WZis non-contractible inM by (1), contradicting the assumption
that f is contractible. O

Until the end of this section, we need to consider general drawings (instead of simplicial
ones). Recall from Chapter 3 that every drawing : G! M factors uniquely as a simplicial
mapf : G! M, whereG is a subdivision ofG. The clusters and spurs of are those of
f. The vertices ofG inserted in the edges oG are clusters off . All other clusters off are
subgraphs ofG.

Lemma 8.3. Let M be a graph embedded on a surface. I@tbe a graph, and lef : G! M
be a drawing. If there is an embedding homotopic foin the patch system oM, then there
is a weak embedding®: G! M, homotopic tof, that has no spur.

Proof. Let be the patch system oM. We regardf as a map fromG to . There is by
assumption an embedding : G ! homotopic tof . We can assume thap crosses the arcs
of as few times as possible subject to the constraint that it is an embedding homotopic
tof. Letf%: G! M be the drawing of whichg is an approximation. Thenf%is a weak
embedding homotopic tof .

There remains to prove thatf “ has no spur. By contradiction, assume that it does. See
Figure 8.5. LetGq be the cluster of the spur, and leta be the arc of dual to the directed
edge of the spur. LetE contain, for every edgee directed from Gg to G n Gy, the
pre x of the image path g(e) that leavesg(Go) to reach its rst crossing with a. Let a; be
the subpath of a that starts just before its rst crossing with E and ends just after its last
crossing with E. Becauseg is an embedding, there exists a simple path, in  with the

120



Figure 8.5: In the proof of Lemma 8.3, if ® had a spur, then the number of crossings af
with the arcs of could be decreased.

Figure 8.6: Swap of the subgraplé, along the directed edges.

same endpoints agy, otherwise disjoint from the arcs of and from g(G), such that the disk
bounded bya; and a, containsg(Gy). We consider a self-homeomorphisimof that a ects
only a neighborhood of the disk bounded by, and a,, and pushesa, to a;. Thenh gis an
embedding ofG homotopic to g, with less crossings with the arcs of , a contradiction. [

Adrawing f : G! M is essential if there is no connected component d& on which f
is contractible. Letf : G! M be an essential drawing. LeGG, be an induced subgraph of
G, connected and mapped to a single vertex @f by f. Let s be a directed edge o based
at the vertex f (Gp). Consider the following operation that transformd homotopically into
another essential drawing °: G! M (Figure 8.6). First slidef (Gy) alongs. Then, among
the image walks of the edges directed froiB, to G n Gy, those that initially admitted s as
a pre x now start with the concatenation of s ! and s: shorten those walks by removing
this pre x. In the particular case wheref and f ° both have no spur (in addition of being
essential), we call this operation awap. A key but trivial observation is that, if f ° results
from a swap off , then f results from a swap of °

Note that if f has no spur, ifGg is a cluster off , and if s is the image byf of some edge
directed from Gy to G n G, then f © has no spur, so the operation is indeed a swap in this
case. Every swap constructed in this section will either be such a swap, or the inverse of
such a swap.
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Lemma 8.4. Let G and M be graphs, and lef;f °: G! M be drawings. Iff and f°
are essential and without spur, and if they are homotopic, then there is a sequence of swaps
betweenf andf?

Proof. We shall perform swaps orf and f ° so that in the endf = f° Assume without
loss of generality thatG is connected, and x a spanning tree¥ of G. We claim that there
is a sequence of swaps that modiffy so that in the endf (Y) is a single vertex ofM. To
prove the claim, we say that an edge of Y is contracted iff (€) is a single vertex oM . We
choose an arbitrary root forY, and given any edgee of Y, we refer to the edges of distinct
from e and separated from the root bye as the descendants oé. We prove the claim by
considering an edge of Y, by assuming thate is not contracted and that every descendant
of eis contracted, and by exhibiting a swap that shorten§ e while keeping the descendants
of e contracted. Direct e so that the tail vertex of e is the closest to the root ofY. Let Gy
be the cluster containing the head vertex of. Since the descendants @& are all contracted,
they all belong to Gy,. Sincee is not contracted, we may consider the last directed edge
of the walk f e. The swap off (Gg) along the reversal ofs shortensf e, and keeps the
descendants ot contracted. This proves the claim.

We use the claim immediately on botlf andf © then contract the spanning treeY in both
drawings. Every edgees of G not in Y becomes a loop. The image lodp e is contractible
if and only if f° eis contractible, and in that casef (¢) = f (Y) andf Qe) = f {Y) are single
vertices ofM by (1). Also given any two edgeg; ande, of Gnotin Y, we havef e’ f &
if and only if f® e, ' f° e, where' denotes the homotopy of loops relatively to their
basepoint. In that casef e = f e andf® e = f° e by (1). By contracting the
contractible loops and identifying the homotopic loops in botli and f °, we may assume that
every connected component db has a single vertex (all its edges are loops), and that each
of f and f °maps the edges o6 to pairwise distinct non-trivial walks in M .

The end of the proof is similar to the proof of Lemma 7.4, to which we refer for details.
Let v be the vertex of G. Sincef and f © are essential, the graphG is not a single vertex,
so G has a loope. At this point, f eandf® e are canonical walks, but not necessarily
canonical closed walks; however, by performing swaps orand f °at v a few times if needed,
we enforce thatf e andf® e are canonical closed walks. Then by (2), and sinde e
andf° e are freely homotopic,f eis a cyclic permutation off © e. By performing swaps
onf again a few times, we enforce that eandf® e are actually equal (not up to cyclic
permutation). At this point, we claim that we can slidef (v) around f e by performing
swaps onf , so that in the endf and f ° are homotopic relatively tov. This claim implies
f = f%by (1), which proves the lemma. There remains to prove the claim. For this, consider
the path followed byf (v) during somefree homotopy fromf to f © This path is a loop based
at f (v). Let W be the canonical walk homotopic to it. We prove the claim by showing that
f eand W are equal to powers of the same walk. Indeed I€ be a primitive canonical
closed walk such thatf e is freely homotopic to a power ofC. Without loss of generality
f eis equal to a power ofC by (2). Also W commutes withf esincef e=f% g and
sincef e is homotopic to the walkW (f° € W *. Thus the walk W is homotopic to a
power of C by (3). And so W is equal to this power ofC by (1). O

Lemma 8.5. Let M be a graph embedded on a surface. I@tbe a graph, and lef;f °: G !
M be drawings. Iff and f °are essential, iff ° results from a swap of , and if f is a weak
embedding, therf °is a weak embedding.
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Proof. Let be the patch system oM, and letF : G ! be an embedding that approx-
imatesf in . Let Gy be the subgraph of the swap, and lea be the arc of dual to the
directed edge of the swap. LeE contain, for every edgee directed from Gg to G n Gy,
the pre x of the image path F (e) that leavesF (Go) to reach either a vertex ofF (G nGy) in
the same face of , or its rst crossing with an arc of . Let E; E contain the paths that
reacha. Then E, 6 ;, for otherwiseG, would either be a spur inf ¢ or it would be a cluster
mapped to a single vertex inf © Let a; be the subpath ofa that starts just before its rst
crossing withE; and ends just after its last crossing withE;. BecauseF is an embedding,
there exists a simple patha, with the same endpoints as;, otherwise disjoint from the arcs
of , and disjoint from F (G) except for each path inE nE;, that a, may cross at most once,
such that the diskD bounded bya; and a, containsF (Gy).

We claim that D does not contain any part ofF (G) other than F(Gy) and E. By
contradiction assume that it does. TherD contains the imageF (v) of a vertexv of G n Gy,
sinceGgq Is an induced subgraph of5, and since any edge df (G n Gg) intersectingD must
have an endpoint inD. If a path based atF (v) in F(G) does not intersecta; nor F(Gy),
then this path stays in the interior of D, and so it does not intersect any arc of . Therefore,
in 2 the cluster containingv is either mapped to a single vertex, or is a spur, which is a
contradiction.

Now consider a self-homeomorphisin of that a ects only a neighborhood ofD, and
pushesa, to a;. Thenh F is an embedding ofG, that approximates f ° by the preceding
claim. m

The following lemma is easy and might be folklore, but we could not nd a reference, so
we provide a proof for completeness:

Lemma 8.6. Let S be a surface. LetG be a graph, and lef : G! S be a map. Iff is
contractible, and if there is an embedding homotopic fo then G is planar.

Proof. Without loss of generality G is connected. Fix a vertex and a spanning treel of G.
There is an embedding °: G! S homotopic tof. In f© almost contract the image ofT
by isotopy, without changing the image ofr, in order to push the image ofT inside a small
neighborhoodN of f (r). Every edgee of G notin T is mapped byf °to a simple contractible
loop. Those loops can be pushed insidé by isotopy since each of them bounds a disk with
only (possibly) contractible loops inside it, by a result of Epstein [83, Theorem 1.7]. [

Finally, we prove Proposition 8.1.:

Proof of Proposition 8.1. If G%is a connected component o& on which f is contractible,
then f (GY is a single vertex ofM by Lemma 8.2, andf jco can made an embedding in an
arbitrarily small disk in the patch system of by Lemma 8.6. So we can assume thétis
essential. By Lemma 8.3, there is a weak embeddigg G! M, homotopic to f, without
spur. By Lemma 8.4, there is a sequence of swaps frgno f. By Lemma 8.5, all the maps
from G to M in this sequence are weak embeddings, thiisis itself a weak embedding, as
desired. O
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8.2.2 A property of the coherently oriented maps homotopic to
the identity

In a surfaceS, letY S be nite. Amap ' : S ! Siscoherently oriented at Y if
" 1Y) is nite and if ' is, locally, an orientation-preserving homeomorphism around every
point of ' 1(Y), or an orientation-reversing homeomorphism around every point bf 1(Y).

In this section we prove the following, that will be used in the case whel contains one
point per face of T, regardingSnY as the patch system off .

Proposition 8.2. Let S be a surface without boundary. Let : S! S be a map, homotopic
to the identity map of S. Let Y S be nite. If ' is coherently oriented atY, then

#' WY)=#Y and' 3 1(v) is homotopic to a homeomorphisfn' *(Y)! SnY.

We prove Proposition 8.2 using the topological notion of the degree of a self-map S !
S.

Proof. Lety 2 Y. We claim that ' %(y) contains only one point, and that' is orientation-
preserving around this point. To prove this claim, len™ andn denote the number of points
of ' 1(y) around which' is respectively orientation-preserving and orientation-reversing.
The dierencen® n does not depend on the choice gf(as long asy is chosen so that

is locally a homeomorphism around every point df (y)) and is known as the degree df.

The degree of a map is invariant by homotopy, and is homotopic to the identity of S,
son®* n =1. Weassumech =0 orn* =0. Thusn =0 andn® =1.

Using our claim, for everyy 2 Y, there is a closed diskBy, S containing y in its
interior, such that' *(By) is a closed diskA,, and such that' ji§ is an orientation-preserving
homeomorphism. Without loss of generality, the disk§Byg,,y are pairwise disjoint. Let
N be the surface obtained frons by removing the interiors of the disksfB,gy,y, and M
be obtained by removing the interiors of the disk§A,g,,v. The map' °:= ' j§ is de ned.
Since' is a degree one map,°: M ! N is a degree one map. By constructiori,® maps
the boundary ofM to the boundary of N and the interior of M to the interior of N, and the
restriction and corestriction of' °to the boundaries ofM and N is a homeomorphism. It
follows from a result by Edmonds [80, Theorem 4.1] that®is homotopic to a homeomorphism
M ! N, where the homotopy is relative to@M (More precisely, this result follows from
[80, Theorem 3.1] by noting that (1) each branch covering of degreel is a homeomorphism,
and that (2) each pinch map fromM to M is homotopic to the identity, because the simple
closed curve de ning the pinch must bound a disk.) ]

8.2.3 From graphs to triangulations

Let T be a reducing triangulation of a surfacé, and let Z be a triangulation of S. A map
" :S! Sissimplicial for (Z;T) if " mapsZ to T simplicially, and if * sends every face
of Z to a vertex, an edge, or a face of. It is strongly harmonious if ' jJ is strongly
harmonious.

In this section, we prove the following proposition, which (essentially) allows us to consider
mappings from the entire surface to itself, instead of drawings of graphs:

Proposition 8.3. Let S be a surface without boundary distinct from the sphere. L&t be a
reducing triangulation of S. Let G be a nite graph embedded it§, and letf : G! T be
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simplicial. Assume thatf is strongly harmonious, and thaf is homotopic to the inclusion
map G ] S. There are a triangulation Z of S whose 1-skeleton contains a subdivision of
G as a subgraph, and a map : S! S simplicial for (Z;T), with ' j§ = f, such that' is
strongly harmonious and homotopic to the identity map @&.

The proof of Proposition 8.3 relies on two lemmas:

Lemma 8.7. Let S be a surface without boundary distinct from the sphere. L&t be a
reducing triangulation of S. Let G be a graph obtained from another grapB° by inserting a
path graphP between (possibly equal) vertices & Letf : G! T be simplicial. If f jgo is
strongly harmonious, and iff mapsP to a reduced walk inT, thenf is strongly harmonious.

Proof. If P is a single edge, then it does not a ect strong harmony. So assume tHathas
an interior vertex v, and let L be a left line (the right line case being similar) inT whose
central vertex isf (v). We will exhibit a walk based atv in G whose image path escapds.
This will prove the lemma. Consider the universal covering triangulatior® of T, and a lift
E of L in P. Consider also the reduced walk := fj-. There are a lift B of P, a lift e of v
in B, and a lift X : B! P of X, such that X (e) is the central vertex ofE. Let &, and
be the two end-vertices of?, and let B, and B; be the two sub-walks off® that go from e to
respectivelyw, and w,. SinceX is a reduced walk, and sinc€ makes only3,-turns, one of
B, and PB,, say B, without loss of generality, is such thate B, either escape<£, or stays
in the non-negative part ofE. In the rst case, considering the vertexw, of G lifted by &,
the portion Py of P from v to wy is such thatf P, escaped.. In the latter case, replace
the central vertex of E by X (), and project the resulting line onto the surface, obtaining
a line L°which is a shift of L. Sincew, belongs toG® and sincef jgo is strongly harmonious,
there is a walkQ based atwg in G such thatf Q escaped.® Then the concatenationP?
of P and Q is such thatf P escapes.. O

Lemma 8.8. Let w;Vp; Vv, be pairwise distinct vertices of a plane reducing triangulatio.
If v andv; are adjacent inT, then there isi 2 f 0; 1g such that, along the reduced walk from
v; to w, the vertex consecutive t; is adjacent to or equal tov; ;.

Proof. Let e be the edge oflf betweenvy and v;; direct e so that it sees blue at its left, and
assume without loss of generality that it is directed fromy to v;. Let W; be the reduced
walk from v; to w. Assume that the vertex consecutive to/; in W; is neither equal nor
adjacent to vo, for otherwise there is nothing to do. LetW, be the concatenation of with
W;. By assumption,W, does not make &-turn, 1-turn, or 1-turn at v;, and by our choice
of direction of g, it also does not make &;-turn, so it is reduced. AndW, starts with edgee,
as desired. O

Proof of Proposition 8.3. In this proof, we will use the following standard topological fact:
Every graph embedded on a surface can be extended to a triangulation by adding edges (not
vertices). This can be done by repeatedly inserting an edgénside a faceF, wheree di ers
from every edges® on the boundary ofF in the sense that the concatenation of and e” does
not bound a disk inF.

At any time we denote by G the graph derived fromG by removing its degree two
vertices. The proof is in three steps; see Figure 8.7. In the rst step, as long as some face of
G is not a triangle, we insert an edge in this face, as described in the preceding paragraph.
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Figure 8.7: In the proof of Proposition 8.3, the embedded graph is extended to a triangu-
lation.

Doing so, we consider the homotopy from the inclusion mgp ! S to the mapf, and apply
this homotopy to the two end-vertices ofe, thus extending e to a path €° between vertices
of T. Let p be the unique reduced path homotopic t&” (Proposition 6.1). If the length n
of p is greater than one, then we inserh 1 vertices inG alonge. We also extendf to e
by mapping e to p. In this way, f remains homotopic to the inclusion mapgs ! S, and f
remains strongly harmonious by Lemma 8.7. Now, every face @f is a triangle.

In the second step (see Figure 8.7, bottom center), for every (triangular) faoceof G , we
consider an edge incident to m in G . If eis subdivided inG, then we insert a path inm
from each interior vertex ofe to the vertex of m opposite toe. As in the previous paragraph,
we map each of the new paths to a reduced path iR, so that f remains homotopic to the
inclusion mapG ! S, and so thatf remains strongly harmonious. Now, every (triangular)
facem of G is incident to an edge that is not subdivided inG.

In the last step, Lemma 8.8 ensures that we can triangulat® by inserting new edges in
m (see Figure 8.7, bottom right), and by mapping inf each such new edge ta vertex or
an edgeof T, keepingf strongly harmonious and homotopic to the inclusion mag ! S.
Now G is the 1-skeleton of a triangulationZ, and f trivially extendstoamap' :S! S
simplicial for (Z;T). ]

8.2.4 A property of the maps homotopic to the identity and
strongly harmonious

Here is another key step towards the proof of Theorem 3.4: we prove that our simplicial
drawings of triangulations orient the (non-degenerate) triangles coherently. In detail:

Proposition 8.4. Let S be a surface without boundary distinct from the sphere. L&t be a
reducing triangulation of S. Let Z be a triangulation ofS, and let' : S! S be simplicial
for (Z;T). If ' is strongly harmonious, and if is homotopic to the identity map ofS, then
there cannot be two faces, andz of Z for which' j,, is positive and' j, is negative.

The rest of this section is devoted to the proof of Proposition 8.4. In this section only,
it is convenient to consider the planeP, and an (in nite) reducing triangulation T of P;
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Figure 8.8: A cone.

the notion of strong harmony immediately extends to that setting. And again, iZ is a
triangulation of P, a map' : P! P simplicial for (Z;T) is strongly harmonious if' j} is
strongly harmonious.

In T, the minimum number of edges of a path between two given vertices de nes a distance
on the vertex set ofT. Amap' : P! P isuniformly homotopic to the identity map
15, p if it is homotopic to the identity and there is > 0 such that every pointx 2 P
mapped to a vertexv of T by ' lies in a vertex, edge, or face of whose incident vertices
are at distance less than from v. We shall prove the following:

Proposition 8.5. Let P be the plane. LeflT be a reducing triangulation ofP. Let Z be a
triangulation of P, and let' : P! P be simplicial for (Z;T). If ' is strongly harmonious,
and if * is uniformly homotopic to the identity map ofP, then there cannot be two faces.
andz of Z for which' j,, is positive and' j, is negative.

+

Proposition 8.4 (concerning surfaces) easily follows from Proposition 8.5 (concerning the
plane) by lifting:

Proof of Proposition 8.4, assuming Proposition 8.5The universal covering spacé& of S is
the plane. AlsoT lifts to a reducing triangulation ® of §, Z lifts to a triangulation 2 of
S, and' liftstoamap'e: §! $§ simplicial for (2; ). Since' is strongly harmonious,
'e is strongly harmonious. We claim that'e is uniformly homotopic to the identity map of
$. This claim implies by Proposition 8.5 that there cannot be two faces, and z of Z for
which ‘'ej,, is positive and'ej, is negative. Then the same holds faZ and' , proving the
proposition.

To prove the claim, we use the assumption that there is a homotogy between' and
the identity map of S, and we lift H to a homotopy B between'e and the identity map of
S. For every lift g 2 § of a point x 2 S, the path p followed by the image ofe in 1€, and
the path p followed by the image ofx in H are such that the number of vertices, edges, and
faces off crossed byg is equal to the number of vertices, edges, and facesTotrossed byp.
The latter is uniformly bounded sinceS is compact. O

The rest of this section is devoted to the proof of Proposition 8.5. We need some de nitions
and lemmas. See Figure 8.8. Lék be a reducing triangulation of the plane. The part ofl
on a given side of a bi-in nite reduced path@H and not on @H is a half-plane H of T,
and @His the boundary ofH. We emphasize that half-planes are open. A half-plarté is
nested in another half-planeH%if H H%and @H @H= ;. Let e be a directed edge of
T that sees blue on its left, and lelL be the bi-in nite reduced walk in T that contains the
head vertexv of e, and makes only3,- and 3;-turns, except atv where it makes ad,-turn
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Figure 8.9: The impossible cases in the proof of Lemma 8.9.

whose middle edge is. The cone of e is the half-planeH on the right of L, and v is the tip
of H.

Lemma 8.9. Let T be a reducing triangulation of the plane. IH is a half-plane ofT, and
if v2 H is a vertex ofT, then v is the tip of a coneH° nested inH.

Proof. There is a reduced pathP betweenv and a vertexu of @H such that P is internally
included in H. Let g be the edge ofP incident to v, directed toward v. First assume that
g sees blue on its left. We claim that the coné1® of g is nested inH. First we prove
@H\ @H= ; by contradiction. See Figure 8.9 Assuming tha@Hand @H share a vertex
w, let Q°be the concatenation ofP and of the subpath of@H betweenv and w, and let Q
be the subpath of@Hbetweenu and w. Then Q and Q°are distinct reduced paths with the
same end-vertices inT, contradicting Proposition 6.1. It then easily follows thatH® H,
and we now provide the details. We hav@H H since@H\ H 6 ; and @H\ @H= ;.
The reduced pathP is internally disjoint from @Hand @H by Proposition 6.1, and since
@Hand @H are reduced. So the relative interior oP lies in the open regiorR between@H
and @H. Also, the relative interior of g is disjoint from H® and so isR.

Now assume thatg sees red on its left. We claim that there is a rotation of one turn of
g around its head vertexv (either clockwise or counter-clockwise) after which the corig?
of g satises @H\ @H= ;. As above, this claim implies thatH is nested inH. Let | be
the boundary of HO after a clockwise-rotation aroundv, and let J be the boundary after a
counter-clockwise rotation aroundv. Assume by contradiction thatl and J both intersect
@H See Figure 8.9. Cut into two semi-in nite walks at v, the right part (with respect to
g) denoted by, and the left part denoted byl,. Cut J into two parts at v, the right part
Jo, the left part J;. The concatenation ofP and | is a reduced walk, sd; is disjoint from
@Hby Proposition 6.1, and sd o intersects @Hin a vertex a. The concatenation ofP and
Jo is a reduced walk, sdlg is disjoint from @Hby Proposition 6.1, and sal; intersects @H
in a vertex b. Let Q°be the concatenation of the subpath of, betweena and v, and of the
subpath ofJ; betweenv and b. Let Q be the subpath of@Hbetweena and b. Then Q and Q°
are distinct reduced paths with the same end-vertices if, contradicting Proposition 6.1. [J

Lemma 8.10. Let T be a reducing triangulation of the plane. LeG be a graph, and let
f :G! T be simplicial. LetH be a cone ofT, and letv be a vertex ofG. If f is strongly

harmonious, and iff (v) is the tip of H, then there is a walkW based atv in G that satis es

f(W) H[ @Handf(W)6 @H

Proof. Let G, G be the cluster off containing v. Sincef is strongly harmonious, there
is a directed edgee from Gg to GnGp such thatf(e) 2 H[ @H If f (e) 2 H, then we are
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Figure 8.10: Combs.

done. So we assumie(e) 2 @H The boundary @ Hsplits into two semi-in nite walks 14 and
I, based atf (v), whereH lies on the left ofl o and on the right of | ;. Assumef (€) 2 1o, the
other case being similar. Lew be the head vertex ofe. Let J be the su x of |, obtained
by removing its rst edge (f (w) is the rst vertex of J). Let L be the bi-in nite walk that
makes only3; -turns and containsJ as a subwalk. Sincé is strongly harmonious, there is a
walk W based atw in G, such thatf W may stay inJ for a while, and then leaves) on
its left. O

In order to ease the reading of the proof of Proposition 8.5, we shall not use Lemma 8.9
and Lemma 8.10 as they are. Instead, we shall use two corollaries:

Corollary 8.1. Let T be a reducing triangulation of the plane. LeG be a graph, and let
f :G! T be simplicial. LetH be a half-plane ofT, and letv be a vertex ofG. Let > 0.
If f is strongly harmonious, and iff (v) 2 H, then there is a walkw from v to a vertexw
in G, such thatf (W) H, and such thatf (w) is at distance greater than from @H

Proof. This follows immediately from repeated iterations of Lemmas 8.9 and 8.10. O

The next corollary is easier to state with the following de nition. See Figure 8.10. In a
reducing triangulation T of the plane, a right (resp. leftycomb is a pair (H;x) whereH is a
half-plane of T, and x is a vertex of @H that satisfy the following: directing @Hso that H
lies on its right (resp. left), every turn of @Hat x and after x is 3; or 2, (resp. 3; or 2).
The glen of (H; x) is the union of H and of the part of @Hconsecutive tox, including x.

Corollary 8.2. Let T be a reducing triangulation of the plane. LeG be a graph, and let
f :G! T be simplicial. Let(H;x) be a (left or right) comb ofT, and letv be a vertex of
G. Let > 0. If f is strongly harmonious, and iff (v) = x, then there is a walkw from v
to a vertexw in G, such thatf (W) is included in the glen of(H; x), and such thatf (w) is
at distance greater than from @H

Proof. The vertex x is the tip of a coneH° such that H°[ @H is included in the glen of
(H;x). Lemmas 8.9 and 8.10 conclude. O

We need a few more technical lemmas.

Lemma 8.11. Let T be a plane reducing triangulation, and IeT° be subgraph of. If T?is
connected, nite, and not a single vertex, therm ® admits at least two verticex such that the
edges ofT %incident to x are all included in some bad turn of .
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Proof. If T®has more than one vertex of degree one, then we are done. So assume that this

is not the case. ThenT® has at least three vertices since it has neither loops nor multiple

edges (Section 6.1) . First assume thal® has no degree one vertex. Then the outer closed

walk W of T%has length greater than or equal to three, and never uses an edgd odind its

reversal consecutively. OrienW so that the outer-face ofT° lies on the right of W. Walk

alongW until some vertex Xy is visited for the second time, then cut the portion oV from

Xp to itself, thus obtaining a closed walkC based atxo. Then C is a simple closed walk, not

a single vertex. Thus, sincel has no loop nor multiple edgesC has length greater than or

equal to three. Also, every vertexx 6 X, of C is such that all the edges of ° incident to x

either lie on C, or on the left of C. Lemma 6.3 ensures that at least three of the left turns

of C are bad, and at least two of them do not occur axg, proving the lemma in this case.
Now assume thatT° has exactly one vertex of degree one. Removing degree one vertices

from TC%as long as there is one immediately gives the following?is the union of a pathP,

not single vertex, and of a connected grap®, not a single vertex, such that the intersection

of P and Q is one of the two end-verticex of P, and such thatQ has no degree one vertex.

By the preceding,Q has a vertex distinct fromx that suits our need. And the end-vertex of

P distinct from x also suits our needs. O

In the following, we denote byT? the set of vertices of a triangulationT .

Lemma 8.12. Let P be the plane. LetT be a reducing triangulation ofP. Let Z be a
triangulation of P, and let' : P! P be simplicial for (Z;T). If ' is strongly harmonious,
and if ' is uniformly homotopic to the identity map ofP, then' *(T°) does not disconnect
P.

Proof. By contradiction, assume that it does. There is no simple bi-in nite walkwW in T
that belongs entirely to' *(T?), for otherwise' (W) would be a single vertex ofl (being
a connected subset of %), contradicting the assumption that' is uniformly homotopic to
the identity map. Therefore, and since is simplicial for (Z;T), there are a simple cycleC
in Z, a vertexv 2 Z° in the interior of the bounded side ofC, and a vertexx of T, such
that ' (C) = x and' (v) 6 x. Let G be the subgraph ofZ that contains C and the part
of Z lying in the bounded side ofC. Then' (G) is a nite connected subgraph ofT, not a
single vertex. So by Lemma 8.11 there is a vertgx6 x in ' (G) such that the setB of edges
of ' (G) incident to y is included in a bad turn of T. There is a clusterG, Z such that
' (Gp) = vy, and such that the edges betweeG, and Z nG, all belong toG. Those edges are
mapped toB by ' , contradicting the assumption that' is strongly harmonious. ]

In the following, we say that1-turns and 2,-turns are bad left turns

Lemma 8.13. In a plane reducing triangulationT, let I be a simple bi-in nite walk that
does not make any bad left turn. The vertices df on the left ofl at distance one froml
are the vertices of a simple bi-in nite walki ° that does not make any bad left turn.

Proof. Consider the sequenc& of directed edges off emanating from vertices ofl to the
left side ofl. If e, and e, are consecutive inE, then either e; and e, have the same target
vertex, or their they have the same source vertex. In the rst case; is the counter-clockwise
rotation of e; around their target vertex, in the second case; is the clockwise-rotation ofe;
around their source vertex. Letl °be the bi-in nite walk corresponding to the target vertices
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of the directed edges irE. The vertices ofl ° are those on the left ofi at distance one from
.

Then 1 °does not make any0-turn, nor any bad left turn. For otherwise there are three
consecutivee;; &; e; 2 E that all have the same target vertex (at whichl ° makes a bad left
turn), such that e, sees red on its left. But thenl makes a2, -turn at the source vertex of
€, a contradiction.

Moreover | %is simple. For otherwise some portioW of | °is a non-trivial simple closed
walk, and the bounded side oWV lies on its right by Lemma 6.3, and sinc&V/ makes at most
one bad left turn. But then | is contained in the bounded side o#V, a contradiction. n

Proof of Proposition 8.5. The overall proof is illustrated in Figure 8.11. By contradiction,
assume that there are two faceg, andz of Z such that' j,, is positive and' j, is negative.
By Lemma 8.12, there is a simple patlp from z, to z in the dual of Z, that is disjoint
from ' 1(T°. Up to replacingz. and z by other faces ofZ, we may assume that is
null on every face ofZ intermediately visited by p. Extend p to the respective vertices of
z, and z not incident to the rst and last edges crossed by. Because is null on every
face visited byp except the rst and last ones, and becausg is disjoint from ' (T?), there
is an edges 2 T such that the image, by’ , of all the edges oZ crossed byp is exactly s.
Moreover, one can direct in such a way that all the edges oZ crossed byp from left to
right are mapped tos. Consider the left-most bi-in nite reduced walk of T that contains s,
and let H be the half-plane on its left. Becauséj,, is positive and' j, is negative, the
interiors z, andz of trianglesz, andz are mapped insideH .

Using the assumption that' is uniformly homotopic to the identity, there is > 0 such
that each vertex of T is at distance smaller than from its pre-images under . Let p° be
any of the directed edges crossed lgyfrom left to right. By Corollary 8.1 there is, in Z, a
walk Ug (resp. U;) based at the source (resp. target) end-vertex g@f such that, fori =1;2,
"(Uj) H,andsuchthat' (U;) contains a point at distance greater thar8 from @H Cut p
into two parts py and p; at its intersection with p°, and reversgy. Let g be the concatenation
of p and U;. Make g a simple path by shortening it if necessary. Ther, and g, are disjoint
from p® except for their basepoint, sinceé (Up);' (U1) H,' ()= s,and' (z.);' (z ) H.
We prove by contradiction that g, and g, are disjoint except for their basepoint. If not, then
o [ o contains a simple closed curve whose bounded side contains an endppiof p°. By
Corollary 8.2 there is a walkX based aty in Z such that' (X) is disjoint from s[ H, and
such that X intersectsq [ . That contradicts the fact that ' (o[ &) s[ H.

Now cut p°into two parts pJ and pj at its intersection with p. Reverses. By Corollary 8.2
there is a simple walkU? (resp. U?) based at the source (resp. target) end-vertex @fin Z,
such that ' (U9 is disjoint from s[ H, and such that' (U9 contains a point at distance
greater than3 from @H Let ¢ be the concatenation of? and U° Since' (UJ) and' (UJ)
are disjoint from s[ H, the paths ¢ and ¢f are simple, and each of them is disjoint frongy
and ¢ except for their basepoint. An argument by contradiction similar to the one of the
previous paragraph shows thatf and ¢f are disjoint except for their basepoint.

Let Q be the concatenation ofy and ¢, and Q° be the concatenation o and ¢f. By
construction, Q and Q° are simple, and cross exactly once. Until now, we have considered
separately the situation inZ (before applying’ ) and in T (after applying ' ). But recall
that Z and T are both triangulations of the plane, and that each vertex of is at distance
smaller than from its pre-images under . Because of this, and by the properties df(Q)
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Figure 8.11: The construction in the proof of Proposition 8.5.
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and ' (Q9, we have that Q has its endpoints insideH, at distance at least2 from @H
and may enter the complement off, but only by a distance of at most . Similarly, Q° has
its endpoints outsideH, at distance at least2 from @H and may enterH but only by a
distance of at most . By (repeated applications of) Lemma 8.13, the vertices df inside

H at distance2 from @Hare the vertices of a simple bi-in nite walkl. Then | separates
the endpoints ofQ from every point of Q° Join the endpoints ofQ by a path P, whereP

is separated fromQ° by |, thus turning Q into a (not necessarily simple) closed curve.
BecauseQ and Q° cross exactly once, and because and Q° are disjoint, then C and Q°
cross exactly once. Similarly, there is a simple bi-in nite walk that separates the endpoints
of Q°from C, soQ°can be extended to a closed curv@® such that C and C° cross exactly
once. But this is impossible, since any two closed curves in the plane cross an even number
of times. O

8.2.5 Proof of Theorem 3.4

We now have almost all the material to prove Theorem 3.4. We rst prove the theorem for
strongly harmonious drawings, in the following proposition.

Proposition 8.6. Let S be a surface without boundary distinct from the sphere. L&t be a
reducing triangulation of S. Let G be a nite graph embedded it§, and letf : G! T be
simplicial. If f is strongly harmonious, and iff is homotopic to the inclusion mapgs ] S,
thenf is a weak embedding.

(As a side note, observe that Proposition 8.6 considers also the torus.)

Proof. By Proposition 8.3 there are a triangulationZ of S whose 1-skeleton contains a
subdivision ofG as a subgraph, andamap : S! S simplicial for (Z; T) with * j§ = f, such
that ' is strongly harmonious and homotopic to the identity map ofs. By Proposition 8.4
there cannot be two facez, and z of Z for which ' j,, is positive and' j, is negative.
Thus, letting Y S contain one point in the interior of each face off, ' is coherently
oriented at Y. By Proposition 8.2 the map' jzg.Y 1(v) 18 homotopic to a homeomorphism
Sn' YY)! SnY. In particular, and sinceG\ ' (Y) = ;, the mapfjS"Y is homotopic
to an embeddingG! SnY. Also SnY is the patch system ofT, and f has no spur since
f is strongly harmonious. Sd is a weak embedding by Proposition 8.1. ]

The proof of Theorem 3.4 relies on a few additional lemmas. Firstly, the following is an
immediate corollary of Lemma 6.6 from Section 6.3:

Corollary 8.3. Let S be a surface without boundary distinct from the sphere and the torus.
Let T be a reducing triangulation ofS. Let C be a collection of closed walks ifi. If the walks
in C are reduced, and ifC is homotopic to an embedding s, then C is a weak embedding.

Proof. Every closed curvec 2 C is primitive in S by Lemma 5.9, sinceis(c) = 0. So
Lemma 6.6 applies. O

Preparing for the next lemma, observe that iM is a nite graph embedded on a surface,
then the universal cover oM is a tree 4 naturally equipped with a rotation system. More-
over, if Cq is a closed walk without spur inM, then every lift €, of Cy partitions 1 into
three parts: the left of €, the right of €,, and the image of€,.
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Lemma 8.14. Let M be a nite graph embedded on a surface. L& be a nite graph
simplicially mapped toM, and let C be a collection of closed walks iM. Assume thatG

and C are weak embeddings without spur, and that their union is not a weak embedding. Then
in the universal cover ofM there is a lift of G that has vertices on both sides of a lift of a
walk Cy from C.

Proof. Without loss of generality every edge o6 is mapped to an edge oM (contract the
clusters of G otherwise). Let be the patch system oM, and let G°and C°be embeddings
approximating G and C in . Without loss of generality G° C° and the arcs of are in
general position. Also,G°and C°cross minimally. By assumption they cross at a poink in
the interior of some face of . Let € be the universal covering space of, and let g be a
lift of x in €. Let € be the lift of a walk CJ from C°that contains g. Cut the lifts of G°at
every intersection with €, and let €°be one of the two cuts that meet. Since the number
of crossings betwees® and C%is minimal, €°is not contained in the union of the faces and
arcs of€ used by €. O

The following is analogous to Lemma 8.6.

Lemma 8.15. Let S be a surface. LetG be a graph, and lef : G! S be a map. Iff (G)
is a simple circleS, S, if Sp does not bound a disk ir5, and if f is homotopic to an
embedding inS, then f is homotopic to an embedding in a tubular neighborhood %.

Proof. Without loss of generality G is connected. Fix a vertex of G and a spanning treel
of G rooted atr. Let ~ be the simple loop onS based atx := f (r) whose image isS,. We
rst claim that we can assume without loss of generality that each edge a@f is mapped tox
by f , and that each edge not inT is mapped, underf , to a power of . To see this, contract,
in Sp, the edges inT; each remaining edge is homotopic to some power oin Sy. Actually,
each edge of is actually mapped to either’, to * 1, or to the constant loop inS,. This is
by Lemma 5.9, since the edges not il are mapped to loops that can be made simple by
homotopy in S.

On the other hand, there is an embedding®: G! S homotopic, inS, to f. Without
loss of generality, we can assume that this homotopy betweérand f ° holds the image ofr
xed. Indeed consider a homotopyH from f to f© and the pathp:[0;1]! S followed by
the image ofr under H. There is an ambiant isotopyH° of S that counteracts H in the
sense that it mapsp(t) to x for all t 2 [0; 1]. Composing the maps irH by the maps inH?°
gives a homotopy fromf to an embedding (notf 9 that helds the image ofr xed.

We contract the edges ofl in f °to a small neighborhood of, this time preserving the
fact that we have an embedding. The remaining edges are loops that, undérare homotopic
to their counterparts underf (if T would be really contracted tox). The contractible ones
can be pushed by isotopy into a small neighborhood »f as each of them bounds a disk with
only (possibly) contractible loops inside it [83, Theorem 1.7]. The other loops can be bundled
together parallel, since any pair of them bounds a disk with only (possibly) contractible or
homotopic loops inside it. Then they can be pushed alltogether in a neighborhood of [J

Proof of Theorem 3.4. Clearly if f is a weak embedding, then there is an embedding homo-
topic to f in S. For the other direction assume that there is an embedding homotopic fo
in S. We shall prove thatf is a weak embedding.

Partition G into two subgraphsA and B such that f jg is strongly harmonious, andf is
not strongly harmonious on any of the connected components Af Thenfj, = C f%for
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some disjoint unionO of cycle graphs, mapped to reduced closed walks 8y: O! T, and
some simplicial mapf °: A'! O, without spur.

Our rst claim is that the collection of closed walksC is homotopic to an embedding in
S. IndeedC can be realized as the restriction of to a collection of disjoint cycles inA, as
follows. For every cycleQ, in O, sincef ®has no spur, there is a simple closed wall¥ in A
mapped byf °to a non-trivial power of Oy. Then W is mapped byf to a non-trivial power
of the closed walkC, := Cjo,, homotopic to an embedding (sincé is), and so it is actually
mapped to Cj, or its reversal (Lemma 5.9).

Thus C is a weak embedding by Corollary 8.3, and since the walks@are reduced. Now
f Ois a weak embedding by Lemma 8.15 and Proposition 8.1. Our second claim is thaf[ C
is a weak embedding. This claim proves the theorem &$,; s is then a weak embedding.
We prove the claim by contradiction so assume thatjg [ C is not a weak embedding. Let
Ur be the universal cover othe 1-skeletonof T. There is by Lemma 8.14 some lift of jg
in Uy that contains vertices on both sides of some lift of a wal, from C. Now let § be
the universal cover ofS. In §, there are lifts & and €, of f jz and Cy such that B contains
vertices on both sides of€,. Then €, is a semi-in nite reduced walk in the lift of T, and
B[ & is uniformly homotopic to an embedding. That contradicts Corollary 8.1. ]

8.3 Harmonizing a drawing monotonically

In this section we prove Theorem 3.5, which we restate for convenience:

Theorem 3.5. Let S be a surface of genug 2 without boundary. LetT be a reducing
triangulation of S, with m edges. LetG be a graph, and lef : G! T be a drawing of size
n. We can compute inO((m+ n)?n?) time a drawingf °: G! T, harmonious, homotopic to
f in S, such that for every edge of G, the image ofe under f °is not longer than underf .

The strategy is to transform a drawingf iteratively by some local moves satisfying the
property that, if no move can be applied, then the current drawing is harmonious. Two of
these moves, the shortening and balancing moves, decrease strictly the length of the drawing.
On the other hand, the ip move does not a ect the length of the drawing. Roughly but
not exactly, the algorithm performs moves iteratively, giving priority to the shortening and
balancing moves over the ip moves. To bound the complexity of the algorithm, it then
su ces to bound the length of a ip sequence, assuming that at each step of this sequence,
no shortening or balancing move is possible. The details are actually more complicated; in
particular, the ip sequence is chosen carefully.

8.3.1 Reduction to simplicial maps
We have the following preliminary observation:
Lemma 8.16. To prove Theorem 3.5, we can assume thétis simplicial.

Proof. Let f : G ! T be as in the statement of Theorem 3.5. Let : G! T be the
associated simplicial map that factorize$ . If Theorem 3.5 holds for simplicial maps, then
we obtain amapf °: G! T that is harmonious, is homotopic tof , and does not increase the
length of the edges (compared t69. In particular, f%is simplicial. It naturally corresponds
to a drawing f °of G on T that satis es the desired properties. m
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Figure 8.12: The moves. (Left) Each disk represents a single cluster. (Right) Each disk may
represent several clusters. The balancing is slightly counter-clockwise (clockwise would not
decrease any edge length here).

8.3.2 Flips, shortenings, and balancings

Throughout this section, T is a reducing triangulation of a surfacé distinct from the sphere
and the torus, G is a graph, andf : G ! T is asimplicial map. Recall that f factors
uniquely into a homomorphismf'\: G ! T. We now de ne the three moves bringing‘“ (and
thus f ) closer to harmony; see Figure 8.12.

~ First, if the edges ofé incident with v leavev via two edges around’(v), which together
form a 2;-turn around f'(v), then we can perform aip move to f, which transforms
f* into a homotopic mapf°: & ! T (Figure 8.12, top left), which is actually also a
homomorphism. Fromf©, we immediately deduce a simplicial map®: G! T.

Sincef’ f°: & | T are both homomorphisms, we can also view a ip as a speci ¢
operation that turns a homomorphism into another one (we will use this point of view
later).

Second, letv be a vertex ofG. If the edges ofG incident with v leavev via one, two,

or three consecutive edges df around f'\(v), then we can perform ashortening move

to f', which transformsf" into a homotopic, simplicial mapf® of G in which no edge
of G is longer than inf" (Figure 8.12, bottom left). From f°, we immediately deduce a
simplicial mapf°: G! T.

Third, consider a simple directed cycle&C in G that makes only 3-turns underf . We

(Cosc1;::1; &), and if moreover edgd (e.1) leaves the image of the directed cycl€,
at the end-vertex ofcy, to its left. The notion of being pulled to the right is de ned
analogously.
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Figure 8.13: In the proof of Lemma 8.17, the rst two and the last two edges df cannot be
mapped to two edge-disjoint walks.

If C makes only 3-turns underf , is pulled left, and is not pulled right, we can de ne

a balancing move as follows (Figure 8.12, right). We consider all the vertices d?
that are parts of walks followingC (including the vertices ofC themselves) and move
them to the left of C, in such a way that we still have a homomorphism when restricted
to the vertices followingC. There are exactly two possibilities to do this, depending
on whether the cycle is rotated slightly clockwise or slightly counterclockwise (as in
Figure 8.12). In any case, the length of the image of an edge &fdoes not increase,
and we choose a possibility that strictly decreases the length of the image of at least
one edge, based on how a walk pul to the left. As before, fromf®, we immediately
deduce a simplicial magf °: G! T.

These three moves are useful in the following sense:

Lemma 8.17. If f cannot be ipped, shortened, or balanced, theh is harmonious.

Proof. Without loss of generality G is connected. Alsd is a homomorphism (for otherwise
f factors into a homomorphisnf : G! T such that no move applies td” by de nition, and
such that if f* is harmonious, thenf also). If f is strongly harmonious, we are done, so we
can assume thaff is not strongly harmonious. So letr be a vertex ofG, and let L be a (left
or right) line in T whose central vertex id (v) such that, for each walkW in G based atyv,
the image ofW underf does not escapé&. In the universal cover, this means the following.
There are a vertexe of B, projecting to f (v), and a (left or right) line E in  whose central
vertex is B, such that, for each walkW in G based atv, the lift of f W based ate does
not escape€. We assume that€ is a left line (equivalently, that it makes only 3, -turns), the
other case being similar. We claim that, for each walkv in G based atv, the liftof f W
based ate is actually contained in E.

First, we explain why the claim implies the lemma. Becausg is nite, there are a cycle
graph O and a reduced closed walkC : O! T such that E is a lift of C. Using the claim,
and sinceE is simple by Proposition 6.1, there is a simplicial map®: G! O such that
f = C f°% Moreover, f?has no spur sincd cannot be shortened. Sd is harmonious,
proving the lemma. There remains to prove the claim, which we do in the remaining part of
the proof.

Recall that E makes only3;-turns. In G, one can build a semi-in nite walkl based atv
such that the lift of f | based ate is equal to the non-negative part o€. (Indeed, at a given
step onE, there is no edge that goes strictly to the right o€ since no walk based av can
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escapd. underf ; if all edges go strictly to the left ofE€ or backward onE, a shortening or a
ip could be applied to f.) Sincel is a semi-in nite walk in G, it contains a subwalkJ that,
after removing its rst and last edge, becomes a simple lodp in G, based at some vertexv
of G. Let P be the pre x of | leading to Q. The lift of f P based ate is a portion of the
non-negative part ofE, ending at a vertexg of . Alsof Q, regarded as a closed walk by
concatenating it with itself, makes a3;-turn also at the middle occurrence ofv; Otherwise,
the rst two and the last two edges ofJ would map, underf , to two edge-disjoint walks of
length two making 3;-turns at f (w) (Figure 8.13), and so one could stop at this point and
escape fromE, a contradiction. In particular the lift of f Q based atg is (a translate of)E.

We conclude in two steps. First we prove that for every walkV based atv in G, the lift
of f W based ate cannot enter the right side of€, even after staying inE for a while. By
contradiction, assume that it does. For everym  1thewalk P Q" P ! W is based atv in
G, and is such that the lift off (P Q" P ! W) based ate enters the right side of€ after
staying in E. There isn such that this lift does not intersectE outside of its non-negative
part. We obtained a walk based atv that escaped. under f , a contradiction.

Now we prove that the lift of f W based ate cannot enter the left side ofE, even after
staying in E for a while. By contradiction, assume that it does. Without loss of generality,
removing the last edge from\W gives a walkW? such that the lift of f WO based atg is
contained inE. Then the liftof f (P ' W9 based atg is contained inE, which lifts f Q,
and soP ' WPOfollows Q. ThenP ! W pulls Q to the left. SinceQ is pulled to the left,
and since no balancing appliexQ is pulled to the right. So there is a walkU based atw in
G such that the lift of f U based atg is contained inE, except for its last edge that enters
the right side of E. Then the walk P U, based atv, is such that the lift of f (P U) based
at B enters the right side of€ after staying in E for a while. That contradicts the previous
paragraph. ]

8.3.3 Preliminaries on ip sequences

By the preceding lemma, a natural strategy is to apply ips, shortenings, and balancings
as much as possible until it is not possible any more. Shortenings and balancings strictly
decrease the length of the map, so only nitely many such moves can be applied. Most of
the argument thus focuses on sequences of ips in which no shortening or balancing can be
applied at any step. Recall that ips transform a homomorphism into another one, and thus
henceforth we consider maps frors to T that are homomorphisms

T by the image ofv through the ips of vin F.

The mapf induces aleft-blue direction of G, obtained by directing each edge of G in
such a way thatf (e) has a blue triangle on its left. ThusG becomes a digraph. Asource in
a digraph is a vertex that has no incoming edge. We will use the following trivial observation
repeatedly, without mentioning it explicitly: Each ippable vertex v is a source of its left-blue
direction, and each ip reverses the direction of the edges incident to We need a series of
easy lemmas.
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Figure 8.14: (Left) The second ip of the edge does not counteract the rst ip of e. (Right)
The second ip of e counteracts the rst one.

Lemma 8.18. Let F be a ip sequence. Ifv and w are two adjacent vertices inG, thenv is
ipped in F in-between any two ips ofw.

Proof. When w is ipped, it is a source in its left-blue direction, and it can only become a
source again aftewv is ipped. ]

Lemma 8.19. Let F be a ip sequence. If, before the rst ip of F, vertexv is a source in
its left-blue direction, andv cannot be ipped, thenv is not ipped in F.

Proof. Vertex v cannot be ipped before at least one of its neighbors is ipped, but no
neighborw of v can be ipped beforev is ipped, becausew is not a source. O

Lemma 8.20. Let F be a ip sequence. IfC is a cycle inG (not reduced to a single vertex)
that is a directed cycle in its left-blue direction, then no vertex & is ipped in F.

Proof. The rst vertex of C that would be ipped would not be a source (in its left-blue
direction) before the ip. O

Let e be an edge ofz. In a ip sequence, assume that ipi ips an end-vertex of e, that
ip j ips the other end-vertex of e, and that the end-vertices ofe are not ipped between
i andj. We say that ip j counteracts ip i if the image ofe is rotated clockwise byi
and counter-clockwise by, or if it is rotated counter-clockwise byi and clockwise byj. See
Figure 8.14.

Lemma 8.21. Let F be a ip sequence, and let<] be two ips of the same vertex of G,
such that no ip of v appears between and j. Then we have the following properties:

" Every neighbor ofv is ipped exactly once betweemn and j ;

" if every such ip counteracts ip i, then F;, j+1]v is a 3;-turn; otherwise, it is either a
1 -turnora 1,-turn.

Proof. By Lemma 8.18, every neighbor of is ipped exactly once between andj, so there
are three cases depicted in Figure 8.15. H

and w respectively, and if no ip between andj ips a neighbor ofw, then ip j counteracts
ip i.
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Figure 8.15: In a ip sequence, between two contiguous ips of a vertex the neighbors of
v are ipped once.

Figure 8.16: (Left) In the proof of Lemma 8.22, the verticeg and w, the edgee, and the set
N of edges incident tow. (Right) If ips i andj both rotate the image ofe clockwise, then
f; can be shortened.

Proof. Assume, for the sake of a contradiction, that ipj does not counteract ipi. See
Figure 8.16. Lete be the edge ofs betweenv and w, directed fromv to w. Assume that ips
i and | rotate the image ofe clockwise, the other case being similar. Léti be the directed
edges ofG with sourcew.

We look at the situation in f;, and thus just before ip j. We have thatf; mapsN to
two directed edgesa and b of T such that the reversal ofa, followed by b, make a2, -turn
in T. Sincej rotates e clockwise,f; (e) is the reversal ofb.

Note that w is not ipped between ips i and | (because otherwises, a neighbor ofw,
would also be ipped between ipsi and |, by Lemma 8.18). Since also no neighbor of is
ipped between ips i andj, we havef;,; (N) = f;(N) = fa;by. Sincei rotates the image of
e clockwise,f;(e) is the edge in the middle of the -turn formed by a and b (directed towards
the image ofw). Thus f;(N) is included in a set of three consecutive directed edges with
sourcefj(w), and contains the middle directed edge, and $¢ can be shortened, contradicting
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Figure 8.17: (Left) Flat zone of size six, and its central vertex. (Right) In the proof of
Lemma 8.24, if there is a at zone®, of size nine in the universal covering triangulation of
T, then the central vertexe of ¥, projects to a vertexv on T such that every vertex ofT at
distance two or less fronv has degree six.

the fact that we have a ip sequence. m

8.3.4 Proof of Theorem 3.5

In this section we prove Theorem 3.5. The proof follows from a few de nitions and lemmas.

Lemma 8.23. Assume thatG is connected and hagj vertices. Letr be a vertex ofG, and
let F be a ip sequence ofs that never ips r. Then F is composed ofO(cf) ips.

Proof. In G every vertex is at distance less thaig from r. By Lemma 8.18 every vertex at
distancei O fromr is ipped at most i times. ]

In a reducing triangulation T, a at zone of sizem® 1 is a subtriangulation Ty of T
isomorphic to the subdivision of a triangle depicted in Figure 8.17, in which the sides Bf
have lengthm?®

Lemma 8.24. Every at zone of the universal covering triangulation off has size less than
3(m + 1), wherem is the number of edges ofF.

The key property used in the proof is that, as we have assume8,is not a torus. This is
actually the only place where this assumption is used. (Sindeis a reducing triangulation,
S cannot be a sphere anyway.)

Proof. Assume the existence of a at zonéf, of size3(m + 1) in the universal covering
triangulation of T. See Figure 8.17. The central vertex of, is at distancem + 1 from the
boundary of %. So every vertex oflf admits a lift in the interior of F. Then every vertex of
T has degree six, s& is a torus by Euler's formula, contradicting our assumption. m

A ip sequenceF is k-forward , k 1, if some vertexv of G is such that Fjv contains a
subwalk of lengthk that makes only 3;-turns.

Lemma 8.25. Let F be a ip sequence of homomorphism& ! T. If F is k-forward for
somek 1, then the universal covering triangulation off has a at zone of sizek.
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Figure 8.18: In the proof of Lemma 8.26, ¥V; makes al,-turn, then W; makes al,-turn.

Proof. Let ® be the universal covering triangulation ofT. Lift F to a sequencé® of homo-
morphisms& ! ¥, where® is a covering space oB. Assume without loss of generality (up
to restricting to a smaller ip sequence) that some vertex of € is such thatBjv has lengthk
and makes only3;-turns, and that the rst and last ips of [ are ips of v. We shall prove
by induction that Bjv is a side of a at zone inF lying to the left of Fjv. The casek =1
is clear since a at zone of size one is just a triangle &. So assume& 2. Consider the
rst ipof vinF,andletf :&! ¥ bethe rst mapin F. Let e be the directed edge of
along which the ip is performed ( is the rst directed edge of Ejv). Consider the triangle
t of ® on the left of e, and the vertexx of t that is not incident to e.

There is a neighborw of v in & such that f(w) = x. By Lemma 8.18 there is inf a ip
of w in-between any two ips ofv. Recall that v makes only3;-turns; by Lemma 8.21, this
implies that every ip of w counteracts the previous ip ofv. It follows that Ejw is a walk
of length k 1 that makes only 3;-turns, running parallel to Fjv; by Lemma 8.21 again,
these walks can only b&,, 1,, or 1,-turns, and because the degree of each vertexTofis at
least six, the only possibility is that Bjw makes only3,-turns. By induction, there is a at
zone of sizek 1 on the left of Fjw, so there is a at zone of side&k on the left of Bjv. [

graph. We say thatv; is alowpoint if every neighbor ofv;, except perhapsvy, is higher
than v; in the ordering. The ordering isproper if (1) each vertex but vy is adjacent to a

for every0 i<p the vertex ipped from f; to fis1 IS Vi mod g

Lemma 8.26. Assume thatG is connected and hag vertices. LetF be a proper ip sequence
of kg+2 homomorphismsG! T, for some integerk. Then F is k-forward.

is composed okg+ 1 ips, the lowest vertex vy is both the rst and the last vertex ipped
in F, and vy is ipped k+1 times in F, soFjvy has lengthk + 1. Let wy be the highest
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Figure 8.19: In the proof of Lemma 8.26\V; cannot make al,-turn.

neighbor ofvy. There are two cases. First assume that, is a lowpoint. Then, consider
any neighborx of vo. Becausew, is a lowpoint, x is a lowpoint as well. Thusyv, is the last
neighbor ofx to be ipped in F before a ip of X, and so every ip ofx counteracts the last
ip of vo by Lemma 8.22. That being true for every neighboxk of vy, Lemma 8.21 implies
that Fjvy, makes only3, -turns, and thus that F is (k + 1) -forward.

Now assume that there is a neighbor af distinct from vq that is lower than wg in L.
Among the neighbors ofwg lower than wy, let w; be the highest. Among the neighbors of/;
lower than wy, let w, be the highest ..., and so on untilv,, ; = vp for somem 3. Then

vertex w;,; is both the last neighbor ofw; ipped before w;, and the last vertex ofC ipped
beforew;, indices being taken modulam.

C. Foreveryi 2 |, the image ofv; noq ¢ Makes a walkw; of length two betweenf; and fi, .1 .
IndeedV; moq ¢ IS here ipped twice: in ips i andi + q.

We claim that for every two consecutivel <j 2 |, if W; makes al;-turn, then W, also
makes al -turn. See Figure 8.18. Consider the edge betweenVi mod q and Vj meq g, and
consider the ipsi, j, i+ g, andj + g. By de nition no neighbour of v; me4q iS ipped
betweeni and |, nor betweeni + gandj + g, so by Lemma 8.22 ipj counteracts ip i, and
ip j + gcounteracts ip i + g. Then ip i cannot rotate the image ofe clockwise (as in the
bottom part of Figure 8.18), for otherwise ipj would rotate the image ofe counter-clockwise
since it counteracts ip i, and then ip i + g could not be such thatW, makes al,-turn. So
ip i rotates the image ofe counter-clockwise (as in the top part of Figure 8.18). Then ig
rotates the image ofe clockwise, since it counteracts ipi. Flip i + qis also clockwise since
W, makes al,-turn, and ip j + g is counter-clockwise since it counteracts ig + g We
proved that W; makes al,-turn.

We use the claim immediately to prove by contradiction that forevery 2 I ,ifi  (k 2)q,
then W, does not make dl,-turn. For otherwise, by our claim, everyl >i 2 | is such that
W, makes al,-turn. In particular, the smallestj >i 2 | is such thatW; makes al,-turn, so
the ips i, j,i+ g, andj + g are such as depicted in Figure 8.19. But then ip +2q cannot
be such thatW;, 4 makes al;-turn, which is a contradiction.

The same arguments show that for every2 I, if i (k 2)g, then W, does not make a

1 -turn. So W; makes a3;-turn by Lemma 8.21. In particular Fo (x 1yq+1JVo makes only
3,-turns, soF is k-forward. O

An ordering vo; vy;::: of the vertices of a digraphD is monotonic if every edge oD is
directed from a vertexv; to a vertexv; such thati<j .
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Lemma 8.27. Let D be a digraph of sizen. If D has no directed cycle and has a single
source, then we can compute i@(n) time an ordering of the vertices oD that is both proper
and monotonic.

Proof. Without loss of generality,D has at least two vertices. Letg be the unique source of
m 1, wherel, := fvpg, and wherel contains the sourcesddn ., |; foreveryl k m.

vertices ofD. Then L is monotonic. Moreover, each vertex buty is adjacent to a lower
vertex, andlq[ |, is the set of lowpoints ofL, soL is proper. ]

Before proving Theorem 3.5 we detail how to detect, given homomorphismf, if a
balancing move applies td :

Lemma 8.28. Let T be a reducing triangulation of sizen. Let G be a graph of sizen, and
letf :G! T be a homomorphism. InrO(m + n) time we can determine if there is a simple
closed walkC in G such thatf C makes only3-turns, is pulled left, and not right. In that
case, bothC and the subgraplG, of G spanned by the walks that follo@ are computed at
the same time.

Proof. Without loss of generality, assume that we look fo€ such thatf C makes only
3. -turns (the 3y-turns case being symmetric). Consider the following algorithm. As a pre-
liminary, build a graph G°from G by detaching every vertexv of G from its incident edges,
and by re-attaching those edges to copies ofas follows. LetN contain the directed edges
emanating fromv in G, whose basepoints have thus been detached fram For every two
directed edgesa and b based atf (v) in T such that (a ;b makes a3;-turn, consider all the
directed edges inN that are mapped toa or b (if any), and attach all their basepoints to a
common copyv® of v. Mark v®with red if f (N) contains a directed edge of on the right of
(a *;b). Mark vPgreen iff (N) does not contain any such directed edge, and if it contains a
directed edge on the left ofa !;b).

The graph G° projects to G in the sense that the edges dB° are those ofG, and every
vertex of G° corresponds to a vertex o6 (though not in a one-to-one manner). We say that
a vertex v° of GClifts a vertex v of G if v is the projection of v°.

Build the graph G%in O(m + n) time. Direct every edgee” of G°so that f (¢) sees red on
its left. Then determine in O(n) time if there is a connected componen®) of G° that does
not contain any red vertex, that contains a green vertex, and that contains a simple directed
cycle C° If there is none, then return that nothing was found. Otherwise, return the closed
walk C in G to which C°projects, and the subgraphG, of G°to which GJ projects.

Let us now prove that this algorithm is correct. Every closed wallC in G whose image
walk makes only3,-turns is lifted by a directed cycleC®in G° and if C is simple, then
Clis simple. Conversely, every simple directed cyclg® in G° projects to a closed walk
C that makes only 3;-turns. And if the connected componentG) of C° contains no red
vertex, then C is simple; indeed any self-intersection vertex & would either correspond to
a self-intersection vertex ofC® which is impossible since&C®is simple, or otherwise it would
correspond to red vertices irC% We conclude with the claim that Gy is the subgraph ofG
spanned by the walks followingC, and that C is pulled left (resp. right) if and only if GY
contains a green (resp. red) vertex. Indeed every walk that follows C in G lifts to a walk
WO based at some vertex o€°in GY. Also, if W can be extended by one edge into a walk
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that pulls C to the left (resp. right), then the end-vertexw® of W%is marked green (resp.
red). Reciprocally, any walk inG3 from C°to a vertex w® projects to a walk W in G that
follows C. And if wlis green (resp. red), thelW can be extended by one edge to pull to
the left (resp. right). ]

Proof of Theorem 3.5. By Lemma 8.16, we can assume thdt is simplicial. Without loss

of generality, we assume thaG is connected, for otherwise we could apply the algorithm
to each connected component separately. Makirfg harmonious is done using balancings,
shortenings, and ips. Since balancings and shortenings decrease the length of the drawing,
we give them priority over ips. More precisely, the algorithm consists in applying the routine
given below, which only performs ips, with the following important twist, left implicit in

the description: whenever a balancing or a shortening is possible, we apply it and resume the
routine from scratch Recall that the simplicial mapf : G! T factors as a homomorphism

f*: &1 T;itis convenient to express the routine in terms of’, since ips can be described

at the homomorphism level. Here is the routine:

1. Choose an arbitrary vertex of G, and ip any vertex of G other than r, in any order,
as long as possible.

2. Direct G with the left-blue direction. If G has no directed cycle and has a single
source, then do the following: apply Lemma 8.27 to build i®©(n) time a proper and
monotonic orderingvop;:::;Vq 1 of the g 1 vertices of &; initialize i := 0. Then,
while it is possible t0 ip Vimodq, IP it and increment i. (Some precisions: (a) we
go to Step 3 as So0N ag med q IS NOt ippable; (b) The ordering is xed during this
entire step; if, after a ip, we update the direction of the edges to preserve the left-blue
direction, it ceases to be monotonic.)

3. Flip any vertex of G (even possiblyr), in any order, as long as possible.

If the algorithm terminates, then f is harmonious by Lemma 8.17. We now bound
the number of ips of the routine, assuming that it is not interrupted by a balancing or
a shortening. Step 1 does not ipr, so it consists ofO(n?) ips by Lemma 8.23. Also the
ip sequence of Step 2 is proper, so it has lengt®(mn) by Lemmas 8.24, 8.25, and 8.26.
Let F be the ip sequence of Step 3. For the sake of the analysis, we preserve the left-blue
direction of the edges of5 after each ip (equivalently, at each ip of a vertex v, we reverse
the direction of the edges incident tos). We now prove that in all cases, some vertex @ is
not ipped in F:

~ If Step 2 was skipped becaus® has a directed cycle, then this cycle remains xed by
Lemma 8.20;

if Step 2 was skipped becaus8 has a sourcer distinct from r, then v is a source that
cannot be ipped, sov is not ipped in Step 3 by Lemma 8.19;

if Step 2 was executed, we claim that in Step 2, every attempt to ip a vertex happens
whenv is a source. Indeed, at the rst round of ips, the neighbours o¥ that have
already been ipped correspond precisely to the edges that were directed towakds
the initial monotonic ordering, which have thus been reversed by the ips, making a
source.
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After each vertex of G has been ipped, the directed graph is again monotonic. This
proves the claim. It follows thatv cannot be ipped in Step 3 by Lemma 8.19.

This implies that the ip sequenceF of Step 3 has lengthO(n?) by Lemma 8.23, as desired.
Thus, overall, if not interrupted, the routine terminates after O((m + n)n) ips if not inter-
rupted. Since there areD(n) balancings or shortenings, the total number of ips, balancings,
and shortenings iSO((m + n)n?).

To prove the claimed running time ofO((m + n)2n?) time, it remains to note that nding
and applying the next move, or correctly asserting that no move can be applied anymore,
takes O(m + n) time. Indeed, & and f* can be computed inO(n) time by constructing the
clusters off . On & nding a ip, or correctly asserting that there is none, takesO(m + n)
time. Same for the shortenings. Concerning the balancings, an application of Lemma 8.28
dermines inO(m + n) time if there is a simple closed wallC in G such thatf® C makes only
3-turns, is pulled left, and is not pulled right. If there is none, then no balancing is available.
Otherwise C can be balanced, and Lemma 8.28 computes bothand the subgraphG, of G
that will move with C during the balancing. The modi cation brought tof by the balancing
then takesO(m + n) time. ]

8.4 Extensions to reducing triangulations with boundary

Until now we only de ned reducing triangulations on closed surfaces, but they can also
be de ned on surfaces with boundary. On those surfaces a triangulatioh whose dual is
bipartite is reducing if each vertex in the interior of T has degree at least six. There is no
constraint on the degrees of the boundary vertices. In this section we extend the results of
Sections 8.2 and 8.3 to reducing triangulations with boundary. To mimic the classical setting
of Tutte's theorem, we consider the constraint of attaching vertices to the boundary of the
surface. We formalize this constraint in the following de nitions. LetS be a surface with
non-empty boundary (such as the disk). LeG be a graph, and letf : G! S be a map. We
use the following conventions: the boundar@ Sof S is directed so that the interior of S lies
on its right, and the rotation system of a graph embedded o8 records, for every vertexv
embedded orS, the clockwiseorder of the edges meeting.

Anchor.  An anchor is a (possibly empty) setA of vertices of G mapped to @ Shy f,
together with linear orderings of those vertices mapped to the same point @S Note that
some vertices ofs can be mapped to@ Swithout belonging to A.

Untangling relatively to an anchor. Let f°: G ! S be obtained fromf by sliding
in nitesimally along @ She images of the vertices irA, so as to separate them in the orders
prescribed byA. We say thatf can beuntangled relatively to A if there is an embedding
homotopic to f ®, where the homotopy xes the image of every vertex ir.

Weak embeddings relative to an anchor. Informally, we say thatf is a weak embedding
relative to A if there exist embeddings arbitrarily close td in which the vertices inA are
embedded along@ $and in the orders prescribed byA. We shall not use this de nition as
is, and instead we consider an equivalent formulation in the case whédrés a drawing in the
1-skeletonT of a reducing triangulationT of S. This formulation better suits our needs. In
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Figure 8.20: Construction of thel-gadget.

Figure 8.21: Construction of the triangulationT in the proof of Theorem 8.1.

detail, we extendT to a graph M equipped with a rotation system, we extends and f to
agraphG and adrawingf :G ! M as follows. Consider every two consecutive edges

system ofM so that e;s;;:::;s;f are consecutive arounk. Then for everyl i K,
create an edge incident tos; in G , and map this edge tos; in f . We say thatf is aweak
embedding relative to A if f is a weak embedding.

Our result is the following :

Theorem 8.1. Let S be a surface with boundary. LeT be a reducing triangulation ofS,
with m edges. LetG be a graph of sizen, and letf : G! T be simplicial. LetA be an
anchor for f. If f can be untangled rel.A, then we can compute irO((m + n)?n?) time a
simplicial mapf®: G! T, homotopic tof relatively to A, weak embedding relative té,, not
longer thanf .

The proof of Theorem 8.1 goes by extendin@ to a reducing triangulation without bound-
ary (in order to apply Theorem 3.5). This extension step uses ad-hoc gadgets that we now
de ne. Let S be the surface of genus one with one boundary component. Theadget is
the reducing triangulation T of S depicted in Figure 8.20. The boundary of is the union
of two edges ofT : one edge is incident to a blue face df, and the other to a red face. The
3-gadget is then the reducing triangulation T obtained from disjoint 1-gadgetsT; T,; T by
identifying the blue-incident edge ofT; with the red-incident edge ofT;.; for everyi 2 f 1; 2g.
The boundary of T%is the union of the red-incident edge of; and the blue-incident edge of
Ts.
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We call crown any reducing triangulation T of the annulus obtained from a circular list
of k 2 trianglesto;:::;tx 1 by identifying some side ot; with some side oftj.; for every
i, where indices are moduld.

Proof of Theorem 8.1. We shall extendT to a reducing triangulation without boundary T ,
and then extendf to a drawing onT . The construction of T is as follows. First extend
T to a reducing triangulation Ty by attaching a crown to each boundary component of .
Choose the crowns so that ik is a vertex of the boundary ofT, and if k O vertices ofA
are mapped tox by f, then x is incident to at leastk + 6 edges in the interior of its crown;
crucially, we make the observation (O) that the rst three, and the last three edges incident
to x in the interior of the crown will not be used by the extended drawing. Now build
from T, as follows. See Figure 8.21. Consider a copy of To. Reverse the direction of
T,, and exchange the colors of its faces. Identify every edge of the boundaryTgfwith its
copy in T;. At this point the faces of T are properly colored, butT may not be a reducing
triangulation since vertices on the boundary off, may have low degree. This is xed by
cutting open in T every edge of the boundary oy, and by identifying the two cut paths
with the two boundary paths of a 3-gadget (keeping the coloring of the faces proper).
Now extendG and f to a graph G , and a simplicial mapf : G ! T; rstextend G
andf to someGg andfy: Gy ! To, as follows. Consider every vertex of the boundary
of T. Let vq;:::;w for somek 0O be the vertices ofA mapped tox by f, in order. Let

everyl i Kk, addin Gy an edges; incident to v;, and let fo(s;) := €.3. We say that the
newly created end-vertex og; is a tip vertex of Gg, and that s; is a tip edge ofG. Build G
andf from G, and f, by considering a copyG; of Gy, and the mirror mapf; : G, ! T,
and by identifying in Go[ Gy andfy[ f, every tip vertex of Go with its mirror vertex in G;.
To conclude, transformf toamapf®: G ! T with the algorithm of Theorem 3.5, and
return f %:= f Ys. Let us show why this is correct. LefT! be the sub-triangulation of T that
is the union of T and the mirror of T. Let Gl be the subgraph ofG that is the union of the
two copies ofG. By the above observation (O), applying the moves described in Section 8.3
to f does not modify the images of the stem edges, and preserves the fact thgG!) TL.
In particular f%is homotopic tof rel. A. Moreoverf is homotopic to an embedding inl
sincef can be untangled relatively toA in T. Thus f %is a weak embedding by Theorem 3.4,
and f %is not longer thanf . And sof %is a weak embedding relative ta\, not longer than
f. O
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Part |l

Computing Delaunay Triangulations of
Surfaces
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In this part of the thesis

In this second part of the thesis we consider computing a Delaunay triangulation (or tes-
sellation) of a surface from an arbitrary triangulation of the surface. The review of the
background and related works is postponed to Chapter 9. In particular we refer to Chapter 9
for the de nitions of Delaunay tessellations, Delaunay triangulations, and Delaunay ips.
Here we present some important concepts, provide an informal account of our contributions,
and describe the organization of the chapters.

Computing the Delaunay tessellation. First we consider, on a closed piecewise- at
surfaceS, a particular Delaunay tessellationD of S. It is the unique Delaunay tessellation
of S whose vertices are exactly the singularities & (the points of S that lie in the interior
of S and are surrounded by an angle di erent from2 or lie on the boundary ofS and are
surrounded by an angle di erent from , see Chapter 3), with a single exception: & has no
singularity, then S is a at torus and we let D be any of the Delaunay tessellations @& that
have exactly one vertex, for one can be mapped to the other via an orientation-preserving
isometry of S anyway. In any case, we say thabD is the Delaunay tessellation of S, ina
slight abuse. We consider computing from an arbitrary triangulation of S.

More precisely, recall from Chapter 3 that a portalgon is a disjoint collection of oriented
at polygons together with a partial matching of the sides of the polygons. We are given a
triangular portalgon T whose surfac&(T) is closed, and we consider computing the portalgon
of the Delaunay tessellation o5(T). The aspect ratio of T is the maximum side length of
a triangle of T divided by the smallest height of aF;riangIe oflf (possibly another triangle).
Note that the aspect ratio is always greater than 3=2 > 1, for it is easily seen that the
maximum side length of a triangle is always greater than or equal t03=2 times its smallest
height. We prove that the portalgon of the Delaunay tessellation d&(T) can be computed
from T in time polynomial in the number of triangles ofT and in the logarithm of the aspect
ratio of T:

Theorem 8.2. Let T be a portalgon o triangles, of aspect ratior, whose surfacesS(T) is
closed. One can compute the portalgon of the Delaunay tessellatioiS6F) in O(n3log?(n)
log*(r)) time.

The only two methods we are aware of for computing a Delaunay triangulation from an
arbitrary triangulation (not issued of a mesh) are greedily performing Delaunay ips and
computing the dual Voronoi diagram by adapting shortest path algorithms. The time com-
plexities of these algorithms are not bounded by any polynomial mand log(r), contrarily to
the algorithm of Theorem 8.2. This follows from Theorem 8.3 below, and from the algorithm
of Proposition 10.3 in Chapter 10.
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As we shall see at the beginning of Chapter 10, our result has interesting applications.
In particular, the time complexity of computing shortest paths on the surface of a portal-
gon depends on a geometric parameter, tHeppinessof the portalgon. As the portalgons
of Delaunay triangulations have bounded happiness, Theorem 8.2 enables to pre-process a
portalgon before computing shortest paths on its surface. Moreover, the Delaunay tessel-
lation of a closed piecewise- at surface being unique by de nition, Theorem 8.2 enables to
test whether the surfaces of two given portalgons are isometric, simply by computing and
comparing the portalgons of the associated Delaunay tessellations.

Bounding Delaunay ip sequences. For our second contribution, we depart from look-
ing for an e cient algorithm, and we consider instead the classical algorithm that greedily
performs Delaunay ips on the edges of an input triangulation. On general piecewise- at sur-
faces, the complexity of this algorithm is vastly open. We focus on the particular case where
the surface is a at torus. We callsequence of Delaunay ips any sequencely;:::; Ty

of triangulations, for somem 0O, such that for everyk 2 f 1;:::; mg the triangulation Ty
results from the Delaunay ip of an edge in the triangulationT, ;. We say that m is the
length of the sequence, and that the sequenstarts from the triangulation To. We prove:

Theorem 8.3. Let T be a at torus. Let T be a triangulation of T, with n vertices, of
maximum edge length.. Every sequence of Delaunay ips starting fronT has length at
mostC n? L, whereC > 0 depends only orT. This bound is tight up to a constant factor.

An upper bound was already proved by Despré, Schlenker, and Teillaud [70, Theorem 16],
as a particular (easy) case of a more general result on triangulations of hyperbolic surfaces:

Cn2 2

where is a parameter measuring in some sense how stretchddis. The de nition of is

not used in this chapter. We just mention that to obtain their bound the authors showed that
the edges ipped in a sequence of Delaunay ips cannot be longer than [70, Lemma 10].
The upper bound follows from the observation that the number of segments no longer than
L > 0 between two given points ofl is at most quadratic inL. Our rst (small) improvement

is to replace the parameter by the maximum length L of an edge inT. The inequality

L is easily observed to be true. Moreover the de nition of is more intricate than the

de nition of L and it is not obvious how to compute while computingL is immediate. Our
second (main) improvement is to replace the quadratic dependency by a linear dependency
in L, obtaining a bound that is tight up to a constant factor.

Implementing Delaunay ips. Our nal contribution is an implementation of the ip
algorithm on triangulations of closedhyperbolic surfaces, a fundamental building block for
computing with such surfaces. Our implementation is collected in a package of a standard
library of computational geometry, along with convenient generation and visualization tools.
In this setting, it is important and challenging to perform the arithmetic operations ex-
actly and e ciently. To do so, we implemented a generation of triangulations of surfaces of
genus two that are described entirely by rational numbers. This generation process is also a
contribution of us.
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Organization of the chapters. We review the background and the related works in
Chapter 9. We prove Theorem 8.2 in Chapter 10. We prove Theorem 8.3 in Chapter 11. We
discuss our package in Chapter 12.
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Chapter 9

Background and Related Works

In this chapter we brie y review the background and works related to portalgons and Delau-
nay tessellations.

9.1 Portalgons versus meshes

We de ned piecewise- at surfaces and their tessellations from portalgons, polygons R¥
with matched sides (Chapter 3). These are more commonly obtained frameshes polygons

in R glued along their edges. Every (compact, orientable) piecewise- at surface is isometric
to the surface of a mesh, as proved by Burago and Zalgaller [29], see also the discussion of
Lazarus and Tallerie [135, Introduction]. Moreover, cutting the edges of a mesh and placing
its polygons in the plane provides a portalgon. However portalgons are more general than
meshes as portalgons cannot in general be obtained from a mesh this way. To see that,
observe that every edgee of a mesh is a shortest path in the surface of the mesh, sinee

is already a shortest path inR3. On the other hand, given a portalgonT, the edges of the
tessellationT! (Chapter 3) are in general not shortest paths in the surfacg(T). Strikingly,

at tori have portalgons with few polygons but their simplest meshes we are aware of have
80 polygons [157].

There is a recent development of algorithms that advantageously operate on triangula-
tions of piecewise- at surfaces (equivalently, triangular portalgons) that are not issued of a
mesh. In this context the adjective intrinsic is sometimes placed before the name trian-
gulation to make the distinction with the particular triangulations issued of a mesh. For
example Sharp and Crane [172] nd geodesics of a piecewise- at surface quite simply by ip-
ping edges of an intrinsic triangulation. The exact complexity of their algorithm is currently
open. Another algorithm of Takayama [179] constructs a low distortion homeomorphism
between two surfaces, and represents the homeomorphism by a correspondence between in-
trinsic triangulations. Also Liu et al [138] re-triangulate a surface to solve equations on it.
Considering intrinsic triangulations gives them freedom to re-triangulate the surface without
modifying it, an advantage over many mesh simpli cation techniques that commonly modify
the surface [116].
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9.2 Measuring distances, and tracing shortest paths

A fundamental problem on piecewise- at surfaces is compute the distance between two points,
or even to trace a shortest path between the two points. While there exist algorithm to
compute shortest paths insides a given planar polygon [148, 111, 188], other algorithms are
designed speci cally for meshes. Recall that every edge of a méshs a shortest path on the
surface ofM . Of course onM not every pair of points are the endpoints of an edge, but no
shortest path can cross an edge twice, for otherwise it could be shortened. And the number of
geodesic paths crossing at most once each edg#lofs bounded by a function of the number

n of edges ofM. So shortest paths on the surface d#i can be computed by exhaustive
search in time that depends only inn. In fact Mitchel, Mount, and Papadimitriou [149]
obtained the following result. They are given as input a source poir# in the surface of a
meshM and perform a preliminary computation in timeO(n?logn) and spaceO(n?). Then
they can answer the following queries. Given a point in the surface ofM they compute
the distance betweers and x in O(logn) time, and they report a shortest path betweers
and x in O(k + log n) time, wherek is the number of faces visited by the path. Roughly,
their algorithm propagates waves along the surface, starting from the source, in a discrete
manner. Their result has since been improved by Chen and Han [41, 42] who proved, using
a di erent technique, that shortest paths can be computed ifD(n?) time and ( n) space.

On a portalgon however, the number of times a shortest path in the surface visits the
image of a polygon is not bounded by any function of the number of polygons. This fact is
folklore, it was for example noted almost 20 years ago in a popular blog post by Erickson [85].
Recently, L0 er, Ophelders, Staals, and Silveira [141, Section 3] coined the terhappiness
of a portalgon T, for the maximum number of times a shortest path inS(T) visits the
image of a polygon ofT. They adapted the single-source shortest paths algorithm from
meshes to portalgons [141, Section 3], whose running time now depends on the happiness of
the portalgon. They did not handle the case of multiple sources. We emphasize that their
algorithm is more e cient on the portalgons of low happiness.

The fact that portalgons with low happiness are more suited to computations raises the
question of replacing a portalgonT by another portalgonT° of the same surface whose hap-
piness is low . L0 er, Ophelders, Staals, and Silveira [141, Section 5] provided a solution to
this problem, but only for a restricted class of inputs whose surfaces are all homeomorphic to
an annulus. Importantly, they also proved [141, Section 4.2] that the portalgons of Delaunay
triangulations have bounded happiness. So, as they observed, providing an e cient algorithm
for replacing T by the portalgon of a Delaunay triangulation would solve the problem. This
will be our main contribution in Chapter 10.

9.3 Voronoi diagrams and Delaunay tessellations

In this section we review Voronoi diagrams and Delaunay tessellations, in the Euclidean plane
and on closed piecewise- at surfaces. These classical objects have been extensively studied,
so we detail only the few de nitions and results relevant to us, referring to textbooks [57, 99]
for details.
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9.3.1 Voronoi diagrams

Voronoi diagrams are mostly known in the Euclidean planR?. In this particular setting, the
Voronoi diagram of a nite non-empty V. R? contains the pointsy 2 R? whose distance
to V is realized by at least two distinct points ofV. In other words there exist at least two
distinct points of V whose distance toy is the minimum amongV. Informally, the Voronoi
diagram of V decompose®R? according to which points ofV they are closer to.

Voronoi diagrams are de ned one more spaces than the Euclidean plane. On a closed
piecewise- at surfaceS, one further assumes thalV contains all the singularities ofS. In
this setting, the Voronoi diagram of (S; V) contains the pointsx 2 S such that the distance
betweenx and V is realized by at least two distinctpathsin S. Note that, contrarily to the
Euclidean plane setting, it is possible for the Voronoi diagram dfS; V) to contain a point
x such that all the shortest paths betweerx and V end at the same point ofV. This is for
example the case i is a at torus and V contains exactly one point ofS.

9.3.2 Delaunay tessellations

Similarly to Voronoi diagrams, Delaunay tessellations are mostly known in the Euclidean
plane R?, and for a nite V. R2. In this setting, they can be de ned using the notion of
empty disk Givenx 2 R? andr > 0, consider the points 0lR? whose Euclidean distance ta

is smaller thanr. This subset ofR? is an empty disk if it contains no point ofV. Note that,
importantly, it is possible for the boundary circle@ Dof an empty diskD to contain points
of V. As it turns out, there is a unique tessellationrD of the convex hull ofV that satis es
the following: for every empty diskD if @D, V is not empty then the convex hull of@D. V

is either a vertex, an edge, or the closure of a face Df and every vertex, edge, and face of
D can be obtained this way. This tessellatioD is called the Delaunay tessellation of .

This empty disk de nition of the Delaunay tessellation has been generalized from the
Euclidean planeR? to closed piecewise- at surface$S by Bobenko and Springborn [22].
Empty disks are generalized by immersed empty disks. Ammersed empty disk is a pair
(D;' ) whereD is an open metric disk olR?, and' :D ! S is a map de ned on the closure
D of D that satis es the following: the restriction of ' to D is an isometric immersion,
and' (D)\ V = ;. Note that ' is not necessarily injective. Bobenko and Springborn [22,
Proposition 4] proved:

Lemma 9.1 (Bobenko and Springborn) There is a unique tessellatio of S such that for

every immersed disKD;"' ), if ' (V) is not empty, then the convex hull of (V) projects

via' to either a vertex, an edge, or the closure of a face bf and such that every vertex,
edge, and face oD can be obtained this way.

The tessellationD given by Lemma 9.1 is theDelaunay tessellation of (S; V). Itis in
general a triangulation, but not always. ADelaunay triangulation is any triangulation
obtained by triangulating the faces of a Delaunay tessellation along vertex-to-vertex arcs.

Delaunay tessellations are classically related to Voronoi diagrams. In the at plarie?
for example, given a nite V. R? of at least three points, any twov 6 v°2 V are the
endpoints of an edge in the Delaunay tessellation & if and only if the Voronoi cells of
v and v° share a side. In this sense the Delaunay tessellation \fis dual to the Voronoi
diagram of V. This duality is folklore even on closed piecewise- at surfaces, and has been
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explored for algorithmic purposes [77, 120]. However we could not nd a detailed depiction
of it, so we provide details in the appendix of Chapter 10.

9.4 Computing Voronoi diagrams and Delaunay
tessellations

In this section we review algorithms computing Voronoi diagrams and Delaunay tessellations.

In the Euclidean plane there exist many algorithms to do so, but we do not review these

algorithms. Instead we review the only two approaches we are aware of that generalize to
closed piecewise- at surfaces.

9.4.1 Approach by shortest paths

One approach computes a Voronoi diagram with a suitably adapated multiple-source shortest
path algorithm, and then derives from it a Delaunay tessellation. On meshes, the single-source
shortest path algorithm of Mitchel, Mount, and Papadimitriou [149] was adapted to compute
Voronoi diagrams by Mount [151], and by Liu, Chen, and Tang [139]. This was used by Liu,
Xu, Fan, and He [140] to compute Delaunay tessellations. To our knowledge, prior to this
thesis, this approach has not been extended from meshes to portalgons beyond the recent
single-source shortest path algorithm of L6 er, Ophelders, Staals, and Silveira [141].

9.4.2 Approach by ips

Another approach starts from an initial triangulation and ips its edges. This approach is
mostly known in the Euclidean planeR?. In this setting, given a triangulation T, consider
two triangles t and t° adjacent to a common edge, and the two end-verticesv and v° of
respectivelyt and t° that do not belong to e. If v lies in the interior of the circumdisk oft°
then vPlies in the interior of the circumdisk oft, and the edgee is said Delaunay ippable

in T. In this casee can be replaced inT by the geodesic segment betweanand v° This
operation is called aDelaunay ip . Spectacularly, a triangulation is Delaunay if and only if
none of its edges are Delaunay ippable. Moreover, on triangulations with vertices, every
sequence of Delaunay ips has lengt®(n?). This provides a simpleO(n?) time algorithm
to compute a Delaunay triangulation of a setv of n points in R?: construct an arbitrary
triangulation of V, then perform Delaunay ips on it, greedily, as long as possible.

The notions of Delaunay ips and Delaunay ippable edges immediately extend to tri-
angulations of closed piecewise- at surfaces. Bobenko and Springborn [22] proved that with
their de nition a triangulation is Delaunay if and only if none of its edges are Delaunay
ippable. Termination of the ip algorithm was proved by Indermitte, Liebling, Troyanov,
and Clémencon [120]. The number of ips is not anymore bounded by any function depend-
ing only on the number of vertices. The only upper bound we are aware of is by Despré,
Schlenker, and Teillaud [70, Theorem 16]. In the particular case where the surface is a at
torus, they proved that every sequence of Delaunay ips has lengf@(n?  2), wheren is
the number of vertices, is a geometric parameter of the initial triangulationT that we do
not detail here, and theO() notation depends on the (geometry of) at torus.

The notions of Delaunay triangulations and Delaunay ips also extend to triangulations
of closedhyperbolic surfaces [70, De nitions 4-5]. In this setting Despré, Schlenker, and
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Teillaud [70, Theorem 19] proved that every sequence of Delaunay ips is nite, and provided
an upper bound on the number of ips.
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Chapter 10

Computing the Delaunay Tessellation of
a Closed Piecewise-Flat Surface

10.1 Introduction

In this chapter we prove Theorem 8.2, which we restate for convenience:

Theorem 8.2. Let T be a portalgon o triangles, of aspect ratior, whose surfacesS(T) is
closed. One can compute the portalgon of the Delaunay tessellatioiS6F) in O(n3log?(n)
log*(r)) time.

Throughout the chapter logarithms are in base two if not explicitly written otherwise.
We analyze all our results in the Real RAM model of computation. We denote byp) the
length of a geodesic patip. We use the terminology and notations introduced in Chapter 3.
For example, we denote byl'! the 1-skeleton of a portalgorT .

10.1.1 Discussion of the aspect ratio

We brie y discuss the choice of the aspect ratio as parameter of the triangular portalgdn
in Theorem 8.2. First observe that the aspect ratio ol is a natural parameter that can
be read o the triangles of T. On the other hand there is no known algorithm to compute
the happiness ofT for example. Also, if the surfaceS(T) is connected the algorithm of
Theorem 8.2 remains polynomial im and log(r) whenr is the local aspect ratio of T: the
maximum, over the triangles of T, of the maximum side length of divided by the smallest
height of the sametriangle . Indeed the aspect ratio and the local aspect ratio are related
by the following:

Lemma 10.1. Let T be a portalgon oh triangles, of local aspect ratior, and of aspect ratio
r% If the surface S(T) is connected therr  r® r",

Proof. Clearlyr r° For the other inequality let e be a side of a triangle o whose length

is the maximum possible over all the triangles of and all their sides. And let be a triangle
such that the smallest height of is the minimum d over all the triangles of T and all their
heights. By de nition r°= “(e)=d SinceS(T) is connected there is a sequence of sides of
trianglesey;:::;ex forsomed k <n suchthate belongsto , ey = e forevery0 i<n

the sideey is matched with the sideeyi.;, and the sidesey.; and e, belong to the same
triangle. Then “(&x+2) T “(&+1) and “(&+1) = (&). So*(e)=d “(g)r" =d r". O
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We will not use Lemma 10.1 ever again.

10.1.2 Corollaries of Theorem 8.2

Our result, Theorem 8.2, has two interesting corollaries. First, L6 er, Ophelders, Silveira,
and Staals proved that the portalgons of Delaunay triangulations have bounded happi-
ness [141, Section 4]. Combined with Theorem 8.2, we obtain:

Corollary 10.1. Let T be a portalgon ofn triangles, of aspect ratior, whose surfaceS(T)
is closed. One can compute i®(n3log?(n) log*(r)) time a portalgon T of O(n) triangles,
whose surface iS(T), and whose happiness 9(1).

Proof. Apply Theorem 8.2 to compute the portalgonT° of the Delaunay tessellation o5(T)

in O(n®log?(n) log*(r)) time. Some polygons of °may not be triangles. Cut the polygons of
TOthat are not triangles (if any) along vertex-to-vertex arcs to obtain a triangular portalgon
T% Then T%js the portalgon of a Delaunay triangulation ofS(T), so T°has bounded
happiness by the result of L6 er, Ophelders, Silveira, and Staals [141, Section 4]. Moreover
the vertex set of its 1-skeletoriT °® is exactly the set of singularities of5(T), except if S(T) is

a at torus in which case T has exactly one vertex, so in any casé®®hasO(n) triangles. O

On the portalgon T returned by Corollary 10.1 the single-source shortest path algorithm
of Lo er, Ophelders, Silveira, and Staals [141, Section 3] would run in time quasi-quadratic
in n, in particular:

Observation 10.1. On T%one can compute a shortest path between two given points in time
guasi-quadratic inn.

Second, the Delaunay tessellation of a closed piecewise- at surface being unique by de ni-
tion, Theorem 8.2 enables to test whether the surfaces of two given portalgons are isometric,
simply by computing and comparing the portalgons of the associated Delaunay tessellations:

Corollary 10.2. Let T and T°be portalgons of less than triangles, whose aspect ratios are
smaller thanr, and whose surface$(T) and S(T9 are closed. One can determine whether
S(T) and S(T9 are isometric in O(n®log?(n) log*(r)) time.

Proof. Theorem 8.2 computes the portalgong and T of the Delaunay tessellations of
respectivelyS(T) and S(T9 in O(n3log?(n) log*(r) time. We claim that we can determine
whether T and T %are equal inO(n?) time. The claim immediately implies the corollary.
Let us prove the claim. We consider the sides of the polygonsTofand T % There areO(n)
such sides. Fix a sids of a polygon of T . For every sides® of a polygon ofT ©, determine in
O(n) time whether there exists a one-to-one correspondericdrom the sides of the polygons
of T to the sides of the polygons of °that maps s to s°, the boundary closed walks of the
polygons of T to the boundary closed walks of the polygons df % and the matching of T
to the matching of T® If ' exists then' is unique sinceS(T) and S(TY are connected:
construct' in O(n) time. Then determine in O(n) time if for every polygonP of T there
is an orientation-preserving isometry p : R> ! R? such that' (s) = p(s) for every sides
of P. In which case return correctly thatT and T°are equal. In the end, if every polygon
side s® of T ®has been looped upon, and if no equality has been found, return correctly that
T and T %are distinct. This proves the claim, and the corollary. m
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10.1.3 Overview and techniques for the proof of Theorem 8.2

Recall from Chapter 9 that L6 er, Ophelders, Silveira, and Staals [141] de ned théappi-
ness of a portalgonT as the maximum number of times a shortest path in the surfacg(T)
visits the image of a polygon off. We introduce a slight variation, more suitable to our
needs. On a piecewise- at surfac8, we de ne the segment-happiness of a segmente of
S, denotedhg(e), as the maximum number of intersections betweemand a shortest path of
S, maximized over all the shortest paths of5. The segment-happiness of a portalgoh is
then the maximum segment-happinesis t)(e), maximized over the edges of its 1-skeleton
TL. A priori the segment-happiness off diers from the happiness of T. Indeed a path
in S(T) may visit many times a face ofT! without intersecting any edge ofT! more than
once, if the face has high degree. However, Tifis triangular, then the happiness and the
segment-happiness of do not di er by more than a constant factor.

To prove Theorem 8.2, the crux of the matter is to replace the input triangular portalgon
by another triangular portalgon of the same surface, whose segment-happiness is low .

For that our approach is to focus on portalgon§ whose surfac&(T) is at : the interior
of S(T) contains no singularity (as de ned in Chapter 3). Note that here we allov(T) to
be disconnected, and to have boundary. Also the boundary 8(T) may have singularities.
The systole of S(T) is the smallest length of a non-contractible geodesic closed curve in
S(T), except in the particular case where every closed curve®{T) is contractible, in which
case the systole i4 . The important thing is that for every positive real s smaller than the
systole ofS(T), any non-contractible closed curve ir5(T) is longer thans. Our key technical
result is:

Proposition 10.1. Let T be a portalgon ofn triangles, whose sides are all smaller than
L > 0. Assume thatS(T) is at. Let s > 0 be smaller than the systole &(T). One can
compute inO(n log?(n) log?(2+ L=s)) time a portalgon ofO(n log(2+ L=s)) triangles, whose
surface is isometric to that ofT, and whose segment-happiness@log(n) log?(2 + L=s)).

Note that in Proposition 10.1 it is possible thatl < s, which is why we writelog(2+ L=s)
instead oflog(L=s).

Sections 10.2, 10.3, 10.4, 10.5, 10.6 are devoted to the proof of Proposition 10.1. In Sec-
tion 10.2 we focus on particular triangular portalgons, whose surfaces are all homeomorphic
to an annulus; the de nitions and results of this section are used by the algorithm of Propo-
sition 10.1. In Section 10.3 we describe the algorithm for Proposition 10.1. It is a nely
tuned combination of elementary operations such as inserting and deleting edges and ver-
tices in graphs. While the algorithm itself is relatively simple, its analysis is more involved,
and occupies Sections 10.4, 10.5, 10.6. In Section 10.4 we provide a combinatorial analysis,
doing only things such as counting polygons, not measuring the lengths of their sides. In
Section 10.5 we prepare for the geometric analysis. For that we introduce a new parameter
on the segments of a at surfaceenclosure possibly of independent interest. Informally, in
a surfaceS, a segmente is enclosed when a short non-contractible loop can be attached to
a point of e not too close to the endpoints ok. In Section 10.6 we nally use enclosure to
analyze the algorithm from a geometric point of view, proving Proposition 10.1.

In Section 10.7 we extend Proposition 10.1 from at surfaces to surfaces having singu-
larities in their interior, essentially by cutting out caps around those singularities. Also, in
order to get a cleaner result, we replac2 + L=s by the aspect ratio of T, and we replace
segment-happiness by happiness. We obtain:
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Proposition 10.2. Let T be a portalgon o triangles, of aspect ratior. One can compute
in O(nlog?(n) log?(r)) time a portalgon ofO(n log(r)) triangles, whose surface i$(T),
and whose happiness ©(nlog(n) log?(r)).

We have not discussed Delaunay tessellations yet. Still, we are almost ready to prove the
main result of the this chapter, Theorem 8.2, on computing the portalgon of the Delaunay
tessellation of the surface. Indeed once we have a portalgon of low happiness, we can compute
shortest paths on the surface. And shortest path algorithms classically extend to construct
Voronoi diagrams and then Delaunay tessellations. Formally:

Proposition 10.3. Let T be a portalgon oh triangles, of happines$, whose surfaces(T) is
closed. One can compute the portalgon of the Delaunay tessellatio&@F) in O(n%hlog(nh))
time.

Constructing the Delaunay tessellation this way is folklore on meshes, and a single-source
shortest path algorithm has been brought from meshes to portalgons by L6 er, Ophelders,
Silveira, and Staals [141] (Chapter 9), with the same linear dependency in the happiness.
However we could not nd a statement equivalent to Proposition 10.3 in the literature, so
we provide a proof of Proposition 10.3 in Appendix 10.10 for completeness. We insist that
the proof of Proposition 10.3 is incidental to us, and Proposition 10.3 is not surprising at all.
Our contribution is really the proof of Proposition 10.2.

Theorem 8.2 is immediate from Proposition 10.2 and Proposition 10.3:

Proof of Theorem 8.2. Proposition 10.2 computes irO(n log?(n) log?(r)) time a portalgon
TO%of O(n log(r)) triangles, whose surface is that of , and whose happiness i©(n log(n)

log?(r)). Proposition 10.3 then computes the portalgon of the Delaunay tessellation froR?
in O(n®log?(n) log*(r)) time. O

10.2 Tubes and bifaces

In this section we focus on particular triangular portalgons. This is similar to but di erent
from [141, Section 5]. See Figure 10.1. First we provide a few de nitions.

A tube is a triangular portalgon X whose surfaces(X ) is homeomorphic to an annulus
and has no singularity in its interior, and whose 1-skeletoX ! has exactly one vertex on each
boundary component ofS(X).

Among tubes, abiface is a portalgonB of two triangles whose respective sides; s;; s,
and s3; s9; 89, in order (clockwise say, but counter-clockwise would do to), are such thsg is
matched with s§ and s; is matched with s?. Its 1-skeletonB?* has four edges: two loop edges
forming the two boundary components of5(B), which we callboundary edges , and two
edges relatively included in the interior ofS(B), which we callinterior edges .

We say that a bifaceB is good if the two interior edgese and f of B! satisfy both of
the following up to possibly exchangingg and f . First, eis a shortest path inS(B). Second,
cut S(B) along e, and consider the resulting quadrilateron. If this quadrilateron has two
diagonals thenf is smallest among the two diagonals: replacinfj by the other diagonal
would not shortenf. We will distinguish good bifaces. A good bifac® is thin if every
interior edge ofB? is longer than every boundary edge d@!. OtherwiseB is thick .

While tubes and bifaces have unbounded happiness and segment-happiness, good bifaces
on the other hand are designed to satisfy the following:
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Figure 10.1: (From left to right) A good biface, a biface not good, a thin biface, a thick
biface.

Lemma 10.2. Given a good bifaceB, let e be an interior edge oB*. Then hg;)(e) 6.

Proof. Among the two interior edges o8, let f be a shortest one. Leg 6 f be the other
interior edge ofB!. Let p be a shortest path inS(B). The relative interior p of p cannot
intersect the relative interior of f twice for those intersections would be crossings amdand
f are both shortest paths sinceB is good. Sop intersectsf less than four times. Thenp
cannot intersect the relative interior ofg ve times, for those intersections would be crossings,
and p would intersectf in-between any two consecutive crossings with the relative interior
of g. Altogether p intersectsf and g at most six times each. ]

We will use the elementary operation of replacing a tube by a good biface:

Proposition 10.4. Let X be a tube withn triangles, whose sides are smaller than > 0.
Let s > 0 be smaller than the systole &(X ). One can compute a good biface whose surface
is S(X) in O(nlogn log(2 + L=s)) time.

Proposition 10.4 is similar to a result of L6 er, Ophelders, Silveira, and Staals [141,
Theorem 45] (building upon a ray shooting algorithm of Erickson and Nayyeri [86]), so the
proof is deferred to Appendix 10.8.

10.3 Algorithm

In this section we describe the algorithm for Proposition 10.1. We rst describe the elemen-
tary operations and the data structure, before giving the algorithm itself. Along the way, we
provide informal explanations of our choices, we do not prove anything yet.
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10.3.1 Inserting vertices and edges

Informally, our goal is to improve the geometry of a triangular portalgorT, and the issue is
that the edges ofT?! that lie in the interior of S(T) can be arbitrarily long. A naive way of
shortening an edge is to cut the edge in two at its middle point. Formally:

InsertVertices . Given a triangular portalgon T, consider every edge of T? that lies
in the interior of S(T), and insert the middle point ofe as a vertex inT?.

To perform InserntVertices , recall that T is given as a disjoint collection of triangles in
the plane, together with a partial matching of their sides: we consider every triangke of T,
and every sides of P that is matched in T, and we make the middle point ok a new vertex
of P.

The problem is that applying InsertVertices to a triangular portalgon T produces a
portalgon T°whose polygons are usually not triangles (they have more than three vertices).
We now consider transformingr ®into a triangular portalgon. To do that we repeatedly cut
the polygons ofT% We need a de nition.

In the plane consider a polygorP, two distinct vertices u and v of P, and the geodesic
segmenta betweenu andv. If the relative interior of ais included in the interior of P then a
is called a vertex-to-vertex arc oP. It is easily seen that ifP has at least four vertices (is not
a triangle) then P admits at least one vertex-to-vertex arc. Among the vertex-to-vertex arcs
of P, the shortest ones are theshortcuts of P. We emphasize that we consider the shortest
ones among all the vertex-to-vertex arcs, without xing the endpoints, but the endpoints are
chosen among the vertices ¢*. For example the shortcuts of a square are its two diagonals,
but every other kite (a quadrilateral in which there are two incident sides of the same length)
has only one shortcut. In a portalgonT every polygonP corresponds to a fac& of T, and
every shortcut of P corresponds to a path relatively included irF-: we say of this path that
it is a shortcut of F.

InsertEdges : Given a portalgonT, as long as there is a face df! that is not a triangle,
insert a shortcut of this face as an edge im’.

We performInsertEdges as follows: as long as there is a polygd? of T that is not a
triangle, we cut P into two polygons along a shortcut. This creates two new polygon sides,
which we match inT.

We shall apply InsertVertices followed by InsertEdges to a triangular portalgon T
in order to produce another triangular portalgonT? hopefully with a nicer geometry. The
problem is now that T® has more vertices thariT. All the other operations of the algorithm
are devoted to keeping the number of vertices low.

10.3.2 Deleting vertices

From now on it is important that every surface considered is at, there is no singularity in its
interior. Given a triangular portalgon T, assuming that the surfaceS(T) is at, we consider
decreasing the number of vertices of!. To do that we naturally consider deleting some
vertices. Not all vertices can be deleted. For example a vertex incident to a loop edge cannot
be deleted. Also we will not delete vertices that lie on the boundary of the surfa&T). A
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vertex of T! is weak if it lies in the interior of S(T) and is not incident to any loop edge in
T1. Itis strong otherwise.

DeleteVertices . Given a triangular portalgon T whose surface&(T) is at, construct
a maximal independent se¥ of weak vertices off * that have degree smaller than or equal
to six. For every vertexv 2 V deletev and its incident edges fronir' L.

We perform DeleteVertices as follows. To delete a vertex of T, we consider the
vertices of the triangles ofT that correspond tov. No two of them belong to the same
triangle for otherwise there would be a loop of ! based atv, contradicting the assumption
that v is weak. We move their triangles in the plane so that these vertices are now placed at
the same point of the plane, and so that the triangles are placed in the correct cyclic order
around this point, without overlapping. This is possible since lies in the interior of S(T),
and since we assumed that every point in the interior &(T) is at: it is surrounded by an
angle of2 . Now the union of the triangles is a polygon. Inl, we replace all the triangles
by this single polygon.

Afterward the polygons of T are usually not triangles anymore, but this will be solved by
applying InsertEdges after each application ofDeleteVertices

Observe that inDeleteVertices  we delete only vertices of degree smaller than or equal
to six. Informally, the reason is that deleting a weak vertex of degres 3 creates a face of
degreed around it. We then insertd 3 edges in this face when applyinthsertEdges . The
problem is that only a constant number of edges can be inserted in each face without risking
to destroy our improvements on the geometry of the tessellation. This is why we make sure
that d = O(1) beforehand. The exact bound oul is not really important (although changing
it would change some constants of the algorithm), but it must be at least six so that we can
still remove a fraction of the excess vertices this way, at least when most of them are strong.
We will see that in due time. Similar ideas can be found in the literature, see for example
Kirkpatrick [128, Lemma 3.2].

10.3.3 Simplifying tubes

The operation DeleteVertices cannot delete strong vertices. Among them the vertices
that lie the interior of the surface and are incident to a loop edge. In this section we describe
an operation for deleting such vertices.

In order to grasp the intuition observe informally that it is possible that almost all the
vertices of T lie in the interior of S(T) and are incident to a loop edge. Fortunately, we will
see that in this case there must be a sub-portalgoX of T such that X is a tube and such
that the interior of S(X) contains loop edges oK !. The solution is to delete those loop
edges by replacingX by a good biface with Proposition 10.4. There is one subtlety though:
we must choose the tubeX carefully, so that we replace any concatenation of tubes by a
single biface whenever possible, in order to delete the loops in-between the tubes, instead
of replacing each one of the tubes individually. Taking that into consideration leads to the
following:

SimplifyTubes  : Inatriangular portalgon T whose surfac&(T) is at, do the following:

1. In T build a setJ of loop edges that lie in the interior ofS(T) and are pairwise dis-
joint, as follows. There are two cases:
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Figure 10.2: (Top) Data structure forAlgorithm : a portalgonR whose polygons are parti-
tioned, here by color, inducing sub-portalgons d® called regions, and one region singularized
as being active, here in red. (Bottom) The surfac8(T) is here homeomorphic to an annulus.

a) If S(T) is homeomorphic to a torus, do the following. Led contain two disjoint
loop edges off'! if there exist two such edges, otherwise lek = ;.

b) Otherwise, if S(T) is not homeomorphic to a torus, do the following. First
construct a setJ? of loop edges by considering every vertex of T? that lies
in the interior of S(T) and is incident to a loop edge, and by putting one (and
only one!) of the loop edges incident te in J° Then build a subset] J°by
removing fromJ%everye 2 J°that satis es each of the following. First, cutting
S(T) along the loops ind® and considering the resulting connected components,
two such components are adjacent te (instead of only one). Second, letting
Sp and S; be those two components, and considering the two sub-portalgons of
T whose surfaces ar§, and S;, each of these two portalgons is a tube.

2. Cut the surfaceS(T) along the loops inJ, and consider the resulting connected
components. Each such component is the surface of a sub-portalgorof T. If X is
a tube replaceX by a good bifaceB.

The idea behind step 1b is to remove loops frodf so that step 2 replaces a concatenation
of tubes by a single good biface when possible, instead of replacing the tubes individually.

10.3.4 Data structure for marking bifaces as inactive

We are almost ready to give the algorithm, but there is still one important thing to under-
stand. For geometric reasons that we will detail in Section 10.6, in step 2 8implifyTubes ,
if the good bifaceB is thin we will not just replaceX by B, but we will also make sure to not
modify B ever again. In this sens® becomes inactive. Doing so requires a data structure
remembering which parts of the portalgon are inactive, which we now describe.

See Figure 10.2. The data structure maintains a portalgoR together with a partition
of the polygons ofR. Each setX of polygons in the partition de nes a sub-portalgon oR
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that we call region . One region is singularized as thactive regionR,. The other regions
are inactive . Note that the surface of the active region may be disconnected, and that the
surfaces of distinct inactive regions may be adjacent.

Let us now describe what the algorithm will do to the data structure. The data structure
will be initialized by setting R = R, without inactive region. Then the algorithm will use
the data structure like the reader imagines: it will apply the routineslnsertVertices
InsertEdges , DeleteVertices , and SimplifyTubes to the active regionR,, and mark
as inactive every thin biface encountered in step 2 &implifyTubes . Observe thatS(Ra),
the surface ofR, will diminish over time as more and more regions are marked inactive. This
may increase the topological complexity o6(R,) (the numbers of connected components
and boundary components), ruining our e orts to keep the combinatorial complexity oR
bounded. To counteract this, we introduce a small gardening routine:

Gardening : Consider every connected component &(R,). Each such component is
the surface of a sub-portalgoX of R,. If X is a tube replaceX by a good bifaceB, and
mark B as inactive.

We emphasize that inGardening the good bifaceB is always marked as inactive, even
if B is thick.

We described everything that the algorithm can do to the data structure. This immedi-
ately implies three invariants maintained by the algorithm, that we give now in order to ease
the reading. The rst two invariants are:

" Every polygon of the active region has degree at most six.

" Every inactive region is a good biface.

For the last invariant we need a de nition. Recall that in R if two sides s and s of
polygons are matched thers and s® correspond to an edge of R. If moreovers and s°
belong to di erent polygons, and if their respective polygons belong to di erent regions, we
say that e is separating . Then eis a loop, for it is a boundary edge of a biface by the rst
invariant, and e belongs to the interior ofS(R). Then the third invariant maintained by the
algorithm is:

" The separating loops are pairwise disjoint. Equivalently, no two of them are based at
the same vertex ofR™.

10.3.5 Algorithm

Finally, we give the algorithm. The algorithm consists in repeatedly applying two parts. In a
rst part, we improve the geometry by applying InsertVertices and then InsertEdges
However this increases the number of vertices. So in a second part we a@iiyplifyTubes
DeleteVertices , and InsertEdges , in combination with Gardening . The problem is
that this second part can only remove a fraction of the vertices at once, so it needs to be
repeated several times in order to counteract the increase of vertices in the rst part. It turns
out that 350 repetitions su ce, as we shall see.
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Algorithm . Given a triangular portalgon T whose surfaces(T) is at, and a positive
integerN, do the following. Initialize the data structure by letting R be the input portalgon
T, and the active regionR, be R itself, without inactive region. Then repeatN times the
following:

Apply InsertVertices to Ra. Then apply InsertEdges to Ra.
Repeat 350 times the following:

Apply Gardening

Apply SimplifyTubes to Ra but in step 2 whenever the good bifacB is thin
mark B as inactive.

Apply Gardening
Apply DeleteVertices to Ra. Then apply InsertEdges to Ra.

In the end return R.

Note that perhaps the algorithm would work too if it appliedGardening only once, but
applying Gardening twice will simplify our analysis. When proving Proposition 10.1, we
will apply the algorithm with N = dog(2 + L=s)e, but we will see that in due time.

10.4 Combinatorial analysis of the algorithm: proof of
Proposition 10.5

In this section we provide the combinatorial analysis oAlgorithm , by proving the follow-
ing:

Proposition 10.5. Apply Algorithm  to a portalgonT of n triangles, whose surfac&(T)
is at. During the execution the number of polygons of the active regid, is O(n).

We analyze each operation independently before proving Proposition 10.5. Our analysis
is on the number vertices ofR%, not the number of polygons ofR,, but bounding one

immediately bounds the other, as we shall see, and we nd more convenient to argue on the
vertices ofRj.

10.4.1 Analysis of InsentVertices

We start by bounding the increase in vertices olnsertVertices

Lemma 10.3. Let T be a triangular portalgon. Letg be the genus o5(T). Let m be the
number of vertices ofT1. Apply InsertVertices to T and consider the resulting portalgon
TY Then T® has less thari7(g+ m) vertices.

Lemma 10.3 relies on the following classical consequence of Euler's formula:

Lemma 10.4. There are less thar6(g+ m) edges inT?.
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Proof. Let m; and m, count respectively the edges and the faces ©t, and let b count the
boundary components ofS(T). Double counting gives3m,  2m;. Euler's formula gives
m; mp=m+2g+b 2 Andwe haveb m. Thereforem; 3m; 3m,< 6(m+g). O

Proof of Lemma 10.3. There are no more vertices inserted than there are edgesTn, and
there are less thar6(g+ m) edges inT! by Lemma 10.4. ]

10.4.2 Analysis of DeleteVertices

For DeleteVertices to remove a fraction of the vertices, it su ces that the number of
vertices exceeds the topology of the surface, and that almost all of the vertices are strong:

Lemma 10.5. Let T be triangular portalgon whose surfac8(T) is at. Let m be the number
of vertices of T!. Let g be the genus o8(T), and let m be the number of strong vertices of
T1. Apply DeleteVertices to T and consider the resulting portalgod®. If m > 24(g+ m)
then T2 has less tharl67m=168 vertices.

Lemma 10.5 relies on the following simple consequence of Euler's formula:

Lemma 10.6. Let S a topological surface of genug with b boundary components. Let be
a topological triangulation ofS with m vertices. If m > 24(g+ b) then at leastm=12 vertices
of Y have degree smaller than or equal to 6.

Proof. Let m; and m; count respectively the edges and the faces ¥t Euler's forrp,ula gives
6m 6m;+6m,; =12 129 6b Double counting gives3m, 2m; band2m;= | degyv,
where the sum is over the vertices, and whekegv denotes the degree of a vertex. Then

,6 degv=6m 2m; 6m 6m;+6m,+2b 12 129 4b> m=2 Letaandb
count the number of vertices whose degree is respectively smaller than or equal to six, and
greater than six. Thenb < 5a+ m=2. Assuminga < m=12, we getb < 11m=12 and so
a+ b <m. This is a contradiction. This proves the lemma. ]

Proof of Lemma 10.5.Let b be the number of boundary components o8(T). We have
m > 24(g+ b). Indeed we assumedh > 24(g+ m), and we havem b as every boundary
component ofS(T) contains a strong vertex ofT!. So by Lemma 10.6 at leasin=12 vertices
of T! have degree smaller than or equal to six. Moreover less tham=24 vertices of T! are
strong by assumption. So more tham=24 vertices of T* are weak and have degree smaller
than or equal to six. Any maximal independent set of such vertices contains more than
m=(24 7) = m=168vertices, soDeleteVertices deletes more tharm=168 vertices. []

10.4.3 Analysis of SimplifyTubes

Right after applying SimplifyTubes the number of vertices that lie in the interior of the
surface and are incident to a loop is bounded by the topology of the surface:

Lemma 10.7. Let T be a triangular portalgon whose surfac8(T) is at. Let g and b be
the genus and the number of boundary componentsS{fT). Apply SimplifyTubes to T,
and consider the resulting portalgo % At most 9(g+ b) vertices of T lie in the interior of
S(T9 and are incident to a loop inT2.

Lemma 10.7 relies on the following:
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Lemma 10.8. Let | be a set of loop edges df' that lie in the interior of S(T) and are
pairwise disjoint. In | all but at most9(g + b) loops e satisfy the following: there are two
connected components 0B(T) nl incident to e, and each of them is the surface of a sub-
triangulation of T that is a tube.

Proof. Cut S(T) alongl, and consider the resulting connected components. Those compo-
nents are the surfaces of sub-portalgons ®f Let Z contain those sub-portalgons oT . Let

Z° Z contain the sub-portalgons that are not tubes. Without loss of generality 6 ;.
Then every Ty 2 Z is such that @(Ty) 6 ; sinceS(T) is connected. Let (To) and d(Ty)

be respectively the Euler characteristic 05(Ty) and the number of boundary components of
S(T) that belong to S(Tp). Let (Tp) =2d(To) (To).

We claim that every Ty 2 Z satises (Tp) 0, and thatif Ty 2 Z%°then (Ty) > 0. Indeed
we have (To) 1 sinceS(Tp) is not homeomorphic to a sphere. So assumingTy) O,
we getd(Tg) = 0. Then (Ty) 6 1 for otherwise S(Ty) would be homeomorphic to a disk,
would have no curved point in its interior, and would be bounded by a single geodesic loop
issued ofl, contradicting the formula of Gauss Bonnet. So (Tp) = 0. Then Ty is a tube
sinceS(Ty) is not homeomorphic to a torus. This proves the claim.

Now for every Ty 2 ZOlet b(Ty) be the number of bou19dary componers db(Tp). The
clgim impliesb(Tg) 2 (To) 2+ (To) 3 (To). SO 15200(To) 3 1,220 (To)

3 1,2z (To) 9(g+b). Therefore at most9(g+ b) loops inl are incident to the surface of
someTy 2 Z% If every other loop inl is incident to the surfaces of two distinctTy; T, 2 Z
then we are done. Otherwise there is a logp2 | incident to the surface of only onél, 2 Z.
SinceTy is a tube, S(T) is a homeomorphic to a torus, ane is the only loop inl, so we are
done. This proves the lemma. m

Proof of Lemma 10.7. We claim that in the application of SimplifyTubes the setJ contains
at most 9(g+ b) loops. This is true if step 1a is applied, for in this casg =1 and J contains
either zero or two loops. And if step 1b is applied all bu®(g+ b) loops inJ°are incident to
two distinct connected component o5(T) nJ°whose corresponding sub-triangulations af
are tubes, by Lemma 10.8. Those loops are not retainedJdn This proves the claim.

In the particular case where the surfac&(T) is homeomorphic to a torus, and wherd@?
contains exactly one vertex incident to loop a edge, the application &mplifyTubes does
nothing and T = TC In this case the lemma is proved. In all other cases if a vertaxof T®
lies in the interior of S(T9 and is incident to a loop edge ifT%, then v is the base vertex
of some loop inJ. Indeedv would otherwise have been deleted b8implifyTubes when
replacing a tube by a biface. There are at mos(g + b) such vertices by our claim. This
proves the lemma. m

10.4.4 Analysis of Gardening

Right after applying Gardening the topology of S(Ra), the surface of the active region, is
bounded by the topology ofS(R), the whole surface:

Lemma 10.9. Let g and b be the genus and the number of boundary componentsSOR).
The genus ofS(R,) is smaller than or equal tog. And right after applying Gardening
S(Ra) has at most10(g + b) boundary components.

Proof. Of course the genus o5(Ra) is smaller than or equal tog. It is the number of
boundary components that we must handle. Each boundary component 8{R,) is either a
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boundary component ofS(R), and there areb of them, or it is a separating loop. We bound
the the number of separating loops adjacent t&(Ra), so letl contain those loops. Each
e 2 | is incident to two connected components 08(R) nl: one of them is inS(R,), the
other is not. The component inS(Rx) is not the surface of a tube sinc&ardening was
just applied. Sol contains at most9(g + b) loops by Lemma 10.8. We proved thaB(Ra)
has at most10(g + b) boundary components. O

10.4.5 Proof of Proposition 10.5

Proof of Proposition 10.5. We will prove that the number of vertices ofR3 is O(n) through-
out the execution. This will prove the lemma for then the number of edges &; is also
O(n) by Lemma 10.4, since the genus &(Rx) is O(n), and so the number of polygons of
Ra is alsoO(n).

Consider the input triangular portalgonT. Let m be the number of vertices off . Let g
and b be the genus and the number of boundary components ®T). Observe thatm  3n,
g n,andb n. We will argue usingm, g, and binstead ofn. There are two loops in the
algorithm: the main loop, which repeatsN times, and the interior loop, which repeats 350
times within each iteration of the main loop.

First we consider a single iteration of the interior loop. Letn, be the number of vertices
of R} at the begining of this iteration. Observe that the iteration does not insert any new
vertex in R%. We claim that if ma > 3000@+ b+ m) then less than167m, =168 vertices are
in R% at the end of the loop. To prove the claim rst observe that after each application of
Gardening S(Ra) has at most10(g + b) boundary components by Lemma 10.9. And the
genus ofS(R,) is smaller than or equal tog. Now after the application of SimplifyTubes
at most 9(g+ 10(g+ b))  99(g + b) vertices of R lie in the interior of S(Ra) and are
incident to a loop by Lemma 10.7. This is still the case just before the application of
DeleteVertices . Moreover, at this point, at most m + 10(g + b) vertices of R} lie on
the boundary of S(Ra); indeed every such vertex is either a vertex af!, and there are at
most m, or it is the base vertex of a separating loop, in which case it is the unique vertex
in its boundary component of S(R,), and there are at most10(g + b). Altogether, just
before the application of DeleteVertices, the numbem, of strong vertices ofR; satis es
ma  m+109(g+ b). If at this point R has at most24(g+ my) vertices then it already
has less thanl67m, =168 vertices since we assumeah, > 3000Qg + b+ m). Otherwise less
than 167m, =168 vertices remain afterDeleteVertices by Lemma 10.5. In any case the
claim is proved.

Now we prove the lemma by considering a single iteration of the main loop. Assuming
that R1 has more than3000@ + b+ m) vertices at the beginning of the iteration, we shall
prove that in the end of the iteration the number of vertices oR}% has decreased. To do so
rst observe that the iteration starts with InsertVertices , and this is the only moment
where vertices are inserted. At this point the number of vertices dR% is multiplied by
less than8 by Lemma 10.3. And by our claim, as long as the number of vertices exceeds
3000@ + b+ m) it is divided by more 168=167 by each iteration of the interior loop. There
are 348 iterations of the interior loop, and < (168=167)°°. This proves the lemma. O
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10.5 Enclosure

In this section we x a at surface S. We introduce a parameter on the segments & that

we call enclosure Then we relate enclosure to segment-happiness and length, and we show
what the elementary operations used bylgorithm  do to the enclosure and the length of
the edges involved, preparing for the geometric analysis Afgorithm

Figure 10.3: The red loop encloses the blue segment in the surface.

First we de ne enclosure. See Figure 10.3. Consider a segmeraf S. Informally, e is
enclosed inS when a short non-contractible loop can be attached to a point af not too
close to the endpoints ofe. Formally, consider a pointx in the relative interior of e. We
denote by i, the minimum length of the two sub-segments oé separated byx. Assume
that there exists a loop based atx in S, such that is geodesic except possibly at its
basepoint. Further assume that( ) < hxi.. In this case and e are necessarily irgeneral
position: Informally, they do not overlap, more formally, every su ciently short sub-path of

is either disjoint from e or its intersection with e is a single point. There are two cases:
either crosses at x, or meetsx on only one side ok. If crosses at x, then we say
that encloses ein S. Also we say that encloses by a factor of hie="( ) in S. The
enclosure cs(e) 1 is the supremum of the ratiodxi.="( ) over the loops enclosinge in
S, conventionally set to one if there is no loop enclosingin S.

10.5.1 Enclosure of a sub-segment

Recall that, given an edgee of a tessellation ofS, the operationinsertVertices may insert
the middle point of e as a vertex in the tessellation. The following ensures that the two
resulting edges are not more enclosed $ithan the initial edge. It is straightforward:

Lemma 10.10. Let e be a segment inS, and letf be a segment included ire. Then
cs(e) cs(f).

Proof of Lemma 10.10.Let t > 1. Assume that there is a loop , based at a pointx, that
enclosed by a factor oft. Then encloses by a factor oft sincelxis h Xie. O

10.5.2 Enclosure and length of a shortcut

Recall that, given a faceF of a tessellation ofS, the operation InsertEdges may insert
a shortcut of F as an edge in the tessellation. The following ensures that if the shortcut
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inserted is very enclosed inS, then it is not much more enclosed inS and not much
longer than the edges initially in the tessellation:

Proposition 10.6. Let F be a face of a tessellation &. Assume thatF has a shortcute such
that cs(e) > 6. Then F has a sidef such thatcs(f) cs(e) 4and (f) (1 4=cs(e)) (e).

In this section we prove Proposition 10.6. First we need a lemma:

Lemma 10.11. In S, let eandf be two relatively disjoint segments, and let be a geodesic

loop. Assume that enclosese by a factor oft > 2, and that intersectsf at a pointy

such thathyis > ( ). Rebase aty, and let °be the geodesic loop homotopic to it. Then
9 meetsy on both sides of .

Proof. We have’( 9 “( )so’( 9 < hyi;, and so Cis in general position withf . We prove
the lemma by contradiction, so assume that® meetsy only on the right side off , for some
direction of f . In the universal covering spacés of S, consider a lift € of f . Let ¢ be the
lift of y that belongs tof€. Since the interior of § is at, there is a geodesic€, containing f€,
such that on both endsE is either in nite or reaches the boundary ofS. Then E separates$
in two connected components. The two lifts of ®incident to @ meet g on the right side off€
by assumption, and they are otherwise disjoint fron. In particular, their other endpoints
lie on the right side ofE.

We have™( ) < hyis so is in general position withf . Direct so that crossed from
right to left at y, and write as the concatenation of two paths, and ; respectively before
and after its crossing aty. There is a lift e; of ; that leavesy on the left of €. And e; is
otherwise disjoint fromE, since the interior of S is at. Thus the endpoint g of e; lies on the
left of E. There is a lift ey of ¢ that starts at ®. And e; is otherwise disjoint frome; since
meetsx on both sides ofe, and since the interior of§ is at. By the previous paragraph, the
endpoint of ey lies on the right side ofE, soey intersectsE. Cut e, at its rst intersection
point 2 with E. Let F be the sub-segment oE betweeng and . The concatenation of the
pre x of ey ending ate, of E, and of e; is a simple closed curveé€. At g, there is a portion
of e that enters the bounded side ofS, since meetsx on both sides ofe. This portion of
e can be extended into a geodesje that meets € at some pointe, since the interior of §
is at. Then e belongs to the relative interior of . We claim that e belongs to the relative
interiors of both e and f€ which is a contradiction sincee and f are relatively disjoint. To
prove the claim, rst observe that the distance betweerg and 2 in § is at most *( ), and
this distance is equal to the length of, since the interior of§ is at. So the sub-segment of
E betweeng and e is no longer than™( ) < hyi¢, and is thus included in the relative interior
of & Also, the distance betweere and & is smaller than or equal t02'( ) 2hXie=t < IXig,
sop is included in the relative interior ofe. ]

The proof of Proposition 10.6 also relies on the following construction. See Figure 10.4.
In the Euclidean planeR? let Q be a polygon with more than three vertices. Let be a
shortcut of Q. Let f and f °be sides ofQ separated bye along the boundary ofQ. Let x be
a point in the relative interior of e. Let y and y° be points that lie on respectivelyf and f°
(possibly vertices ofQ), and do not lie one. Assume that the segmentp and p° betweenx
and respectivelyy and y° are relatively included in the interior of Q. Then:

Lemma 10.12. Lett> 6. If (p) h xi.=tand (p% h Xie=t, then at least one of andf®
sayf, is such thathyi; (1 4=t) Xicand (f) (1 4=t) “(e).
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Figure 10.4: The setting of Lemma 10.12.

Proof. Assume without loss of generality thate is horizontal, that f lies abovee, and that
X is the origin (0;0) 2 R2. Then x cuts e into two segmentse, and ey, respectively the right
and left one. Letvy and v, be respectively the right and left endpoints ok. Consider the
following algorithm in three phases. In the rst phase consider the poirg = x and movez
alongp. Doing so, consider the segments fromto v, and v;. If moving z makes the relative
interior of one of those two segments intersed@® Qthen stop: this is a break condition. Also
break if z reachedy andy is a vertex of Q. Otherwise the algorithm enters its second phase.
Theny cutsf in two segmentsfy and f 1, wheref, is on the right of y as seen from the path
p directed fromx to y. In phase two movez alongf, or f 1, choosing carefully which segment
to move along so that the second coordinate afdoes not increase. We assume without loss
of generality that z moves alond o, by ipping the gure horizontally otherwise. Move along
fo by a distance of(1 4=t) (&), but break if z reaches the right end-vertex of , or if the
relative interior of the segment betweerz and v, intersects @Q If the algorithm did not
break, it enters its third and nal phase. In this phase putz back ony, and move it along
the other sub-segment of , heref;, by a distance of(1 4=t) (e;), breaking if z reaches the
left end-vertex off , or if the relative interior of the segment betweerz and v, intersects@Q

If the algorithm did not break then "(f) (1 4=t) (e) andhyi; (1 4=t)lxie and we
are done. Otherwise, if the algorithm broke, consider the triangle betweenvy, v, and z.
The break conditions ensure that the interior of is included in the interior of Q, and that
there is a vertexw of Q that lies on @ and not one. We claim that the inner-angles of

at vo and v; are both strictly smaller than =4. We prove this claim by considering the
coordinates(; )2 R [0;+1 [ of z, and the coordinatey (&);0) and ( "(e;);0) of vo and
v; respectively, and by proving that the invariants'(gg) > and + (e) > hold at any
time during the algorithm. Let m = min( "(&p); (€1)) = MXie. In the rst phasej j m=t
and 0 m=t, so the invariants hold since > 2. In the second phase does not increase
and does not decrease. Moreover does not increase by more than(e))(1 4=t) so the
invariants hold. If the second phase ends without breaking then the absolute slopef the
line supporting f is smaller than or equal tol=(t 5). Indeed during the second phase
decreased by at mostm=t while z moved a distance (g)(1 4=t), so increased by at
least "(e)(1 4=t) m=t, and sol= (e)(1 4=t)t=m 1 t 5. In the third phase

m=t “(e)(l 4=t) and m=t+ " (e)(l 4=t)so + (e;)) 3 (e)=t> since
t> 6. Also increases less than decreases since< 1=2, so (&) > remains true.
This proves the claim.

Applying the algorithm to p® and f ° on the other side ofe, either the algorithm does
not break in which case’(f% (1 4=t)'(e), hydso (1 4=t)Ixie, and we are done. Or
the algorithm breaks and we get similarly a triangle ° and a vertexw® of P. The inner
angles of %at vy and v, are also both strictly smaller than =4, so the segment between
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w and wP is relatively included in the interior of the quadrilateron formed by and °
and is strictly shorter than e. This segment is a vertex-to-vertex arc oQ shorter than e, a
contradiction. O

Proof of Proposition 10.6. Let t > 6. Assume that there is a geodesic loop that enclosese
by a factor oft. Let x be the basepoint of . In the Euclidean plane, consider the polygon
Q corresponding toF. Let b and b be the pre-images o and x in Q. Consider the
pre x and the sux of  that leave x on both sides ofe to meet @F and their pre-image
paths in Q that meet two boundary edgesl*o and f® of Q, at respective pointsi and ¥°
By Lemma 10.12, one of those two points, sap without loss of generality, is such that
iy, (1 4=t)hki, and ‘(1’0) (2 4=t)' (b). Also o projects to a boundary edgd of F,
and ¥ projects to a pointy in the relative interior of f. Now rebase at y, and consider the
geodesic loop ® homotopic to it (where the basepoint aty is xed by the homotopy). Then
(Y ()= Wiest< hyig=(t 4). In particular “( 9 < hyi; sincet> 5. And °meetsy
on both sides off by Lemma 10.11, sinceé > 2. O

10.5.3 Interior of a thick biface

Recall that, given a portalgonR whose surface i§, Algorithm  may replace a sub-portalgon
of R by a good bifaceB. The following ensures that ifB is thick, and if an interior edge
of B is very enclosed in the surface, then it is not much more enclosed inS and not

much longer than the edges initially inR?*, similarly to Proposition 10.6:

Proposition 10.7. Assume thatS contains the surface of a thick bifac8, and let e be one
of the two interior edges oB!. Assume thatcs(€) > 6. Then there is a boundary edgé of
B! such thatcs(f) cs(e) S5and (f) (1 4=cs(e) ().

In this section we prove Proposition 10.7. First we need a lemma:

Lemma 10.13. Let B be a good biface. Among the two interior edges®f let f be a longest
one. LetF be the face oB?! adjacent tof . Each corner ofF incident to f has angle smaller
than or equal to =2.

Proof. Among the two interior edges oB* let e be a shortest one, and lety 6 e be the other
one. Thene, g, andf are the sides oF. The angle at the corner ofF betweenf and g is
smaller than =2 since (¢) "(g). Now consider the cornecc betweenf and e. Cut S(B)
open alonge and consider the resulting quadrilateronQ in the plane. The edgef of B*
corresponds to a siddd of Q, the edgee corresponds to two opposite sidasand E°, and the
edgeg corresponds to a vertex-to-vertex argg of Q. Also the other boundary edge °6 f
of B corresponds to the sidd® of Q opposite to 2 And the cornerc corresponds to the
corner b of Q betweenb and 2. Let & be the corner ofQ opposite tob, betweenk? and .
Assume by contradiction that the angle atb is greater than =2. We have"(b) = (&%) and
‘M (1) so the angle at® is greater than or equal to the angle ab, and in particular
is also greater than =2. The two other angles ofQ are smaller than , soQ is convex and
admits a diagonalp 6 f. Consider the unique circleC that admits g as a diameter. Then
the two endpoints ofp lie in the interior of C. Sop is shorter thanfy. This contradicts the
assumption that B is good. m
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Proof of Proposition 10.7. Among the two interior edges o8 let g be a shortest one. Among
the two boundary edges oB* let g°be a longest one. Then(g) (g9 sinceB is thick. We
claim that if cs(g) > 2, then cs(g® cs(g) 1. To prove the claim lett > 2 and assume
that there is a loop that enclosesg by a factor oft in S. Let x be the basepoint of . Let
F be the face ofB! adjacent to ¢°. Around x there is a portion of that enters F. This
portion of must leaveF by a point y of g° since the angle ofF betweeng and g°is smaller
than or equal to =2 by Lemma 10.13, sincé(g) (g9, and since’( ) = Ixig=t < hxig= 2.
Then tyige hxig ()= 1=t)hxiq4 by triangular inequality and since (g)  “(g9.
Rebase aty, and consider the geodesic loo® homotopic to it (where the homotopy xes
the basepoint aty). Then (9 ()= hig=t hyige=t 1). And °enclosesg’ by
Lemma 10.11, sincé > 2. This proves the claim.

If e = g we are done by our claim, so assume thatis a longest interior edge oB?.
Deleting e merges the two faces dB? into a single faceF © of which e is a shortcut, sinceB
is good. So Proposition 10.6 applies sincg(e) > 6: there is a boundary edgd of F°such
that cs(f) cs(e) 4and ' (f) (1 4=x(e)(e). If f is a boundary edge oB! we are
done. Otherwisef = gso™ (g9 “(f) (1 4=w(€))’(e) andcs(g®) cs(f) 1 cs(e) 5
by our claim sincecs(e) > 6. This proves the proposition. O

10.5.4 Boundary of a thin biface

Recall that Algorithm  keeps some thin bifaces in the output portalgon by marking them
as inactive. The following enforces that their boundary edges are not very enclosed Sn
which is not surprising:

Proposition 10.8. Assume thatS contains the surface of a thin bifac®&, and let e be one
of the two boundary edges &*. Thencs(e) 2.

In this section we prove Proposition 10.8. First we need two lemmas:

Lemma 10.14. Let B be a thin biface. Among the two interior edges & let e be a shortest
one. Each of the four corners betweea and the boundary ofS(B) has angle greater than
=4,

Proof. Assume by contradiction that there is a cornec betweene and a boundary edgd
of B! whose angle is smaller than or equal t=4. Cut S(B) open alonge and embed the
resulting quadrilateronQ in the plane, isometrically. The edge corresponds to two opposite
sidesb and B’ of Q. The edgef corresponds to one of the other two sides @, that we
call 2. The vertex v of the cornerc corresponds to the two end-vertices dP let b be the
one incident tob, and let 1° be the one incident tos”’. Without loss of generality the corner
c corresponds to the corner ofQ at f3, whose angle is thus smaller than or equal te=4.
Consider the orthogonal projectionx of #° on the line containingb. Then x belongs tob
sinceb is longer than £ asB is thin. The segmentp betweenx and ° is shorter than the
portion of b betweenx and . Also p is included in Q sinceb and E° are longer thanfo. Thus
p projects to a path that shortcuts e, contradicting the fact that B is a good biface. H

Lemma 10.15. In S(B) every pathp between the two boundary components B) is such
that (p) (e)=2
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Proof. Without loss of generality one of the two endpoints of (at least) is a vertexv of BZ.
Consider the other endpointx of p, and the vertexw 6 v of BL. There is a pathq from x to
w in the boundary of S(B). Without loss of generality (q) " (€)=2 sinceB is thin. Also e
is a shortest path sinceB is good. So(p)+ (g) (e). We proved (p) (=2 ]

Proof of Proposition 10.8. Among the two interior edges ofB* let e be a shortest one. Let
f be any one of the two boundary edges &?*. We have'(e) “(f) sinceB is thin. Assume
by contradiction that there is in S a loop that enclosesf by a factor oft > 2. Let x be
the basepoint of . There is a portion of that leavesx and enters the interior of S(B).
This portion of cannot leaveS(B) via the other boundary edge ofS(B), for otherwise
() (=2 by Lemma 10.15, so( ) > xi¢=t, a contradiction. Then intersectse. And
f and e have a corner whose angle is smaller than 4 since () < hxi;=2. This contradicts
Lemma 10.14. O

10.5.5 Upper bound on segment-happiness and length

In this section, given a segmeng of S, we bound from above the segment-happiness and the
length of e by the enclosure ofe. Our bounds depend on the surfac8. More precisely, on
the systole of S and the diameter ofS. But instead of the diameter ofS, we consider an
arbitrary triangulation of S, and we use its numben of triangles together with the maximum
length L of its edges (it is easily seen that the diameter & is smaller than or equal tonL).
This will be more convenient to us when analyzind\gorithm  in Section 10.6, for thenS
will be given by a triangular portalgon, whose 1-skeleton is a triangulation &. We prove:

Proposition 10.9. Let e be a segment o5. Let s > 0 be smaller than the systole db.
Assume that there is a triangulation ofS with n 1 triangles, whose edges are all smaller
than L > 0. Then hs(e) = O(cs(e) (1 + logcs(e) + log n + logdL=se)) and "(e)=s =
O(cs(e) n dL=se?).

In Proposition 10.9 theO() notation does not depend ors, it involves a universal con-
stant. In the second inequality of Proposition 10.9 the exact powers abogsie=se and n, here
2 and 1, do not matter to us. We need only a polynomial irdL=se and n. The rest of this
section is devoted to the proof of Proposition 10.9. First we need a few lemmas.

Lemma 10.16. Lett> 1. Assume that there is a shortest path whose relative interior crosses
the relative interior of e twice in the same direction, at pointsx and y. If the sub-segment
of e betweenx andy is shorter than hxi.=2t thencs(e) > t.

Proof. Consider the portionp of the shortest path that starts just before its crossing ak,
and ends just before its crossing ag. Consider also the geodesic paty that runs parallel
to the sub-segment ok from y to x, such that the concatenation ofp and g forms a loop .
Base at x. There is a unique geodesic loo® homotopic to  (where the base-point atx is
xed in the homotopy) since the interior of S is at. We have that Cis not the constant loop
based atx; for otherwise would be contractible, sop would be homotopic to the reversal
of g, and sop would actually be equal to the reversal of] since the interior of S is at, a
contradiction. Moreover Cis shorter thanhxi.=t; indeed °is not longer than , qis shorter
that hxi.=2t by assumption, andp is not longer thanq sincep is a shortest path. Then %is
in general position withe. We shall prove that °meetsx on both sides ofe. This will prove
the lemma for then °will enclosee by a factor of hxi="( 9 >1t.
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Let us prove that. Orient e so that crosses from right to left. Consider the universal
covering spaceS of S, and a lift e of ein §. The interior of § being at, there is a geodesic
E, containing e, such that on both endsE is either in nite or reaches the boundary of§.
And E separatesS in two connected components. Now leg be the lift of x in e. There are
two lifts of Cincident to ®: one lift ) starts at ®, the other lift € ends ate. Let ey be the
endpoint of eJ, and let @; be the startpoint of 9. We claim that e, lies strictly to the left of
E, and that a, lies strictly to the right of E. This claim implies that eJ meetse on the left
of e, and that e meetse on the right of e, which implies that °meetsx on both sides ofe.

Let us prove the claim. First we prove thatey lies strictly to the left of E. To do so
consider also the liftp of p that starts at ®, and the lift g of q that starts at the endpoint
of p. The endpoint of g is ay since the concatenation op and g is a lift of , and since is
homotopic to ° By de nition pleavese on the left of E. Also pis disjoint from E except for
its startpoint at ®, the interior of S being at. Moreover g is disjoint from E. For otherwise
g would intersectE at a point 2 whose distance tae would be smaller thanhxi.=t. But then
the sub-segment o€ betweene and ® would be no longer, and so would be included ie
In particular g and e would intersect, a contradiction. This proves thatgg lies strictly to the
left of E.

To prove that a; lies strictly to the right of E, consider the lift @ of y in e, and the lift
p. of p that ends at ¢. Then the startpoint of p; is @;, and it lies strictly to the right of E
sincep, meetsg on the right of E, and sincep; is otherwise disjoint fromE. This proves the
claim, and the lemma. O

Lemma 10.17. We havehs(e) = O(cs(e) (1 +logd (e)=se)).

Proof. Let t > 1. Assumehs(e) > 12 (3 +logd (e)=s2). We will prove cs(e) t, and
this will prove the lemma. In S there is a shortest pathp that intersects e more than
12t (3+logd (e)=se) times. Cut e at its middle point. One of the two resulting sub-segments
of e, sayf, intersectsp more than6t (3 +logd (e)=se) times. Partition f into sub-segments

fo;fe;::0;fn with n 2 +logd (e)=se, where the sub-segmernt, contains the pointsx 2 f
such that hxi, s=4, and where for everyl i n the sub-segment; contains the points
x 2 f suchthat2 3s hxi, 2 2s. ThereisO i n such thatp intersectsf; more than

6t times. Then the relative interior of p crossed; twice (at least) in the same direction at
points x andy, such that the sub-segment of; betweenx andy is shorter than2' “s=t, since
“(f) 2 3s. Alsoi 1 as no shortest path crossefy, twice, since (fy) < s=2, and since
the interior of S is at. In particular hxie 2 3s. Thencs(e) t by Lemma 10.16. O

Lemma 10.18. We have (e) = O(cs(e) ndL=sel).

Proof. Lett> 1. Assume (e) 600 ndL=seL. We will prove that cs(e) t, and this will
prove the proposition. To do so letd = 120ndL=seL. Cut e into three segments, a middle
segmentey of length d, and two peripheral segments each longer tha&2t d. We claim that
there is in S a shortest path crossing the relative interior ok, twice in the same direction.
This claim impliescs(e) t by Lemma 10.16, which proves the proposition.

Let us prove the claim. Consider a triangulationT of S with n triangles, whose edges
are all smaller thanL > 0. Cut each edge ofl into 2dL=se equal-length segments, that we
shall calldoors Each door is smaller than or equal to half the systole & so it is a shortest
path. There are at mosténdL=se doors sinceT has at most3n edges. Each sub-segment
e, of length 4L of ey contains in its relative interior three points Xo; X1; X, in this order such
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that xo 2 p, X3 2 p, and x, Z p for some doorp. The relative interior of g, intersects at
least 30ndL=se times doors this way, so there is a doqu intersected at least5 times by the
relative interior of ;. Then each intersection is a single pointp(and e, do not overlap).
Two of those intersection points may be endpoints g, but otherwise the relative interior
of p crosses the relative interior ok at least three times. Sqgp crosses, twice in the same
direction, which proves the claim, and the proposition. O

Proof of Proposition 10.9. We have hs(e) = O(cs(e) (1 +logd (e)=se)) by Lemma 10.17.
Also “(e)=s= O(cs(e) n dL=se?) by Lemma 10.18. Sdog(d (e)=se) = O(1 + log cs(€) +
log(n) + logdL=se). This proves the proposition. O

10.6 Geometric analysis of the algorithm: proof of
Proposition 10.1

In this section we complete the analysis ohlgorithm  to prove Proposition 10.1, which we
restate for convenience:

Proposition 10.1. Let T be a portalgon ofn triangles, whose sides are all smaller than
L > 0. Assume thatS(T) is at. Let s > 0 be smaller than the systole &(T). One can
compute inO(n log?(n) log?(2+ L=s)) time a portalgon ofO(n log(2+L=s)) triangles, whose
surface is isometric to that ofT, and whose segment-happiness@log(n) log?(2 + L=s)).

We consider the setting of Proposition 10.1: we x a portalgo of n triangles, whose
sides are smaller tharL > 0, and whose surfac&(T) is at. Then we apply Algorithm
to T, and we analyze the execution using the notion of enclosure introduced in Section 10.5.
In order to ease the reading, in the whole section we denote By= S(T) the surface ofT.

10.6.1 The inactive loops are not very enclosed

First we prove that any time during the execution the separating loops are not very enclosed
in S:

Lemma 10.19. Any time during the execution every separating loopsatis es cs(e) 2.

Proof. Only step 2 of SimplifyTubes may create a separating loop, by marking ahin
biface B as inactive. ThenB is is never touched again by the algorithm. So the algorithm
maintains the invariant that every separating loope is adjacent to the surface of at least one
inactive region that is athin biface. Socs(e) 2 by Proposition 10.8. m

10.6.2 The geometry of the active region is simpli ed

In this section we show that running the algorithm simpli es the geometry of the active
region. More precisely the maximum length of the edges very enclosed Sn(if any) scales
down exponentially:

Proposition 10.10. After i 1 iterations of the main loop, lete be an edge oRj%. If
cs(e) > 22000 i then(e) < 2 L.

181



Before proving Proposition 10.10 we analyze the operations performed independently with
three lemmas. Each application ofinsertVertices improves the geometry of the active
region:

Lemma 10.20. Consider the active region®R, and R% respectively before and after some
application of InsertVertices . Assume that there is an edge® of R® such thatcs(€%) > 2.
Then there is an edge of R such thatcs(e) cs(€9) and “(e)  2°(€9.

Proof. First observe thate”is not included in the boundary ofS(R%) since€’is enclosed and
thus not included in the boundary ofS, and sincee®is not a separating loop by Lemma 10.19.
So there is an edge of R} such that €° is one of the two half-segments obtained after the
insertion of the middle point ofe as a vertex. Then'(e) = 2 (9. And cs(e) cs(e”) by
Lemma 10.10. O

The rest of the algorithm may deteriorate the geometry of the active region, but not too
much:

Lemma 10.21. Consider the active region®R, and R respectively before and after some
application of InsertEdges . Assume that there is an edge® of R® such thatcs(€) > 14.
Then there is an edge of R} such thatcs(e) cs(€) 12and*(e) (1 12=cs(€9)) “(€9.

Proof. Here we crucially use the fact that every polygon dR, has degree at most six. so
that at most three edges are inserted within the polygon. Indeed eith&f was already an
edge ofR% and there is nothing to do, ore® has been inserted in some fade of R5. At
most three edges were inserted iR, and Proposition 10.6 applied at most three times gives
a boundary edgee of F such thatcs(e) cs(e®) 12and(e) (1 12=c(e9) (&Y. O

Lemma 10.22. Consider the active region®R, and R respectively before and after some
application of SimplifyTubes . Assume that there is an edge® of R such thatcs(e%) > 6.
Then there is an edge of R} such thatcs(e) cs(€) 5and’(e) (1 4=c(€9)) “(€9.

Proof. Assume that €’ was not already an edge oR% for otherwise there is nothing to do.
Then there is a good bifacdB computed by step 2 ofSimplifyTubes such that e is one
of the two interior edges ofB!. Also B is thick, for B has not been marked as inactive.
So by Proposition 10.7 there is a boundary edgeof B! such that cs(e) cs(e) 5 and

(e (1 4=as(9) (&) O

Proof of Proposition 10.10. Consider the active regionR, and RS respectively at the very
beginning of the algorithm, and afteri iterations of the main loop. Assume that there is
an edgee’ in RY such that cs(e%) > 22000 i. During thosei iterations there has beeri
applications of InsertVertices , 351 applications of InsertEdges , and 350 applications
of SimplifyTubes . Also12 351 +5 350 < 11000. So Lemma 10.20, Lemma 10.21, and
Lemma 10.22 imply that there is an edgein R} suchthat™(e) 2 (1 11000=cs(€9) (&%) >

2 (D). And “(¢) L sincee belongs to the input triangulation T2, m

10.6.3 Proof of Proposition 10.1

Finally, we complete the analysis ofAlgorithm  and prove Proposition 10.1. We need a
last preliminary lemma:
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Lemma 10.23. Assume thatS contains the surface of a tub& . Then the systole ofS(X)
is greater than or equal to systole ds.

Proof. Otherwise one of the two loops oK ! that constitute the boundary of S(X) is con-
tractible in S. So this loop bounds a topological disk irS by a result of Epstein [83,
Theorem 1.7]. The interior of the disk is at, and its boundary is geodesic except possibly
at the basepoint of the loop. This contradicts the formula of Gauss Bonnet. ]

Proof of Proposition 10.1. Apply Algorithm  to T with N = dlog(2+ L=s)e, and return the
resulting triangular portalgon R. By Proposition 10.5 the number of polygons of the active
region isO(n) throughout the execution. So in the endR hasO(n log(2 + L=s)) triangles,
since each iteration of the main loop mark®(n) triangles as inactive, and since there are
dog(2 + L=s)e iterations of the main loop. We have two claims that immediately imply the
proposition.

Our rst claim is that the algorithm takes O(nlog?(n) log?(2+ L=s)) time. Let us prove
this rst claim. Each application of InsertVertices or InsertEdges takes O(n) time.
And each application ofSimplifyTubes or Gardening takesO(nlog(n) log(2+ =9)) time
by Proposition 10.4 and Lemma 10.23, where is the maximum length reached by an edge of
the 1-skeleton of the active region during the execution. Now let us bound If at some point
an edgee of the 1-skeleton of the active region is longer thal then cs(e) = O(log(2 + L=s))
by Proposition 10.10. Moreover (e)=s= O(cs(€) ndL=se?) by Proposition 10.9. This proves
log(2+ =s)= O(log(n) +log(2 + L=s)), which proves the claim.

Our second claim is that in the end every edge of R! satis es hg(e) = O(log(n)
log?(2 + L=s)). Let us prove this second claim. First observe that ié is in Rx then cs(e) <
22000log(2 +L=s), for otherwise Proposition 10.10 would imply (e) < 2s, implying that no
loop enclose® in S, a contradiction. In this casehs(e) = O(log(2 + L=s) (log(n) +log(2 +
L=s))) by Proposition 10.9, and we are done. Every other edgeRt belongs to the 1-skeleton
of an inactive good biface3. Every boundary edgee of B! is either a boundary component of
S or a separating loop, s@s(e) 2by Lemma 10.19, and sbis(e) = O(log(n)+log(2+ L=s))
by Proposition 10.9. Every interior edge of B! then satis es hg(f ) = O(log(n) + log(2 +
L=s)) by Lemma 10.2. This proves the second claim, and the proposition. O

10.7 Extension to non- at surfaces: proof of
Proposition 10.2

In this section we nally prove Proposition 10.2, which we restate for convenience:

Proposition 10.2. Let T be a portalgon ofn triangles, of aspect ratior. One can compute
in O(nlog?(n) log?(r)) time a portalgon ofO(n log(r)) triangles, whose surface i$(T),
and whose happiness ©(nlog(n) log?(r)).

We deduce Proposition 10.2 from Proposition 10.1, essentially by cutting out caps around
the singularities in the interior of the surface, by applying Proposition 10.1 to the truncated
surface, and by putting the caps back afterward. See Figure 10.5.

Proof of Proposition 10.2. Let S := S(T) be the surface off. Let d be the minimum height
of the triangles of T. Given a vertexv of T? in the interior of S, we de ne a region around
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Figure 10.5: Cutting out a cap in the proof of Proposition 10.2.

v in S, as follows. On every directed edge of T whose tail isv, place a point at distance
d=6 from the tail of e along e. Link those k 1 points in order aroundv, using geodesic
segments within the faces oT ! incident to v. In each corner ofT! incident to v there is a
newly created triangle incident tov. Thosek triangles de ne a regionC around v, which we
call cap of v. Importantly, every point in the cap of v is at distance smaller than or equal to
d=6 from v in S. Also every segmenp tracing the boundary of C satises (p) d=6r. To
see that consider the fac& of T* containing p, and the two sidesey and e; of F incident to
v. For eachi consider the point ong at distancem := min( "(&y); "(e;)) from v alonge. Join
those two points by a geodesic segmeqtin F. Then g is at least as long as the minimum
height of the triangle corresponding toF, so (90 m=r. Moreover (p)=(g) = d<6m) by
the theorem of Thales. This proves(p) d=6r.

For the sake of analysis, given an arbitrary vertex of T! (possibly on the boundary of
S), we de ne another kind of region aroundv. Link the middle points of the edges around
v in order aroundv. The resulting triangles aroundv constitute the protected regionof v.
Importantly, every path smaller than d=2 starting from v must lie in the protected region
of v. Indeed every geodesic patp smaller than d starting from v is relatively included in
a single face or edge df!. Then every pre x of p smaller than *(p)=2 lies in the protected
region ofv.

First construct in O(n) time a triangular portalgon Ty whose surface isS, as follows.
Consider every singularity in the interior ofS (if any). This singularity is a vertex v of T1.
Trace the boundary of the cap arounds in the faces ofT!. Then cut those faces along the
trace, as in Figure 10.5. Afterward some polygons @, may not be triangles, so cut each
polygon of Ty into triangles along shortcuts. Now remove the triangles corresponding to the
caps fromTy, and let T; be the resulting triangular portalgon. The surfaces(T,) is at.

Our rst claim is that the systole of S(T,) is greater than or equal tod=6r. By contra-
diction assume that there is a non-contractible closed curve in S(T;) smaller than d=6r.
Without loss of generality intersects a vertexw of T{; indeed if such a has minimum
length and does not intersect any vertex of L then it can be slided along the surface, without
changing its length, until it intersects a vertex of T{. If w is a vertex of T1, then lies in
the protected region aroundw, and so is contractible in S(T;), a contradiction. If w is a
vertex on the boundary of some caf removed, then lies in the protected region around
the central vertex of C. In that case is at least as long as any edge of the boundary Gf,
so () d=6r. This proves the rst claim.

The number of triangles and the maximum side length of a triangle af; may be greater
than those of T, but only by a constant factor. Using the rst claim and Proposition 10.1,
replaceT; by a portalgon of O(nlog(r)) triangles, whose surface is that of;, and whose
segment-happiness i®(log(n) log?(r)), all in O(nlog?(n)log?(r)) time. Place back the caps
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on S(T1), and return the resulting triangular portalgon T

The segment-happiness df°and the happiness o °do not di er by more than a constant
factor since the polygons off® are all triangles. Our second claim is that the segment-
happiness ofT® and thus the happiness off ®, is bounded byO(n log(n) log?(r)). To prove
the second claim, we caltap path any shortest path in S that lies in the closure of some
cap. We callrogue pathany shortest path in S whose relative interior is disjoint from the
closures of the caps. Every rogue path intersects every edgel&f at most O(log(n) log?(r))
times, since the segment-happiness ®f is O(log(n) log?(r)). Also every cap path intersects
every edge ofT® at most once. Now consider a shortest patp in S. Then p uniquely
writes as a sequencX of alternatively cap paths and rogue paths. Also, there cannot be
two distinct cap paths @ and ¢ in X that both lie in the same capC. For otherwise any
point of gy would be at distance at mostd=3 from any point of ¢g. Also the subpath ofp
betweenq and g contains a rogue path that must leave the protected region around the
central vertex of C, and is thus longer thand=2 d=6 = d=3. That contradicts the fact that
p is a shortest path. We proved that there are at mosO(n) paths in X, each intersecting
at most O(log(n) log(r)) times any given edge oT ¢. This proves the second claim, and the
proposition. ]

10.8 Appendix: proof of Proposition 10.4

In this section we prove Proposition 10.4, which we restate for convenience:

Proposition 10.4. Let X be a tube withn triangles, whose sides are smaller than > 0.
Let s > 0 be smaller than the systole &(X). One can compute a good biface whose surface
is S(X) in O(nlogn log(2 + L=s)) time.

Proposition 10.4 is similar to but di erent from a result of L6 er, Ophelders, Silveira,
and Staals [141, Theorem 45] (building upon a ray shooting algorithm of Erickson and Nayy-
eri [86]), in which the authors provide an algorithm to transform a biface into a portalgon
of bounded happiness, and of bounded combinatorial complexity. They extend their result
from bifaces to portalgonsX such that the dual graph ofX ! in S(X ) has at most one simple
cycle, but unfortunately this does not include tubes. We extend their result to tubes to prove
Proposition 10.4, reusing some of ideas developed in the core of the paper.

We need a few lemmas. The following is a corollary of [141, Theorem 45]:

Lemma 10.24. Let B be a biface of happinesls. One can compute inO(1 + log h) time a
good biface whose surface is that Bf.

Proof. By the result of L0 er, Ophelders, Silveira, and Staals [141, Theorem 45] we can
compute inO(1+log h) time a portalgon T, whose surface i$(B), whose happiness i©(1),
and whose 1-skeleto ! has O(1) edges. Without loss of generality the two verticel, and
by, of B! are also vertices off 1, and we know which vertices of the polygons df correspond
to by and by.

We now describe how to compute, in constant time, froni, a good biface ofS(T). The
key thing is that we can exploit the fact that T has O(1) combinatorial complexity and
happiness to compute by exhaustive search. First compute, in constant time, by exhaustive
search, a shortest pathg betweenh, and by in S(T): representq by its pre-image in the
polygons of T. Then cut the polygons ofT along the pre-image ofy. every time a polygon
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is cut in two along a segment, the two edges issued ad are not matched in the resulting
portalgon (the goal is to cut the surface off, not just changing T). Consider the resulting
portalgon D. Then S(D) is homeomorphic to a closed disk. The two endpointy and b, of
g become a seV of four vertices ofD? that lie on the boundary of S(D). Every singularity
of S(D) lies on the boundary ofS(D) and belongs toV. Now replaceD by a triangular
portalgon D of the same surface, and such that the vertex set Bf® is exactly V. This can
be done for example by iteratively inserting vertex-to-vertex arcs in the faces bf* to make
D! a triangulation, and by deleting a vertexv of D* and its incident edges. Wherv lies on
the boundary of S(D), only the edges relatively included in the interior o5(D) are deleted.
In the end, identify back the occurrences ofj on the boundary ofS(D9, by matching the
two corresponding sides of polygons iB° thereby obtaining a bifaceB° of S(B) such that
q is an interior edge ofB°% Change the other interior edge o8° if necessary so thatB°is
good. ]

Considerk 1 bifacesB;:::;Bx. Foreveryl i klet e andf; be the two sides of
triangles of B; that correspond to the boundary ofS(B;). If i <k, assume () = "(fi+1),
and match ¢ with fi;;. The resulting triangular portalgon T is a concatenation of the

of S(T) may be singularities.

Lemma 10.25. Let T be the concatenation of two good bifaces. Tf is a tube, then one can
compute in constant time a good biface whose surface is thatTof

Proof. Consider a shortest pathp in S(T), and the loop edgee of T! that lies in the interior

of S(T), in-between the surfaces of the two bifaces. We claim that the relative interior of
p does not cross the relative interior o more than twice. By contradiction assume thatp
crosses the relative interior ok three times. There is a connected componef of S(T) ne
whose angle at the base vertex af is greater than or equal to . Some portion p® of p
enters Sy and then leavesS, by two of the three crossings betweep and e. One of the two
connected components db np°, say S;, is homeomorphic to an open disk. By construction
S; has at most three angles distinct from : at the two points wherep crosses, and possibly
at the base vertex ofe. By the Gauss-Bonnet theorem, there are exactly three such angles,
not less, and they are all smaller than . One of them is the incidence 08y and the base
vertex of e. This is a contradiction. This proves the claim.

Using the claim immediately the intersection op and e hasO(1) connected components,
sop writes as a concatenation ok = O(1) paths ps;:::;p« such that for everyl i Kk the
path p; is either included ine or relatively disjoint from e. Every edgef 6 e of T! intersects
pi less than 7 times: iff is included in the boundary ofS(T) then f intersectsp; at most
once, otherwise Lemma 10.2 applies. $ointersectsp less thanO(1) times. We proved that
the segment-happiness of is O(1). Then the happiness off is alsoO(1) since the polygons
of T are all triangles. So we can compute a good biface whose surface is that af constant
time, exactly as in the proof of Lemma 10.24. O

We will use the following simple consequence of Euler's formula, similar to Lemma 10.6:

Lemma 10.26. Let S be the topological annulus. LeY be a topological triangulation ofS
that has only one vertex on each boundary componentSf Among the vertices ofY that lie

in the interior of S and are not incident to any loop edge, at least half have degree smaller
than or equal to ten.
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Proof. We may assume without loss of generality that no vertex of in the interior of S
is incident to a loop edge, by cuttingS open at an interior loop edge and recursing on the
resulting two triangulations otherwise. Euler's formula givesn m; + m, = 0, wherem,
my, and m, count resfpectively the vertices, edges, and facesYt. Double counting gives
» =2m; 2and |, degv = 2m;, where the sum is over the vertices of Y. Then
,(6 degv) = 4. The two vertices of Y on the boundary ofS have degree greater than
or equal to four. So in the interior ofS every vertex of degree greater than ten must be
compensated by a vertex of degree smaller than or equal to ten. ]

Now we start proving Proposition 10.4. In particular we x a tubeX with n triangles,
whose sides are all smaller than sonie> 0.

Lemma 10.27. One can compute inO(nlogn) time a concatenation of less tha@n bifaces,
whose surface is that oK, whose edges are all shorter thg@n)°L with ¢ = 10g4-15(3) < 15.

Proof. Let us rst describe the algorithm before analyzing it. As long as there are vertices
of X 1 in the interior of S(X) that are not incident to any loop edge and have degree smaller
than or equal to ten, we consider a maximal independent s#&t of such vertices, and we do
the following. First we delete all the vertices inv along with their incident edges. Then we
insert arbitrary vertex-to-vertex arcs in the faces oX * to make X ! a triangulation again.

The algorithm terminates since the number of vertices of ! decreases at each iteration.
In the end every vertex in the interior ofS(X) is incident to a loop edge by Lemma 10.26, so
X is a concatenation of less tham bifaces, wherean  3n is the initial number of vertices
of X1. Each iteration can be performed inO(n) time by maintaining a bucket with the
vertices of degree smaller than or equal to ten. And we claim that there less thbog, ;3 m
iterations. Before proving the claim, observe that it implies the lemma. Indeed the algorithm
then terminates inO(n logn) time. Also no edge can get longer thaB®%4=:2™ = mCL since
the maximum edge length oX ! cannot be multiplied by more than 3 at each iteration.

Let us now prove the claim. Consider the numbem? of vertices of X ! not incident to
any loop edge that lie in the interior ofS(X ). By Lemma 10.26, ifm°> 0 before an iteration
of the algorithm, then at leastm®2 such vertices have degree smaller than or equal to ten.
SoV contains at leastm®14 vertices, which are deleted. Every non-deleted vertex that
was incident to a loop edge before the iteration remains incident to a loop edge after the
iteration. We proved that mPis divided by at least14=13 during the iteration, which proves
the claim. m

Proof of Proposition 10.4. Apply Lemma 10.27, and replaceX in O(nlogn) time by a con-
catenation of less tharBn bifaces whose edges are smaller thédn)°L for some constant > O.
Each bifaceB has segment-happines®(1 + (3n)°L=s); indeed the systole o5(B) is greater
than or equal to the systole o , so every segmengin S(B) satis eshsg)(€) = O(1+ (e)=9).
ReplaceB by a good biface whose surface is that &f in O(log(n) +log(2 + L=s)) time with
Lemma 10.24. Doing so for all bifaces tak&3(n (log(n) +log(2 + L=s))) time in total. We
crudely bound this running time from above byO(nlog(n) log(2 + L=s)). In the end apply
Lemma 10.25 repeatedly to merge thoge(n) good bifaces into a single good biface, @(n)
total time. O
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10.9 Appendix: Voronoi diagram and Delaunay
tessellation

In this section we provide elementary properties of Voronoi diagrams and Delaunay tessel-
lations, for use in Appendix 10.10. This is all folklore, but we could not nd the exact
statements in the literature, so we provide proofs for completeness.

Given a closed piecewise- at surfac&, and a nite non-empty V. S containing all
singularities of S, recall that the Voronoi diagram of (S;V) contains the points ofS whose
distance toV is realized by at least two distinct paths inS (see Chapter 9). Moreover, we use
the de nition of Bobenko and Springborn [22] of theDelaunay tessellationof (S; V), based
on immersed disks(Chapter 9).

Additionally, we will use the following de nition. For every point x 2 S there is an
immersed empty diskD;' ) such that' maps the center oD to x, and such that' (V) 6 ;.
And (D;' ) is unique tox in the sense that if(D%' 9 is another such immersed empty disk
then there is a plane isometry : R?>! R? satisfyingD®= (D) and' ="'° . We say
that (D;' ) is the maxi-disk of the point x.

10.9.1 Voronoi diagram

In this section we prove the following:

Lemma 10.28. Let S be a closed piecewise- at surface. Le¥ S be nite, non-empty,

and containing all singularities ofS. The Voronoi diagram of (S;V) is a graph with nitely
many vertices in which every vertex has degree greater than or equal to three, every edge is
geodesic, every face is homeomorphic to an open disk and contains exactly one poiit, of
and every angle at a corner of a face is smaller than or equal to

Note that in Lemma 10.28, without the assumption thatV contains all the singularities
of S, it would be possible for the Voronoi diagram ofS; V) to not be a graph with geodesic
edges.

Proof of Lemma 10.28.Consider the Voronoi diagramV of (S;V). We have three claims
that immediately imply the lemma. Our rst claim is that V is a graph with nitely many
vertices, in which every vertex has degree greater than or equal to three, and in which every
edge is geodesic. To prove the rst claim consider a poirt2 S, and the maxi-disk(D;" ) of
X. Let x? be the center ofD. The geodesic paths betweex’ and' (V) in R? correspond
via' to the shortest paths betweerx and V in S. Sox belongs toV if and only if ' (V)
contains several points. Assume that belongs toV, and letm 2 be the number of points
in' (V). Consider, inR?, the Voronoi diagram of' *(V), which we denote byX. Then
X consists inm geodesic rays emanating from?. There is an open ballD D on which
' is injective, containing x?, and such that' (X \ O) = V\ ' (O). There are two cases. If
m = 2 then V is locally a geodesic path around. If m 3 then V is locally a geodesic star
whose central vertex is<. In particular V is a graph whose minimum degree is greater than
or equal to three, and whose edges are geodesic segments. Yrths nitely many vertices
sinceS is compact. That proves the rst claim.

Now consider a facd- of V. Our second claim is thatF is simply connected, and that~
contains exactly one point ofV. This implies that F is homeomorphic to an open disk since
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F is not homeomorphic to a sphere. To prove the second claim rst consider a pox F.
There is a unique shortest patlp from x to V. Then p is disjoint from V. So the endpoint
of p belongs toF. That proves F \ V 6 ;. Now consider the universal covering spad® of
F. Then F does not contain two distinct lifts of points of V. For otherwise let¥ contain
the lifts of the points of V in F. There is a pointe 2 B whose distance tof is realized by
two distinct paths. And e lifts a point of V, a contradiction. That proves the second claim.
Finally, consider a vertexv of V. Our third claim is that around v the angles between
consecutive edges df are all smaller than or equal to . To prove the claim consider the
maxi-disk (D;' ) of v. Let v’ be the center ofD. Let X be the Voronoi diagram of (V)
in the plane. The faces oKX are all convex, being intersections of half-planes. So the angles
between consecutive rays of aroundv? are all smaller than or equal to . There is an open
disk O on which' is injective, containingv?, such that' (X \ O)= V\ ' (O). That proves
the third claim, and the lemma. O

10.9.2 Voronoi diagram and Delaunay tessellation

In this section, given a closed surfacg, and given two graphsG and H cellularly embedded
on S, we say thatG and H are isomorphic if there is a graph isomorphism betwee® and
H that respects the rotation systems induced o and H by a common orientation ofS.
This does not depend on the orientation 06. Also, note that G and H are isomorphic if
and only if there is an orientation-preserving homeomorphism & that maps G to H. We
prove the following:

Lemma 10.29. Let S be a closed piecewise- at surface. L& S be nite, non-empty,
and containing all singularities ofS. The Voronoi diagram of (S; V) is isomorphic to the
dual of the Delaunay tessellation dfS; V).

(Recall that in Lemma 10.29 the Voronoi diagram ofS; V) is a graph cellularly embedded
on S by Lemma 10.28.)

Proof of Lemma 10.29.Consider the Voronoi diagramV of (S;V), and the Delaunay tessel-
lation D of (S;V). Consider a pointx of S, and its maxi-disk (D;' ). We already proved
that x is a vertex ofV is and only if ' (V) contains at least three points. This is the
case if and only if the convex hull of 1(V) projects via' to the closure of a facd of D
(Lemma 9.1). Every face oD can be obtained this way (Lemma 9.1), and distinct vertices
of V are clearly mapped to distinct faces oD. So this de nes a one-to-one correspondence
between the vertices ol and the faces oD. When a vertexv of V corresponds to a facé
of D this way we say thatv is dual to f.

Now x a vertex v of V, and its dual facef of D. We call side of f any directed edge of
D that seesf on its left. We now relate the directed edges based atin V to the sides off .

Again, let (D;' ) be the maxi-disk ofv. Let v’ be the center ofD, and let yo;:::;ym 1 be
the m 3 points of' (V). In R? the Voronoi diagram of' (V) consists inm geodesic
rays ro;:::;rm 1 emanating fromv?, so that ro;yo;:::;rm 1;¥m 1 are in clockwise order

from v in V. For everyi the geodesic path fromy; to yi.; corresponds via to a side €°
of f, indices are modulom. We say that e and €° are dual. This duality is a one-to-one
correspondence between the directed edges baseds a&nd the sides off . The former are

189



cyclically ordered aroundv, the latter are cyclically ordered along the boundary of , and
the duality correspondence respects these cyclic orders.

We claim that if a directed edgee, of V is dual to a directed edgee] of D, then the
reversal ofey is dual to the reversal ofed. The claim immediately implies the lemma, for
then the duality correspondences de ne the desired graph isomorphism betwéénand D.
Let us prove the claim. Lete} be the reversal ofed, and let ; be the dual ofe}. We shall
prove that e, is the reversal ofey. Consider the maxi-diskqDy;"' o) and (Dy;' ;) of the base
vertices ofey and e;, and realize them so that they agree on the geodesic segmprihat is
the pre-image of the common edge @ and €). Then' , and' ; agree onDy\ D;, so they
agree with a common map o[ ' 1:Do[ D1! S. Let gbe the geodesic segment between
the centers ofDy and D,. Then g is contained inDy [ D3, and projects via' o[ ' 1 to the
common edge o, and e; in V. Indeed for every pointx? in the relative interior of g the
maxi-disk (D;"' ) of ' (x?) can be realized so thak” is the center ofD, and so that' agrees
with ' o[ '120nD\ (Do[ D1). Then' *(V) contains exactly the two endpoints of, and
so' (x?) belongs to the relative interior of an edge of/. This proves the claim, and the
lemma. O

10.10 Appendix: Computing the Delaunay tessellation

In this section we prove Proposition 10.3, which we restate for convenience:

Proposition 10.3. Let T be a portalgon oh triangles, of happines#$, whose surface&(T) is
closed. One can compute the portalgon of the Delaunay tessellatio&@F) in O(n%hlog(nh))
time.

Proposition 10.3 slightly extends known results, and is not surprising at all, but we provide
proofs for completeness. Our strategy for computing the Delaunay tessellation is, classically,
to rst compute the Voronoi diagram:

Proposition 10.11. Let T be a portalgon ofn triangles, of happinesdh. Let V be a set of
vertices of T1. Assume thatV is not empty and contains all singularities of5(T). We can
compute in O(n%hlog(nh)) time a portalgon T° of O(n?h) triangles, whose surface i$(T),

and a subgraphVv of T2, such thatV is the Voronoi diagram of (S(T); V).

We will then derive the Delaunay tessellation of from the Voronoi diagram:

Proposition 10.12. Let T be a portalgon ofn triangles. LetV be a set of vertices ofr L.
Let V be a subgraph offl. Assume thatV is not empty and contains all singularities of
S(T), and thatV is the Voronoi diagram of(S(T); V). We can compute the portalgon of the
Delaunay tessellation ofS(T); V) in O(n) time.

Proposition 10.11 and Proposition 10.12 will immediately imply Proposition 10.3:

Proof of Proposition 10.3, assuming Propositions 10.11 and 10.12et V contain the singu-
larities of S(T), except if S(T) is a at torus in which case letV contain a single arbitrary
vertex of T1. Apply Proposition 10.11 to replaceT by a portalgon T° of O(n2h) triangles,
and to compute a subgraphv of T2 that is also the Voronoi diagram of(S(T);V), all in
O(n?hlog(nh)) time. Apply Proposition 10.12 to derive fromT®and V the portalgon of the
Delaunay tessellation of S(T); V) in O(n?h) time. m
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All there remains to do is to prove Proposition 10.11 and Proposition 10.12. We prove
Proposition 10.12 in Section 10.10.1, and we prove Proposition 10.11 in Section 10.10.2.

10.10.1 Computing the Delaunay tessellation from the Voronoi
diagram

In this section we prove Proposition 10.12, which we restate for convenience:

Proposition 10.12. Let T be a portalgon ofn triangles. LetV be a set of vertices ofr %.
Let V be a subgraph offl. Assume thatV is not empty and contains all singularities of
S(T), and that V is the Voronoi diagram of(S(T); V). We can compute the portalgon of the
Delaunay tessellation of S(T); V) in O(n) time.

In the setting of Proposition 10.12, our goal is to compute the portalgon of the Delaunay
tessellation D of (S(T);V). If we do not care about the shapes of the polygons in the
portalgon, then we can easily compute this portalgon from the embedded graph due to
the duality between D and V (Lemma 10.29). All there remains to do is to compute the
shape of each polygon in the portalgon. First we need a de nition and a lemma. Consider
a walk W in the dual of T!. To ease the reading assume that every edge of is incident
to two distinct faces of T!; the following de nition extends in a straightforward manner to
general triangulations. In the planeR? realize thek 1 faces visited byW isometrically,

and respecting their orientation, by respective triangles 1;:::; . Make sure that for every
1 i<k thetriangles ; and ;.; agree on the placement of the-th edge of ! crossed by
W. The resulting sequence=( i;:::; ) is anunfolding of W. In general a vertexw

of T may occur several times among the vertices of the triangles in and those occurrences
may be at distinct points in the plane. Nevertheless:

Lemma 10.30. If the faces ofT? visited by W are all included in the same face of, and
if w2 V, then all the occurrences ofvin  are at the same point oR2.

Proof. Let F be the face ofV containing the faces ofT! visited by W. By Lemma 10.28
the faceF is homeomorphic to an open disk, and is the unique point ofV \ F. Let P be
the surface homeomorphic to a closed disk obtained by cutting the closureFofalong the
boundary of F. The angles at the corners dP are smaller than or equalto by Lemma 10.28.
So the shortest paths between those corners amdare, together with the boundary edges of
B, the edges of a triangulationY of B. The dual of Y is a cycle, andw is the central vertex
of Y. If is an unfolding of a walk in the dual ofY, then all occurrences ofv in  are at
the same point in the plane. This easily extends to every other triangulatiol © of b, by
considering a triangulation of® that contains both Y and Y° ]

In the portalgon of D, consider a polygorP. We describe how to compute the positions
of the vertices ofP. Note that these positions are only de ned up to translating and rotating
P in the plane. As a preliminary, consider the vertex of the Voronoi diagramV that is
dual to P. Embed a neighborhood of/ in the plane R?, isometrically and respecting the
orientation, by embedding the faces of ! incident to v. This is possible sinces is at.

Assign to each vertexx of P a point p(x) 2 R? as follows. The vertexx of P is dual to
an incidencec between the vertexv of V and some facé- of V. In this incidencec, consider
one of the facedV, of T! that we embedded in the plane, and its embedding/,. Consider
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the unique pointw 2 V\ F (Lemma 10.28). Consider a walRV in the dual of T that
starts with W, remains inF, and visits at least one face off ! incident to w. Unfold the
faces visited byW in the plane, starting fromW,. Let p(Xx) be any occurrence ol in the
unfolding.

Lemma 10.31. Up to translating and rotatingP, the assignment p maps each vertex o
to its position.

Proof of Lemma 10.31.Consider the maxi-disk(D;' ) of v. Without loss of generality '
agrees with the embedding of the neighborhood @fthat we xed as a preliminary. Recall
from the de nition of the Delaunay tessellation thatP is the convex hull of* (V). Let v’
be the middle point of D (the embedding ofv). The points in ' (V) correspond to the
incidences betweerv and the faces ofV around v. Consider such an incidence, and its
corresponding pointy 2 ' (V). Consider also the fac& of V that contains c. The geodesic
path p from v’ to y projects via' to a shortest path® pfromvtoV. And' pimmediately
entersF after leavingv. So' pis relatively included in F, and thus ends at the unique
point w 2 V' \ F. By slightly perturbing p without changing its endpoints we may ensure
that ' p corresponds to a walk in the dual offt. Theny = p(x) by Lemma 10.30. This
proves the lemma. ]

Proof of Proposition 10.12. We must compute the portalgon of the Delaunay tessellatioD
of (S;V). We immediately compute the combinatorics of the portalgon fronVv, sinceV is
isomorphic to the dual ofD by Lemma 10.29.

Now, by Lemma 10.31, all there remains to do is to compute, for each polygBnof the
portalgon, the assignment p of positions for the vertices oP. Achieving the claimed linear
running time when doing so requires a slight technicality. Consider a faée of V, and the
point w2 V \ F. Recall that for some facesV, of T! included in F we need to construct
a walk W from W, to w in the dual of T?, unfold W, and retain the relative positions of
some occurrences diVy and w in the unfolding. Doing so independently for every fac®/,
may take too long as we would visit faces of! several times. Instead we consider a single
spanning treeY in the dual of T within F, we unfold the faces off ! that are included in
F along Y, and we retrieve all the required information from this unfolding. Note that the
choice ofY does not matter, and that the unfolding may overlap. Doing so for all facds of
V takes linear time. ]

10.10.2 Computing the Voronoi diagram
In this section we prove Proposition 10.11, which we restate for convenience:

Proposition 10.11. Let T be a portalgon ofn triangles, of happinesdh. Let V be a set of
vertices of T1. Assume thatV is not empty and contains all singularities o5(T). We can
compute in O(n%hlog(nh)) time a portalgonT° of O(n?h) triangles, whose surface i§(T),

and a subgraphVv of T2, such thatV is the Voronoi diagram of (S(T); V).

To prove Proposition 10.11 we revisit the single source shortest path algorithm described
by L6 er, Ophelders, Silveira, and Staals [141]. In particular we extend their algorithm
to multiple sources. The authors consider a triangulated surface, and compute the shortest
paths emanating from a pointxy on the surface by decomposing the surface according to
how those paths visit the faces of the triangulation. They describe a discrete process that
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simulates the propagation of some waves on the surface. Their waves all start from the point
Xo. In the setting of Proposition 10.11, we adapt this strategy to simulate waves d®(T)
that start from all the points in V, so that the waves meet along the Voronoi diagrana of
(S(T); V). That simpli es the algorithm since waves now meet along a graph with geodesic
edges (Lemma 10.28) and do not go through singularities. We now provide a formalization of
this wave algorithm The continuous propagation of waves is discretized by a propagation of
events A crucial feature of our formalization of the algorithm is that it operates on triangles,
point sets, and Voronoi diagramsn the plane R?, never in the surfaceS(T). Only the proofs

of correctness will argue on the surfacg(T). We will insist on that.

Recall that the triangles of the input portalgonT lie in the Euclidean planeR?, and they
are disjoint. The reader can think of them as being very far away from each other if this
helps the reading. The data structure maintains, for every triangle of T, a setX of points
in R2. We insist, again, that all these objects lign the plane R?, not in the surfaceS(T).

We need a de nition. GivenX  R? nite and x 2 X we denote by Vo(x; X ) the closed
cell of x in the Voronoi diagram of X in R?. Formally, Vor(x; X ) contains the pointsy 2 R?
such that the distance betweerx andy is smaller than or equal to the distance betweexr®
andy for everyx®2 X.

Central to the wave algorithm is the notion of candidate event that we now de ne. Con-
sider a triangle of T, asidesof , apointx 2 R?, and somet > 0. The surfaceS(T) being
closed, there are a triangle °of T and a sides®of °such that s is matched tos® Consider
the orientation-preserving isometry ofR? that maps s to s®and puts  side-by-side with °,
apply this isometry to x, and consider the resulting pointx°2 R2. The tuple (t; ;s;X) is a
candidate event if it satis es each of the following. First,x 2 X andx®2 X .. Second,
the intersection between Vogx®% X o) and s%is not empty, and its distance tox°is equal tot.

In other words, t is equal to the smallest distance betweexf and a point of Vor(x% X o)\ s°
We say thatt is the date of the candidate event(t; ;s;X).
The data structure additionally maintains a list of the candidate events sorted by date.

Wave algorithm . Initialize for each triangle of T the setX with the vertices of
that correspond to points inV, if any. Then, as long as possible, consider any candidate
event (t; ;s;x) of smallest datet, add x to X , and repeat. In the end return the sets

X ) .

Again, we insist that the wave algorithm operatesn the plane R2. In particular the
setsX are subsets oR?. Nevertheless, their Voronoi diagrams are related to the Voronoi
diagram ofVV on the surfaceS(T), and more strongly:

Proposition 10.13. The wave algorithm terminates afte©(n?h) iterations. In the end, for
every triangle of T, the intersection with  of the Voronoi diagram ofX in R? is the
pre-image in  of the Voronoi diagram ofV in S(T).

It is easy to compute the list of the candidate events from the se{X ) in polynomial
time. More strongly:

Proposition 10.14. We can maintain the list of candidate events sorted by date through
insertions of points in the setyX ) in O(klogk) total time.

Proposition 10.11 is immediate from Proposition 10.13 and Proposition 10.14:
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Proof of Proposition 10.11. Proposition 10.13 and Proposition 10.14 imply that the wave
algorithm can be performed inO(n?> h log(nh)) time. Consider the returned setdX ) .
The sum of the cardinalities of the setX , summed over all the triangles of T, is O(n?h) by
Proposition 10.13. Also, for every triangle , the intersection with  of the Voronoi diagram
of X in R?is the pre-image in of the Voronoi diagram ofV in S(T), by Proposition 10.13.
Cutting each triangle along the Voronoi diagram ofX , and cutting the resulting polygons
into triangles along vertex-to-vertex arcs, provides the desired triangular portalgoh?, along
with V. m

The rest of this section is dedicated to the proofs of Proposition 10.13 and Proposi-
tion 10.14.

10.10.2.1 Proof of Proposition 10.13

In this section we prove Proposition 10.13. Recall that the triangles of the portalgoh are
realized dis-jointly in the Euclidean planeR?, and that we think of these triangles as being
very far away from each other, this will help the reading. It is now convenient to introduce
a notation for the projection of this disjoint union of triangles onto the surfaces(T), so we
let be this projection.

Given a triangle of T, we consider the immersed diskd®;"' ) such that the center ofD
belongs to , and such that' agrees with onD\ . We say that (D;' ) is an immersed
disk attached to . We further consider the union of the sets *(V) over the immersed
disks (D;' ) attached to . We call this union the constellation of , and we denote it
by V . We will show that the setsX computed by the wave algorithm are exactly the
constellationsV . Before that, we have two preliminary lemmas on constellations.

First, the constellations, while lyingin the plane R?, are related to the Voronoi diagram
of V in the surface S(T):

Lemma 10.32. For every triangle of T the intersection with  of the Voronoi diagram
of the constellationV is the pre-image in of the Voronoi diagram ofV in S(T).

The proof of Lemma 10.32 relies on the following, which will be used again:

Lemma 10.33. Let (D;' ) be an immersed disk attached to a triangle of T. ThenV \ D =
" }(V). In particular V \ D = ;.

Proof. We haveV \ D ' (V) by de nition of the constellation V . The other inclusion
is immediate from the fact that if two immersed diskgD;' ) and (D%"' 9 are attached to

then' and' °agree onD \ D° Finally ' (V)\ D = ; by de nition of an immersed disk
(recall that D is open). O

Proof of Lemma 10.32.Consider a pointx 2 . There is a unique immersed diskD;" )
attached to  such that the center orD is x, and such that the radius ofD is maximum.
Then' (V) 6 ; since the radius oD is maximum. And' (V)= V \ D by Lemma 10.33.
The geodesic path(s) betweer and the point(s) in' (V) corresponds vid to the shortest
path(s) between (x) and V. So (x) belongs to the Voronoi diagram ol in S(T) if and
only if ' (V) contains several points, equivalentl}y \ D, which is the case if and only if
X belongs to the Voronoi diagram o/ in R2. m
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Second, the cardinalities of the constellations are bounded by the numberof triangles
and the happinesd of the portalgonT:

Lemma 10.34. For every triangle of T the constellationV has cardinality O(nh).

Proof. Given a triangle of T, and a point x in the constellationV , there is by de nition
an immersed diskD;"' ) attachedto suchthatx 2 ' (V). And the centery of D belongs
to . Then the geodesic segment betwegnand x projects via to a path between (y) and

(x), and the length of this path is the smallest possible among all the paths betweefy)
and a point of V (possibly another point ofV than (x)). We will argue on such shortest
paths between a point ofS(T) and the setV.

We call regions the following subsets d&8(T): a vertex of T1, the relative interior of an
edge ofT %, and a face ofT *. The regions partition S(T). For every shortest pathp between a
point x 2 S(T) and the setV, record the sequence of regions intersected pyhen directed
from V to x. If two such pathsp and p®end in () and have the same sequence then they
correspond to the same point in the constellatio . We claim that for every regionR there
are O(nh) sequences ending witlR. This claim implies the lemma. Let us prove the claim.
We say that a sequence is maximal if it is not a strict pre x of another sequence. And we
say that a sequence is critical if it is the maximal common pre x of two distinct maximal
sequences. Every critical sequence ends with a faceTdf For every faceR® of T? there is
at most one critical sequence ending witlR®. Indeed every critical sequence is realized by
two distinct paths. If two distinct critical sequences were to end wittR® then at least two
of the four associated paths would cross, and thus could be shortened, a contradiction. We
proved that there areO(n) critical sequences. So there a®(n) maximal sequences. And
every sequence contain®(h) occurrences oR since the happiness of is equal toh. This
proves the claim, and the lemma. ]

We will now show that the wave algorithm computes the constellations. To do so, we
introduce an invariant. We need a de nition. Fix a point x 2 V , and consider all the
immersed diskgD;' ) attached to such thatx 2 ' (V). Among all these immersed disks
(D;" ), the smallest radius ofD is the depth of x in V .

Invariant  : There is > 0 such that both of the following hold for every triangle of
T. Every point of X belongs to the constellationv . And every point of V nX has
depth greater than or equal to inV .

It is not clear a priori that the invariant is maintained by the wave algorithm, and this
will be proved only at the very end, when proving Proposition 10.13. Before that we need
some lemmas.

Lemma 10.35. Assume that the invariant holds for some> 0, and that there is a candidate
event(t; ;s;Xx) such thatt . Thent = , x belongs toV , and the depth ofx in V is
equal to .

Proof. We claim that x 2 V , and that the depth ofx in V is smaller than or equal tat. The
claim implies the lemma. Indeed we assumdd . And, if x 2 V , then the depth ofx in
V cannot be smaller than , for otherwise the invariant would imply x 2 X , contradicting
the fact that (t; ;s;Xx) is a candidate event. All there remains to do is to prove the claim.
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To do so consider the triangle °of T and the sides® of °such that s is matched to
s% Consider the orientation-preserving isometry oR? that maps s to s®and puts  side-by-
side with  © apply this isometry to x, and consider the resulting pointx®2 R?. Using the
assumption that (t; ;s;X) is a candidate event, the pointx® belongs toX o, while x does
not belong toX . Moreover there is a pointz® along s° such that x%is at distancet from z°,
and such that no point of X o is closer toz°than x% Consider the immersed disKD%' 9
attached to  °such that the center ofD%is z% and such that the radius ofD%is maximum.

By contradiction, assume that the radius ofD®is smaller thant. There is a pointv 2
' 01(Vv) since the radius ofD°is maximum. We havev 2 V o, and the depth ofv in V o is
smaller than or equal to the radius oD°® which is smaller than . Sov belongs toX o by
the invariant. But then v is a point of X o closer toz°than x° a contradiction.

We proved that the radius of D is greater than or equal tot. Then x° belongs toD.
Moreoverx®belongs toX o, and thustoV o by the invariant. Thereforex®belongs to' ° (V)
by Lemma 10.33. In particular the radius oD°is equalto t.

It is now convenient to name the orientation-preserving isometry d®? that maps s to s®
and puts  side-by-side with © so let : R?! R? be this isometry. Consider the point
z= Y29, and the immersed disk(D;' ) attached to  such that the center ofD is z,
and such that the radius ofD is maximum. Observe that (D)= D% andthat'® =",
In particular the radius of D is alsot. And, crucially, x 2 ' *(V), since we already prove
x%2 ' 9 1(V). This proves thatx 2 V . And the depth ofx in V is smaller than or equal to
the radius of D, which ist. The claim is proved, along with the lemma. ]

Lemma 10.36. Assume that the invariant holds for some> 0. Further assume that there
is a triangle  of T such thatV nX contains a point whose depth iV is . Then there
is a candidate event whose date is smaller than or equal to

The proof of Lemma 10.36 relies on the following:

Lemma 10.37. Let (D;' ) be an immersed disk attached to a triangle of T. Assume that
there isx 2 ' 1(V), and lety be the center oD. If the geodesic segment betweenand y

intersect in any other point thany then the depth ok in V is smaller than the radius of
D.

Proof. Assuming that the geodesic segment betweenand y intersects in a point y°6 y
(at least), consider the open diskD®whose center is/° and whose boundary circle contains
x% ThenD® D. Let' %be the restriction of' to D Then (D' 9 is an immersed disk! °
agrees with on \ 50 andx 2 ' 9 1(V). So the depth ofx in V is smaller than or equal
to the radius of D which is smaller than the radius oD. O

Proof of Lemma 10.36.Consider a pointx 2 V nX that has depth inV . There is an
immersed disk(D;' ) that satis es each of the following. Lety be the center ofD. Theny
belongs to , the radius ofD is ,' agreeswith onD\ ,andx2' (V). In top of that
we can add thaty belongs to the boundary of , for otherwise the depth ofx in V would
be smaller than by Lemma 10.37, a contradiction. There are two cases: eithgilies in the
relative interior of a side of , ory is a vertex of

First case First consider the case wherg lies in the relative interior of a sides of . In
this case we shall prove that there i$ such that (t; ;s;x) is a candidate event. The
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surfaceS(T) being closed, there are a triangle ° of T, and a sides® of © such that s is

matched to s° Consider the orientation-preserving isometry : R?2 ! R? that maps s to

s?and puts  side-by-side with % We consider the pointsx®= (x) and y°= (y), the

open diskD°= (D), and the map' °=" !, Observe that(D%' 9 is an immersed disk

attached to © that the center of D%is y° and that x° belongs to the boundary circle oD°

Informally, x% y° and (D%' 9 correspond tox, y, and (D;' ), but in the reference frame of
0

We claim that x°belongs toX .. To prove the claim consider the geodesic linesupported
by s, and direct L so that is on the right of L. Similarly, consider the geodesic line
L9= (L). Then L%is supported bys® and Cis on theleft of L° We have that x lies
strictly on the left of L, for otherwise the depth ofx in V would be smaller than by
Lemma 10.37, a contradiction. Sx° lies (strictly) on the left of L% And so the depth ofx°
in V ois smaller than by Lemma 10.37. Therefor&®2 X o by the invariant. The claim is
proved.

We use the claim immediatelyx®belongs toX o. No point of X o is closer toy°than x°,
sinceX o V o by the invariant, and sinceD°® V o= ; by Lemma 10.33. So Vqx% X o)
intersectss? (at least in y9, and its intersection with s°is at distance a distancet from
x? (since the distance betweeg®and x%is ). The tuple (t; ;s;X) is a candidate event. We
are done in this case.

Second case. Now consider the case wherg is a vertex of . Then (y) is a vertex of
the graph T! embedded orS(T). Note also that (y) lies in the interior of S(T) sinceS(T)
has no boundary. And (y) is at as it does not belong toV. We assume that no face of
T1! appears twice aroundy, for this eases the reading, and the proof trivially extends to the
general case. Consider the 3 faces ofT! incident to (y), in order around (y) (clockwise
say, but counter-clockwise would do too), and the corresponding triangles;:::; « 1 of
T,with o= . We x o, and we place copies of the triangles;:::; « 1 aroundy,
in order. This is possibly since (y) is at. For each i we record the orientation-preserving
isometry ; : R?! R? that maps the copy of ; aroundy to the original triangle ;. We
consider the pointsx; = {(x) andy; = i(y). Also we consider the open disb; = (D)
and the map'; = i ! Observe that(D;;" i) is an immersed disk attached to ;, that
the center ofD; is y;, and that x; belongs to the boundary circle oD;. Informally, x;, i,
and (D;;' ;) correspond tox, y, and (D;" ), but in the reference frame of ;.

We claim that there isi such that x; 2 X . Indeed there isi such that the geodesic
segment betweery and x intersects the copied triangle ; *( ;) in another point than vy.
Then the geodesic segment betwes and x; intersects ; in another point than y. Sox;
belongs toV , and has depth smaller than in V , by Lemma 10.37 applied to i, (D;;" i),
Xi, andy;. And sox; 2 X , by the invariant. The claim is proved.

Using the claim immediately, and sincex, 2 X ,, there isi such that x; 2 X , and

Xis1 2 X ,,, Indices are modulok. Consider the sides; of ; that is matched to a side of
i+1. We shall prove that there ist such that (; i;si;X;) is a candidate event. To do

so rst observe that no point of X | is closer toy; than x; sinceX , V , by the invariant,

and sinceD; \ V . = ; by Lemma 10.33. So Vdi;; X ,) intersectss; (at least in y;), and

its intersection with s; is at a distancet from Xx; (since the distance betweery; and x;

is ). The tuple (t; i;si;X) is a candidate event. We are done in this case. The lemma is

proved. m
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Proposition 10.13. First we prove that the invariant holds throughout the execution of the
wave algorithm. To prove the claim rst observe that the invariant holds after the initializa-
tion phase. Now assume that it holds at the beginning of an iteration of the loop, for some
> 0, and that there is a candidate even(t; ;s;x), of smallest datet. If every triangle
of T satises X = V then the invariant holds for every > 0 anyway. Otherwise there
are without loss of generality a triangle and a pointin V. nX whose depth inV is ,
so there is a candidate event whose date is smaller than or equal tdoy Lemma 10.36. In
any caset holds without loss of generality. Thent = , x belongs toV , and the depth
ofx in V is equalto by Lemma 10.35. So, after adding to X , the invariant still holds.
This proves that the invariant holds throughout the execution of the wave algorithm.

The wave algorithm never adds twice the same point in a st of a triangle of T.
Moreover X V by the invariant. And the cardinality of V is O(nh) by Lemma 10.34.
So the wave algorithm terminates afteO(n?h) iterations. The algorithm does not stop until
X =V forevery triangle of T, by Lemma 10.36. And the set§V ) are as desired by
Lemma 10.32. The lemma is proved. m

10.10.2.2 Proof of Proposition 10.14

In this section we prove Proposition 10.14, that during the wave algorithm the list of the
candidate events sorted by date can be maintained in amortiz€{log(nh)) time per insertion
of a point in the setX of a triangle

The crux of the matter is to maintain the intersection of a Voronoi diagram inR? with
a closed segment oR? in a dynamic manner while adding the sources one-by-one to the
Voronoi diagram. To do that we consider a game that we play with Alice. Informally, Alice
sends us the sources of the Voronoi diagram one-by-one, and we tell her what is changed
after each insertion of a source. Formally, Alice initially sends us a closed segmenif R2.
Then Alice sends uk 1 pairwise distinct points z;:::;z 2 R? in this order. We do not
know the points before they are sent to us by Alice, nor the number of points to be sent. For
eachi 2 [k], after the i-th point z is sent to us by Alice, and before + 1-th point z,; is
sent to us, we must send two things to Alice. First, we must send the s&f [i] containing
the indexi together with the indicesj 2 [i 1] such that Vor(z;;Z;)\ | 6 Vor(z;Z; 1)\ I.
Second, for each index 2 U;, we must send the (possibly empty) set Vdg;;Z;) \ |. Note
that each set Vo(z;Z;)\ | is a closed segment dR?, so it is either empty, a single point,
or has two distinct endpoints by which it is uniquely determined. We have two lemmas:

Lemma 10.38. The sum overl i k of the cardinality of the setU; is smaller than or
equal to5k.

Proof. Consideri 2 [k]. We claim that at most four indicesj 2 U; are such that Vor(z;; Z;)
intersects| . The claim immediately implies the lemma.

To prove the claim we consider the subsét of | that contains the points that are strictly
closer toz than to any point of Z; ;. And we consider the closureX of Y. Then X is a
closed segment oR? and, assuming thatU; is not empty, we have thatY is not empty, soX
is not empty, and X is not a single point either. Informally, we now consider the two ends
of X . Formally, we consider the two endpointxg and x; of X, and for each" 2 f 0; 1g, we
consider an arbitrarily short closed segmenX. X, not a single point, that containsx..
Provided X - is short enough, there are no more than two indicgs2 U; such that the relative
interior of X- is included in Vor(z;;Z; 1) .
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On the other hand if] 2 U; is such that Vor(z ; Z;) intersectsl , then not only Vor(z; Z; 1)
also intersectd , but Vor(z; Z; 1)\ | contains a pointinY and a point notin Y, so it contains
the relative interior of X- for some" 2 f 0; 1g. This proves the claim, and the lemma. [

after receivingz;, i 2 [K], returns U; together with the closed segments \(ay; Z;)\ | for all
j 2 U;, and runs in O(k logk) total time.

Proof. Consideri 2 [k], and assume that the pointz has just been sent by Alice. We
must return to Alice. The crux of the matter is to have maintained at this point the list
of tuples (j; Vor(z;;Z; 1)\ 1) overj 2 [i 1], ordered by the position of Vo(z;Z; 1)\ |
along| (for some direction ofl , and resolving any ambiguity arbitrarily). Now we can use
the list to answer Alice, and update the list, as follows. Given a tupl¢j; Vor(z;;Z; 1)\ 1)
we can determine in constant time whethej 2 U; by checking whether there is a point of
Vor(j;Zi 1)\ | that is strictly closer to z than to z. If j 2 U;, then either all the tuples
(j%Vor(zjo; Zi 1)\ 1) before(j; Vor(z;;Z; 1)\ 1) in the list are such thatj®2 U;, or all the
tuples after (j; Vor(z;;Zi 1)\ 1) are like that, and we can nd out which case it is in constant
time. So we can list by dichotomy thek® 0 tuples (j; Vor(z;Z; 1)\ I) such thatj 2 U
in O(k%+ log k) time. For each such tuple(j; Vor(z;Z; 1)\ 1), we derive Vo(z;Z;) \ |
from Vor(z;Z; 1), z, and z in constant time. In the end we compute Vofz;;Zi) \ | in
O(logk) time by nding by dichotomy the rst and last tuples (j; Vor(z;Z; 1) such that
Vor(z;Z; 1)\ | contains a point that is at least as close t@; than to z;, if any. This way we
can return to Alice, and update the list of tuples, inO(k°+ log k) total time. Lemma 10.38
concludes. O

In the following, when maintaining the list of candidate events, we also maintain appro-
priate search trees in which we store the candidate events, so that the candidate events can
be accessed by date or position in logarithmic time.

Proof of Proposition 10.14. When inserting a point x in the set X of a triangle , we
maintain the list of candidate events sorted by date as follows. First, we nd the candidate
events of the form(; ; ;x), and we remove these candidate events from the list. All but
O(logk) of the time spent here is amortized by the fact that every event deleted here was
created earlier in the execution of the algorithm.

Second, for every side of , we consider the triangle °and the sides’of “such thats
is matched tos, along with the orientation-preserving isometry : R?! R? that maps s to
sland puts () and Cside by side. Among the candidate events of the forgn,  %s% (y)),

y 2 X , those for which Voly; X [f xg)\ s & Vor(y;X )\ s may have to updated. If
Vor(y; X [f xg)\ s=;, then the event must be deleted. Otherwise, only the date of the
event may change. This is done in amortize®(log k) time using Lemma 10.39.

Finally, Lemma 10.39 also provides us with the set Vix; X [f xg)\ s. If this set is not
empty, and if (x) 2 X o, then we consider the distancé betweenx and Vor(x; X [f xg)\ s,
and we create the even(t;s® % (x)), in O(logk) time. O
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Chapter 11

Bounds for Delaunay Flips on Flat Torl

In this chapter we prove Theorem 8.3, which we restate for convenience:

Theorem 8.3. Let T be a at torus. Let T be a triangulation of T, with n vertices, of
maximum edge lengthL. Every sequence of Delaunay ips starting fromT has length at
mostC n? L, whereC > 0 depends only orT. This bound is tight up to a constant factor.

We provide some background in Section 11.1, prove the lower bound in Section 11.2, and
prove the upper bound in Setion 11.3, thereby obtaining Theorem 8.3.

11.1 Background: stereographic projection

In this chapter we denote by (p) the length of a geodesic patlp. Givend 1, we denote by
RY the usuald-dimensional Euclidean space. We will use the following classical construction.
We identify R? with the plane of R® containing the points whose third coordinate isl. In

R® we consider the 2-dimensional spher8, of radius 1 centered at(0;0;0). The point

P =(0;0; 1)belongs toS,. Given p2 R? we denote byl the unique geodesic line oR?
containing the points p and P (Figure 11.2). The correspondence : R>! S, nfPg that
maps every pointp2 R? to the unique intersection of the linel , with S, nfPg is called the
stereographic projection , it is one-to-one.

Figure 11.1: A portion of the lift of a Delaunay triangulation of a at torus in the Euclidean
plane R?. (Gray) Six lifts of a single face.

We identify every at torus with a quotient T of R? by the action of a group generated
by two linearly independent translations. We associate to every triangulatiod of T a
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Figure 11.2: Mapping a triangulation of a at torus to a stereographic surface.

surfaceS  R? as follows. We consider the in nite triangulation® that lifts T in R?. For
every triangle € of , we consider the three vertices ; ® and & of € and the convex hull in
R3 of their image points (&); (&), and (). The union of those convex hulls, over all the
triangles of B, is the surfaceS. We say that S is the stereographic surface associated to
T. We emphasize thatS shares no point withS, other than the image points of the vertices
of B. There is a one-to-one correspondence : R?! S sending everyp 2 R? to the unique
intersection with S of the line I ,. Given two stereographic surfaceS and S° (possibly with
S = S9 we say that S is above S°if for every p 2 R? the point so(p) lies on the closed
segment[P; s(p)] of R3, on the linel,. The above-below relation is a partial order on the
set of stereographic surfaces. We will use the following:

Lemma 11.1. Assume that a triangulationT of a at torus T results from the Delaunay
ip of an edge €° in a triangulation T° of T and let e be the edge of resulting from the
ip. Let S and S°be the stereographic surfaces associatedToand T°, respectively. ThenS

is aboveS®. Let alsop2 T be the intersection point of the relative interiors ot and €° and

B2 R? be any lift ofp. Then s(p) 6 so(p).

Lemma 11.1 is folklore and follows from the fact that every circle oR? is mapped under
the stereographic projection to a circle ors, nP: the intersection of S, nP and a plane of
R3.

11.2 Lower bound

In this section we provide our lower bound. Beforehand, observe that on a at toru$

the length of a sequence of Delaunay ips ending at a Delaunay triangulation cannot be
bounded from above by a function depending only on the number of vertices of the starting
triangulation. This fact follows from two observations. The rst observation is that it is easy
to construct an in nite set of triangulations of T all having a single common vertex, say,
as their vertex set (Figure 11.3). The second observation is that there can only be a nite
number of Delaunay triangulations ofT having v as their unique vertex.

1The theorem of Pick [156] implies the existence oD > 0 depending only onT such that in R? every
disk of diameter D intersects a lift of v. It follows that the edges of any Delaunay triangulation of T with
vertex set f vg are not longer than D. There can only be a nite number of such edges.
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To understand this phenomenon more precisely, we consider a second parameter of the
starting triangulation T: the maximum lengthL of an edge inT. We will exhibit a particular
family of starting triangulations T and prove a lower bound on the length of every sequence
of Delaunay ips starting from T and ending at a Delaunay triangulation.

Figure 11.3: On a at torus, three portions of the lifts of three triangulations with a single
common vertex.

We are interested in a particular at torus. Consider the two linearly independent trans-
lations by the vectors(1;0) and (0; 1) respectively. We are interested in the at torusT
that is the quotient of R? under the action of the group generated by those two translations.
We denote by the projection mapR? ! T . We say that T is the unit at torus
Then:

Proposition 11.1. For everyn 1 and everyLy > 0O there is a triangulation T of the unit
at torus T such that every sequence of Delaunay ips starting from and ending at a
Delaunay triangulation is longer than

cn®L

whereL > L o is the maximum length of an edge ifi, n is the number of vertices off, and
c > O is a constant.

The quadratic dependency in the number of vertices is also a consequence of a more general
fact about ips (not necessarily Delaunay ips) of triangulated polygons in the plane [119,
Theorem 3.8]. Our construction is inspired from one previously known in that setting [119].

Proof. We x n landLgy> 0. See Figure 11.4.

Figure 11.4: A portion of the lift of a triangulation belonging toF in the proof of Proposi-
tion 11.1. The xed edges are in gray.

For everyz 2 Z and every 2 f 0;1g we de ne the pointp, = (%; ) in R? and the point
p,of T byp,= (g). Observe thatifz;z°2 Z are such thatz z° mod n then p, = p,o
and the points g2; Bt; %, and gl are all lifts of p,. For everyz;z°2 Z, we de ne the segment

s;00f T as ([ BLd]).
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We are interested in the sefr of the triangulations of T satisfying the following. The

as follows: T contains n edges that we call xed and 2n edges that we callfree. For
k2f1:::;ngthe k" xed edge of Tis ( B2 ,;B ). The only restriction on the free edges
of T is that they must belong tofs, .o : z;2°2 Zg.

Claim 1. ForeveryT 2 F the following holds:
(a) The xed edges of T are not Delaunay- ippable.
(b) The Delaunay ip of a free edgee in T results in a triangulation T°2 F .

(c) Such a Delaunay ip replaces the edge in T by an edgee® in T?such that I (€9
(e 2=n.

(d) The lengths of two free edges of cannot di er by more than 2.

Claim 2. There is a triangulation in F having a free edge longer thah,.

Claim 3. There is a constantL; > 0 such that the edges of every Delaunay triangulation
in F are not longer thanL;.

Claims 2 and 3 are straightforward. We will prove Claim 1 in the end. We rst show that
those claims imply the result. By Claim 2 there is a triangulationily 2 F having a free edge
longer thanL,. Let L denote the maximum length of an edge iffy; L is the length of a free
edge ofTy. Indeed the free edges df, have length at leastl while the xed edges ofT, have
length 1=n.

We assign to every triangulationT 2 F a weight! (T) that is the sum of the lengths of
its edges. By Claim 1.d)! (To) 1+2n(L 2). IndeedTy, hasn xed edges of lengthl=n
and 2n free edges of length at leadt 2.

belong toF. By Claim 1.c, holds! (T,) ! (To) 2m=n. By Claim 3 there is a constant
L; > Osuch that! (T,) 3nL;. Thus

2m  n(! (To) !(Tm)) n+(@2L 3L, 4)nZ%

That proves the result. Now we prove Claim 1.

Proof of Claim 1.  To prove (a) consider a xed edgee of the triangulation T. There

is a lift of e. Consider the two face®, and € of the lift F of T that are incident to e. Let
@, be the vertex of€ that is not a vertex of & and let @, be the vertex of& that is not a
vertex of &. Up to renaming e, and &, there arez;z°2 Z such that e, = Bl = ﬁ; 1) and
e = (ﬁ—O; 1). It is straightforward to check that the open disk whose boundary contains
B ,,B0, and e, does not containe,.

To prove (b) and (c) consider a free edge of the triangulation T and assume thate is
Delaunay- ippable. There arez;z°2 Z such that e = s,.,0. The segmente = [g2; L] is a lift
of e so it is incident to two faces® and €& of the lift ® of T. Let @, be the vertex of€ that
is not a vertex of€, and let @, be the vertex of€, that is not a vertex of €. Up to renaming
e and e, thereis 2f1; 1gsuchthate, = B ande = p§0+ . every other case would
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